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CLIQUE-WEB FACETS FOR MULTICUT POLYTOPES*

M. DEZA, M. GROTSCHEL ano M. LAURENT

Let G = (V, E) be a graph. An edge set {uv € Elue S,veS,i+ i}, where Sy,..., S, is
a partition of V, is called a multicut with k shores. We investigate the polytopes MC Sn)
and MC/ (n) that are defined as the convex hulls of the incidence vectors of all multicuts
with at most k shores and at least k shores, respectively, of the complete graph K,. We
introduce a large class of inequalities, called clique-web inequalities, valid for these poly-
topes, and provide a quite complete characterization of those clique-web inequalities that
define facets of MCS (n) and MC (n). Using general facet manipulation techniques like
collapsing and node splitting we construct further new classes of facets for these multicut
polytopes. We also exhibit a class of clique-web facets for which the separation problem can
be solved in polynomial time.

Introduction and notation. We denote graphs by G = (V, E); V is the node set
and E the edge set of G. An edge between nodes i and j is denoted by . If this
notation leads to ambiguities we write {i, j} instead. All graphs we consider are
undirected and have neither loops nor multiple edges. The complete graph on n
nodes is denoted by K. The set [1, n] = {1,2,...,n} will usually be considered as the
node set of K,. The edge set of K, will be denoted by E,. An interval in the set
[1,n] is a subset of [1,n] of the form {i,i+ 1,...,j} if i <j or of the form
{i,i + 1,...,m 1, jHif j <i.

A partition of a set § is a system S-S, of subsets of § such that S; # &
Gi=1,...,k),8;n§; = g0 <gi<j<k)andS= Uk,S. If Sisasetand b, eR
are weights for all i € § then, for any T C S, b(T) denotes the sum ¥, c 7b;.

If G=(V,E)is a graph and Si.--, S, a partition of V then 8(S,...,8,) =
{uv € E| i #j with u & S, VE Sj} is called the k-cut of G associated with
Sy - .., Sy The sets Sy..-, 8, are called the shores of the k-cut. If we do not want to
specify the number & of the shores we will simply speak of a multicut.

To make notation easier we will sometimes speak of a <k-cut and a ~ k-cut if
8(S,,...,S,) is an h-cut with # < k and h > k, respectively. The (standard) cuts
usually considered in graph theory are our < 9-cuts. The symbol most frequently used
to denote these cuts is 8(S), i.e., 8(8) = {jicElies, jeS)ForS+V,we will use
either 8(S) or 8(S,¥V\ S) to denote standard cuts depending on which notation is
more convenient.

In the remainder of the paper we will only study multicuts of the complete graph
K,. Thus we will frequently drop reference to the graph with respect to which a
multicut is considered.

n
Let R(z) denote the vector space where each of the n(n — 1)/2 components is
indexed by an edge of the complete graph K,. The incidence vector of a multicut

8(S,,. .., Sy) is the vector x> %) € R(3) with x2S = 1if e € 8(Sy, ..+, Si)
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and y%Sv-S) =0 otherwise. Since this (standard) notation is so clumsy and
inconvenient in our case we slightly change the symbol to denote the incidence vector
and write

X(Sy,...,8,) == x?Sv S0,

To shorten notation we call x(S,,...,S,) a multicat or k-cut vector or simply
(abusing language) also a multicut. The incidence vector x(§) of a 2-cut is called a cut
vector.

There are a number of interesting combinatorial optimization problems associated
with multicuts. Given weights ¢, for all edges e of K,, one can ask to find a
maximum weight multicut or a maximum weight multicut with at most, at least, or
exactly k shores. We introduce here the polytopes associated with these problems.
Let “conv”’ denote the convex hull operator and let » and k be positive integers with
1<k <n. Set

MC(n) = conv{x(S,,...,S,)I8(S,,...,S,) a multicut of K,},
MC (n) = conv{x(S,...,Sx)I8(Sy,...,S,) a Sk-cut of K,},
MC? (n) = conv{x(S,,..., S,)I8(S,...,8,) a > k-cut of K,},
MCy (n) = conv{x(S,, ..., S)I8(S,,...,S,) a k-cut of K},
EMC(n) = conv{x(Sy,...,8,)18(S},...,S,) a multicut with

IS —1Sl<1,1<i<j<h}

We call MC(n) the multicut polytope, MC S (n) the < k-cut polytope, MC7 (n) the
* k-cut polytope, and EMC(n) the equi multicut polytope of K. If it is not necessary
to be precise about the name we will simply speak of a multicut polytope
MCg (n), MC? (n), etc. Moreover, to save parameters we will sometimes drop the
“n” and write MCS instead of MC S (n), etc., if it is clear from the context what the
underlying complete graph K, is.

In this paper we will study the polytopes MC2 (n) and MC S (n). (Note that the
polytopes MC = (n) and MC > (n) are trivial. They consist of a single point and, thus,
they will not be considered further.) The two extreme cases MC(n) = MC5 (n) =
MC? (n) and MC; (n) have been investigated intensively before.

MC 5 (n) is nothing but the standard cut polytope studied, e.g., in [BM], [DL1],
[DL2], [DDL] and other papers mentioned in these references. MC(#n) is the “com-
plement” of the clique partitioning polytope. A clique partitioning is an edge set
E(S,...,8) = E,\&S,,...,S,), where E, is the edge set of the complete graph
K,, and the clique partitioning polytope &2, is nothing but &, = {1 — x|x € MC(n)}.
(1 denotes the vector all of whose components are 1.) The polyhedron &2, has been
studied in {GW1], {GW2], and [W]. Due to the simple relationship between MC(n)
and &, it is easy to transform a result about &2, into a result about MC(n) and vice
versa. Multicut polytopes (for general graphs) have been studied in [CR1] and the
polytope MC g (n) in [CR2]; in particular, see [CR1] for integer programming formu-
lations of multicut polytopes.

The standard cut problem has many real world applications, see, for instance,
[BGJR], and so does the clique partitioning problem, see [GW3]. Equicut problems
come up in physics and VLSI-design, see [BGJR], and multicut problems with upper
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or lower bounds on the number of shores appear frequently, e.g., in cluster and
quantitative data analysis. It is not the purpose of this paper to describe these
applications and their (sometimes complicated) modeling. We provide theoretical
results on the associated polytopes that will eventually form the basis of a cutting
plane algorithm to solve these problems. The present paper is a follow-up work of the
papers [DL2] and [GW1] that study MC (n) for k =2 and k = n. We investigate
here the “intermediate” cases.

We use the standard notation of polyhedral theory. We say that an inequality
aTx < « is valid for a polyhedron P if P C {xla"x < a}; a valid inequality a'x <«
defines (or induces) a facet of P if the dimension of {x € Pla”x = a} is one less than
the dimension of P. An inequality aTx < a is called pure if all coefficients of a are
elements of {0, +1, —1}. If aTx < a is valid for some multicut polytope and if
8(S,,...,S;) is a multicut such that its incidence vector satisfies this inequality with
equality, then we call the multicut vector x(S,,.-.,S,) aroot of a’x < a.

The main aim of our paper is to produce large classes of inequalities that define
facets of MC S (n) and MC (n).

Let us begin with some easy but important facts that we will use in the sequel.

If an inequality is valid for MC(n), then it is also valid for all polytopes MC (n),
MC?Z (n) and MCy (n) since MC(n) contains all polytopes MC g (n),MCZ (n),
MCy (n).

Every multicut vector XS, 8D, k> 2, can be written as a nonnegative linear
combination of usual cut vectors, namely:

=

™=

(%) X(Sli""Sk)zél X(Sia[lv”]\si)=%_ x(S:),

1

i
1

and, similarly, every incidence vector of a k-cut, k >3, can be expressed as a
nonnegative linear combination of incidence vectors of (k — 1)-cuts

(x*)
1

x(Sp,--sS8) = Pcz—)—_-;

x ¥ x(Su s,,sl,...,s,._l,sm,...,sj.,l,s,.H,...,sk),

1<gi<jsk

and hence as a nonnegative linear combination of incidence vectors of h-cuts for all
2 < h < k. Clearly, such an expression is not unique.

An immediate consequence of () is that, for each fixed k, 2 < k < n, the cone
generated by all <k-cuts coincides with the cut cone C, (the cone generated by all
<2.cuts). In other words, all multicut polytopes MCg (n) have the same set of
homogeneous facets, i.e., facets of the form a”x < 0, as the cut cone C, Similarly,
( +) implies that the cone generated by the k-cuts is the same as the cone generated
by the * (k — 1)-cuts.

A remarkable property of the cut polytope MC 5 (n) is that all its nonhomogeneous
facets can be obtained from its homogeneous ones via the so-called switching
operation [BM]. It would be nice to have such a tool for multicuts. However, we could
not find a natural extension of this property for the case k > 3. Indeed, it is shown in
[DGL] that the only symmetries of the multicut polytope MCS (n), 3 <k <n, are
those induced by permutations of the # nodes.
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From (#) and (* *} also follows that if a k-cut vector x(S,,.. .,8,) is a root of a
valid homogeneous inequality a’x < 0 then the 2-cut x(S,,[1, n] \ S,) and the (k —
D-cut vectors x(S; U S, 8,81, 801,...,8, 8. 1,...,8,) are also roots of
a’x < 0. . .

It is well known that the cut polytope MC5 (x) is full dimensional, see [BM]. Since
MCF(n) 2 MC5 (n) for 2 < k <n we see that the dimension of l\’/lIC,f (n) is also
equal to (2) The polytope MC,>_ ,(n) is nothing but the simplex in r(2) generated by
the (1) vectors 1 —e;, where e; is the ith unit vector, and by the n-cut vector
[ = )(.({1}, ...,{n}). Thus MC?>_ (n) is of full dimension. And since MCZ(n) 2
MC;_(n), 1 <k <n — 1, the multicut polytopes MC? (n), 1 < k <n — 1, are full
dimensional as well.

After these preliminaries let us survey the contents of our paper. In the first
section, we introduce clique-web inequalities (CW-inequalities for short); they are a
generalization of those homogeneous clique-web inequalities introduced in [DL1] and
proved to be facet-inducing for the cut polytope MC5 (n) in [DL2]. We prove that
clique-web inequalities are valid for the multicut polytope MC(n) (cf., Proposition
(1.5)) and, hence, for all polytopes MC 5 (n), MC? (n) for 2 < k < n. Then we study
whether CW-inequalities induce facets of MC S (n) and MC? (n) and we group the
results in our main Theorem (1.20). For example, concerning facethood for MC g (n),
there are only two values of k for which facethood is undecided. We also exhibit a
class of CW-facets, the so-called odd wheel facets (cf. Proposition (1.23)), for which
the separation problem can be solved in polynomial time.

In the second section we extend to multicut polytopes the operation of collapsing
valid inequalities considered in [DL2], [DDL] for the cut polytope MC 5 (n); it
enables us to construct general (collapsed) clique-web inequalities. The inverse
operation to collapsing is a special case of lifting. Using this special lifting procedure,
we prove facethood for some classes of CW-inequalities.

1. Clique-web facets. Clique-web inequalities, introduced in [DL1], were proved
to be facet-inducing for the cut cone C, in [DL2]. Because of (*) and since they are
homogeneous, they are valid and thus they also induce facets of the multicut
polytopes MC £ (n) for all k < 7 and hence of MC(n). By relaxing conditions on their
parameters, we construct a nonhomogeneous version of these inequalities and prove
that they induce facets of MC(x) and MCg (n), MC (n) for suitable .

L.1.  Clique-web inequalities. Given nonnegative integers p, r such that p > 2r +
L, let ({1, p], AW) denote the antiweb with parameters p, r, i.e., the circular graph
on node set [1, p] with edges {i,i + 1},{i,i + 24 .., i, i+ r) for i €1, p] (setting
P+ 1=1). The complement of (1, pl, AW,) is the web (1, p], W)). To shorten
notation we will simply use W,” or AW, to denote a web or antiweb since the edge set
implicitly defines the node set. It will be clear from the context whether we mean the
sraph or its edge get. Antiwebs are Cayley graphs on the additive group z,

(1.1) DeFiNiTION. Let n,p,q > 1, r > 0 be integers such that

(1.2) n=p+gq, p—q>2r+1.

The C,lique-web inequality (CW-inequality, for short) with parameters p, g, r satisfying
(1.2} is the inequality

Yjtiy
l<i<jsn ij €AW

r - ~ —2 -1
(13) CW, ,ox = Y ppr y x[jg(l’ a)(p 4= )

[ 2 T

e O O O

—_— b b ey
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; with b =(1,...,1, = 1,..., =17, where the first p coefficients of b are +1 and the
j last g coefficients are —1.

: To make technical arguments more transparent we shall use the following notation
concerning CW-inequalities. In the sequel we denote by [1, p] the set of nodes i with
b, = +1 (the “positive” nodes) and by [1', ¢'] (or [p + 1, n] the set of nodes with
b, = —1 (the “negative” nodes). Thus the coefficients of the edges of E, in (1.3) are
as follows. All edges of the web W, on [1, pl have value +1; the edges of its antiweb
AW, have value zero; the edges with one endnode in [1, plandone in[p + 1,n] =
[, ¢'] have value — 1, the edges in the clique [p + 1, n] have value +1.

(1.4) Remark. (i) In case the parameters p, g, r of the CW-inequality (1.3) satisfy
p—q=2r+ 1, then the right-hand side of inequality (1.3) is equal to 0 and
inequality (1.3) coincides with the clique-web inequality CW, . -x < 0 proved to be
facet-inducing for MC 5 (n) in [DL2] for g > 2. In the following we shall therefore
restrict ourselves to the case p —gq > 2r + 1, ie., to the nonhomogeneous CW-
inequalities for multicut polytopes.

(i) Inequality (1.3) for the case r = 0 coincides (after transformation x — 1 — x)
with the [S, T l-inequality (with S U T = [1, n], S} # |T]) introduced in [GW1] and
shown there to be facet-inducing for MC(#n). Also, inequality (1.3) for the case r = 0
is a subcase of the generalized hypermetric inequality introduced in [CR2] and proved
there to be facet-inducing for MC S (n) for k satisfying p —g + 1 < k <p.

(ii) In case the parameters satisfy p — g = kr + 1 and r > 1 then inequality (1.3)
coincides with the antiweb inequality introduced in [CR2] and proved there to be
valid for MCg(n) and facet-inducing for MC (n) if the additional condition
p>2krand r <k — 2holds. O

To prove validity and characterize the roots of CW-inequalities for MC(n) we use
the following two facts about homogeneous CW-inequalities for the cut polytope
MC 5 (n). As before, AW, denotes the edge set of the antiweb on the node set [1, pl
with parameters p, r.

(1.5) ProrosiTion (See [A]). Let S be a subset of [1,p] of size s. The following
assertions hold.:

M) If s <, then |8(S) N AW,| > s@r+1-s)

(i) If r <s < p ~ r then |8(S) N AW, | > r(r + 1).

(1.6) Provosition (See [DL2, Theorem 18)). Given integers p,q,r,n > 1 with
p—q=2r+1 and n=p +gq, consider the CW-inequality (1.3) CW, - x <0 de-
fined on the nodes (1, p} U [1, '} The roots in MC; (n) of this inequality are the cut
vectors x(S) for which the node set S is of one of the following two types:

(R1) S or [1,n]\ S induces a clique of the antiweb AW, (i.e., any two nodes are
adjacent in AW)).

(R2) S = S*U S~ where S* is an interval of 1, p] of sizes withr + 1 <s*<p —
r—1and S~ is a subset of [V, q'] of size s~ with st—s"ef{r,r +1}.

Note that any subset of [1, p] of type (R1) has size less than or equal to r + 1; also
any subset of an interval of size r + 1 of [1, p] is of type (R1).

It follows from (*) that for homogeneous CW-inequalities CW, ;X < 0 with
p—q=2r+1, a multicut vector x(Sy,..., S,) is a root if and only if, for all
ie{l,...,k}, the cut vector x(S,) is a root of CW; , - x <0, ie., S, is of type (R1) or

of type (R2).

(1.7) Proposition. The cligue-web inequality (1.3) is valid for the multicut polytope
MC(n).
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(1.8) ProrosiTiON.  Given integers p,q,r > 1 with p — q > 2r + 2, the multicut
vector x(S,,...,8,) is a root of the CW-inequality (1.3), i.e., satisfies

Pp—q)(p—q—2r—1)
Cwﬂr.q'X(Sl,--.,Sk) = ( ) > ’

if and only if, for all i € [1, k], one of the following assertions holds:

(R1) S; induces a clique of the antiweb AW,

(R2) §; = $7U S;” where S;" is an interval of size s of [1, pl with r + 1 < s}t <
p—r—land S isa subset of size s of [V, q'] withs}—s7 € {r,r + 1}.

ProoF oF ProrosiTions (1.7) anp (1.8).  The proof relies upon (*), i.e., the fact
that every multicut vector x(S,,...,S,) can be expressed as a linear combination of
cut vectors, namely

(1.9) X(Sis--08,) =%

™M=

x(S).
1

I

Take a multicut vector x(S§,, ..., §,). Using (1.9) and T*_,b(S,) = p — ¢ we obtain

1 &
C“/,;,q 'X(SIV'"Sk) = 7 Z C\Vp.q X(Sl)

1 & 1 X
=3 Lb(S)(p—a-5(5)) - 5 L |5(5) nAW!|

i=1 i=1

k
b(S,)* - % }_:1 [8(S) N AW,

Hence, proving validity of inequality (1.3) amounts to verifying that the following
inequality holds:

%AW N 5(5)] > 5 b(S)(r + 1 - b(5)).

For this, it is enough to show that for all i € [1, k] the following inequality holds:
(1.10) |AW, N 8(S,)| = b(S)(2r + 1 - b(S,)).

For each i € [1, k] set §;:= $; N1, pland §7:= S, N [T, q'] with respective cardi-
nalities 5,7, s7; hence b(S) = s;"— 5;. Define the following index sets: J = {i e[1,k]
st<r), Je={ie[l, k] st2p—r+1)}, and K={iell,kl r+1<« st<p-—r)
We show that relation (1.10) holds by distinguishing the cases whether i is in I, J
or K.

First, if i € [, i.e,, s} < r, then s;"— 57 < s} < r, implying that

[8(S,) N AW,

25 (2r+1-s) > (s —s7)@r+1- (sF=s7)),

the first inequality following from Proposition (1.5)(i) and the second inequality from
the fact that the function x(2r + 1 — X) is monotone nondecreasing for x < r. i
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Then, if i € J, i.e., s;>p —r + 1, then, since 8(S,) = 8(1, n]\ S)), we obtain that
‘S(Si) al AWp’| =(p-s)@2r+1-p+ ) = (st—s7)(2r+1- (sF=s57))s

the first inequality following from Proposition (1.5)(Q) and the second one from the
fact that x(2r + 1 — x) is monotone nonincreasing for x > r + 1 and relation r +
1<2r+1—p+s<s—s.

Finally, if i € K, ie,r+1<s/<p—r,then

|8(S;) N AW | > r(r+1) > b(S)(2r +1 - b(S))),

the first inequality following from Proposition (1.5)Gi) and the second one from the
fact that x(2r + 1 — x) < r(r + 1) for all integers x.

This concludes the proof of validity of inequality (1.3) for MC(n).

We now identify the multicut vectors x(S,,..., S,) which are roots of inequality
(1.3) in the case p — g > 2r + 2. From the above observations, x(S;,..., S,) is a root
of inequality (1.3) if and only if 18(S) N AW| = B(S)2r + 1 — b(S)) for all i €
[1, k], i.e., equality holds in (1.10) for all i € [1, k]. We again distinguish the cases
whether i € I, J or K.

— If i € I, equality holds in (1.10) if and only if s, = 0 and [6(S;) N AW, | =
st @r+1—s7), ie., S; defines a root of inequality CW/ ,_,,_, - x < 0. It follows
from Proposition (1.6) that §; induces a cligue of AW,

— If i €J, equality in (1.10) implies that sf—s;=2r+1-p+ s and thus
s;=p—2r—12q+ 1, yielding a contradiction; therefore, J must be empty.

— If i € K, equality holds in (1.10) if and only if sf—s7=r,r+ 1and [6(S,) N
AWl =r(r + 1), i.e., S; defines a root of inequality CW, ,_g,— x<0 and, thus,
from Proposition (1.6)(R2), S; is as in Proposition (1.8)(R2). This concludes the proof.

a

1.2. Clique-web facets.

(1.11) TueoreM. For any integers p,q > land r>0withn=p+gq, p—q=
2r+1andq=2ifp—q=2r+1, the clique-web inequality (1.3) defines a facet of
MC(n).

Proor. In view of Remark (1.4){), (ii), we can suppose that p — g > 2r + 2 and
r > 1. Take an inequality b7x < b valid for MC(n) such that

{xEMC(n):CWp’M-x=(p‘q)(P—zq—Zr—l)}

is contained in {x € MC(n): bTx = b,}; we prove through the following claims that,
for some positive scalar a, b’x = aCW, - x holds, henceforth inequality (1.3)
defines a facet of MC(n).

(1.12) Claim. b, =(0forall j € AW,

Proor. Let x; denote the root of inequality (1.3) (and hence of b"x < by)
defined by the partition of [1,p]U (V,q'] with classes: [p—g—r1+1, pluU
[, q'),{i}, for 1 <i<p—gq—r and, given some u with 2<u<r+1, let x,
denote the root defined by the partition with classes [p—gq-r+1,plu
[1,q'),{1,u},{i), for2<i<p—qg—randi+#u Hence, 0 = b"x, — b"x,, implying
that b,, = 0. Then Claim (1.12) follows by symmetry. O

L‘ e











































