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L. G. Khachiyan recently published a polynomial algorithm to check feasibility of a system of
linear inequalities. The method is an adaptation of an algorithm propesed by Shor for non-linear
optimization problems. In this paper we show that the method also yields interesting results in
combinatorial optimization. Thus it yields polynomial algorithms for vertex packing in perfect
graphs; for the matching and matroid intersection problems; for optimum covering of directed cuts
of a digraph; for the minimum value of a submodular set function; and for other important com-
binatorial problems. On the negative side, it yields a proof that weighted fractional chromatic
number is NP-hard.

0. Introduction

A typical problem in combinatorial optimization is the following. Given
a finite set S of vectors in R" and a linear objective function ¢Tx, find

¢)) max {cTx|x€S}.

Generally S is large (say exponential in n) but highly structured. For example,
S may consist of all incidence vectors of perfect matchings in a graph. We are
interested in finding the value of (1) by an algorithm whose running time is pol-
ynomial in n. Therefore, enumerating the elements of S is not a satisfactory
solution.

The following approach was proposed by Edmonds [1965], Ford and Fulkerson
[1962] and Hoffman [1960], and is the classical approach in combinatorial optimiza-
tion. Let P denote the convex hull of S. Then clearly

(2) max {cTx|x€5} = max {cTx|x€ P}.

The right hand side here is a linear programming problem: maximize a linear ob-
jective function on a polytope. Of course, to be able to apply the methods of linear
programming, we have to represent P as the set of solutions of a system of linear
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inequalities. Such a representation, of course, always exists, but our ability to find
the necessary inequalities depends on the structure of S. However, in many cases
these inequalities (the facets of P) can be described. There are some beautiful theo-
rems of this kind, e.g. Edmonds’ [1965] description of the matching polytope. In
these cases, the methods of linear programming can be applied to solve (1). How-
ever, until about a year ago there were two main obstacles in carrying out the above
program even for nice sets S like the set of perfect matchings. First, no algorithm
to solve linear programming with polynomial running time in the worst case was
known. Second, the number of inequalities describing S is typically large (exponen-
tial in n) and hence even to formulate the linear program takes exponential space
and time. Indeed, the well-known efficient combinatorial algorithms, like Edmonds’
matching algorithm [1965] or Lucchesi’s algorithm to find optimum coverings for
directed cuts [1976] are based on different — ad hoc — ideas.

A recent algorithm to solve linear programs due to L. G. Khachiyan [1979],
based on a method of Shor [1970], removes both difficulties. Its running time is
polynomial; also, it is very insensitive to the number of constraints in the following
sense: we do not need to list the faces in advance, but only need a subroutine which
recognizes feasibility of a vector and if it is infeasible then computes a hyperplane
separating it from P. Searching for such a hyperplane is another combinatorial
optimization problem which is often much easier to solve. So this method, the
Ellipsoid Method, reduces one combinatorial optimization problem to a second one.
One might try to use this again to further transform the problem; but — inter-
estingly enough — the method applied the second time leads back to the original
problem. (However, sometimes after a simple transformation of this second problem
the repeated application of the Ellipsoid Method may further simplify the problem.)

The main purpose of this paper is to exploit this equivalence between
problems. After formulating the optimization problem in Chapter 1 exactly, we
survey the Ellipsoid Method in Chapter 2. In Chapter 3 we prove the equivalence
of the optimization and the separation problem, and their equivalence with other
optimization problems. So we show that optimum dual solutions can be obtained
by the method (since the dual problem has, generally in combinatorial problems,
exponentially many variables, the method cannot be applied to the dual directly).
Chapter 4 contains applications to the matching, matroid intersection, and branching
problems, while in Chapter 5 we show how to apply the method to minimize a sub-
modular set function and, as an application, to give algorithmic versions of some
results of Edmonds and Giles [1977] and Frank [1979]. These include an algorithm
to find optimum covering of directed cuts in a graph, solved first by Lucchesi [1976].

It is interesting to point out that these applications rely on the deep theorems
characterizing facets of the corresponding polytope. This is in quite a contrast to
previously known algorithms, which typically do not use these characterizations
but quite often give them as a by-product.

The efficiency of the algorithms we give is polynomial but it seems much
worse than those algorithms developed before. Even if we assume that this efficiency
can be improved with more work, we do not consider it the purpose of our work
to compete with the special-purpose algorithms. The main point is that the ellipsoid
method proves the polynomial solvability of a large number of different combinat-
orial optimization problems at once, and hereby points out directions for the search
for practically feasible polynomial algorithms,
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Chapter 6 contains an algorithm to find maximum independent sets in perfect
graphs. The algorithm makes use of a number 9(G) introduced by one of the
authors as an estimation for the Shannon capacity of a graph (Lovész [1979]).
Finally, in Chapter 7 we note that the vertex-packing problem of a graph is in a
sense equivalent to the fractional chromatic number problem, and comment on
the phenomenon that this latter problem is an example of a problem in NP which
is NP-hard but (as for now) not known to be NP-complete.

1. Optimization on convex bodies: formulation of the problems and the results

Let X be a non-empty convex compact set in R”. We formulate the following
two algorithmic problems in connection with K.

(1) Strong optimization problem: given a vector c€R”", find a vector x in X which
maximizes ¢Tx on K.

(2) Strong separation problem: given a vector yER", decide if y€K, and if not,
find a hyperplane which separates y from K; more exactly, find a vector cER”
such that ¢Ty>max {¢"x|xeX}.

Examples. Let K be the set of solutions of a system of linear inequalities
?3) afx=b, (i=1,..m)

(a,€R", b,€R). Then the strong separation problem can be solved trivially: we sub-
stitute x=y in the comstraints. If each of them is satisfied, yeX. If constraint
afx=b; is violated, it yields a separating hyperplane. On the other hand, the
optimization problem on X is just the linear programming problem.

As a second example, let X be given as the convex hull of a set {v, ..., tp}
of points in R Then the optimization problem is easily solved by evaluating the
objective function at each of the given points and selecting the maximum. On the
other hand, to solve the separation problem we have to find a vector ¢ in R" such
that

4 cTy>cTy, (i=1,...m)

So this problem requires finding & feasible solution to a system of linear inequalities;
this is again essentially the same as linear programming.

Note that the convex hull of {vy, ..., v,} is, of course, a polytope and so
it can be described as the set of solutions of a system of linear inequalities as well.
But the number of these inequalities may be very large compared to m and n, and
so their determination and the checking is too long. This illustrates that the solvability
of the optimization and separation problems depends on the way X is given and
not only on K.

We do not want to make any a priori arithmetical assumption on X. Thus
it may well be that the vector in K maximizing ¢Tx has irrational coordinates. In
this case the formulation of the problem is not correct, since it is not clear how to
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state the answer. Therefore we have to formulate two weaker and more complicated,
but more correct problems.

(5) (Weak) optimization problem: given a vector ¢c€Q" and a number >0, find
a vector y€Q" such that d(y, K)=e¢ and y almost maximizes ¢’ x on KX, i.e.
for every x€K, cTx=c"y+e. (Here d(y, X) denotes the euclidean distance
of y from X))

(6) (Weak) separation problem: given a vector y€Q" and a number &=0, conclude
with one of the following: (i) asserting that d(y, K)=e; (ii) finding a vector
c€Q"such that ¢ =1 and for every x€X, cTx=cTy+e.

We shall always assume that we are given a point a,and O<r=R such that
(7) S(alhr) gKgS(aOi R)a

where S(a,, r) denotes the euclidean ball of radius r about a,. The second inclusion
here simply means that X is bounded, where a bound is known explicitly; this is quite
natural to assume both in theoretical and in (possible) practical applications. The
first assumption, namely that X contains an explicit ball, is much less natural and we
make it for purely technical reasons. What it really means is that X is full-dimensional,
or at least we are given the affine subspace it spans and also that we are given a
ball in this subspace contained in K. At the end of Chapter 3 we shall show that
some assumption like this must be made.

So we define a convex body as a quintuple (X, n, a,, r, R) such that 2=2, X
is a convex set in R* a,6K, 0<r=R and (7) is satisfied.

Let X be a class of compact convex bodies. We assume that each Keof
has some encoding. An input of the optimization problem for X is then the code
of some member K of X, a vector c€Q", and a number e=0. Inputs of the other
problems are defined similarly, The /ength of the input is defined in the (usual)
binary encoding. Thus the length of the input is at least n+|log r|+]log R|+|log &|.
An algorithm to solve the optimization problem for the class 2 is called polynomial
if its running time is bounded by some polynomial of the size of the input.

The fact that the running time must be polynomial in [log &] is crucial: it
means that running the algorithm for s=1/2, 1/4, ... we get a sequence of approxima-
tions which converge exponentially fast in the running time. Other approximation
algorithms for linear programming (Motzkin and Schoenberg [1954]) have only
polynomial convergence speed. This exponential convergence rate enables Khachiyan
to obtain an exact optimum in polynomial time (essentially by rounding) and us
to give the combinatorial applications in this paper.

2. The ellipsoid methad

Let us first describe the simple geometric idea behind the method. We start
with a convex body K in R included in a ball S(a,, R)=E,, and a linear objective
function ¢”x. In the k-th step there will be an ellipsoid E,, which includes the set
K; of those points x of X for which ¢Tx is at least as large as the best found so far.
We look at the centre x, of E,. If x, is not an element of X, then we take a hyper-
plane through x, which avoids K. This hyperplane H cuts E, into two halves: we
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pick that one which includes X, and include it in a new ellipsoid Ey,,, Which is
essentially the ellipsoid of least volume containing this half of E,, except for an
allowance for rounding errors. Geometrically, this smallest ellipsoid can be de-
scribed as follows. Let F=E,(H, and let y be the point where a hyperplane
parallel to H touches our half of E,. Then the centre of this smallest ellipsoid divides
the segment x,y in ratio 1:n, the ellipsoid intersects H in F, and touches E, in y.
E, ., then arises by blowing up and rounding. If x,€X, then we cut with the hyper-
plane cTx=cTx, similarly. The volumes of the ellipsoids E, will tend to O ex-
ponentially and this guarantees that those centres x, which are in X will tend to an
optimum solution exponentially fast.

In what follows, let ||x| denote the euclidean norm of the vector x and let
Al denote the norm of the matrix 4, i.e.

l4)l = max {Ax}: |x] = 1.

For symmetric matrices, | 4| is the maximum absolute value of the eigenvalues
of 4, and also max {|xTAx|: |x||=1}.

We turn to the exact formulation of the procedure. Let KCR" be a compact
convex set, S(a, r)SKC S(ay, R), cTx a linear objective function and £>0.
Without loss of generality, assume that g<r, [¢f=1, and nZ2. Assume that
there is a subroutine SEP to solve the (weak) separation problem for K. This means
that given a vector y€Q" and §>0, SEP either concludes that y€ S(X, d) or yields
a vector d such that

(D max {d"x|x€K} = dTy+4.
To solve the weak optimization problem on K we run the following algorithm. Let
2R? IICIII
— 2
)] N=4n [log v
R24-N
@ o= 300n °’
and
C)] p=S5N.

We now define a sequence x,, X;, ... of vectors and a sequence Aq, 4, .- of positive
definite matrices as follows. Let x,=a, and A,=R?I. Assuming that x,, 4, are
defined, we run the subroutine SEP with y=x, and é. If it concludes that x,€S(X, 0)
we say that k is a feasible index, and set a=c. If SEP yields a vector d€R" such
that |d||=1 and _

(5 max {dTx: x€K}=d"x,+38,

then we call k an infeasible index and let a=—d. Next define

(6) b,,=Aka/|¢aTAka,
1

(N X=X +;'+—1'

by,

2n%43 2
® 4y =222 (- Fpient).
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z 2
(With —— instead of il
appropriate half of E,; see Gics and Lovisz [1979]. Here we take this larger factor

because of rounding errors.) Further let

, we would get the smallest ellipsoid including the

& ~ A*
(9) xk‘}‘]. =~ xk’ and Ak"'l ~ Ak,

where the sign ~ means that the left hand side is obtained by rounding the right
hand side to p binary digits behind the decimal point, taking care that A,,; is
symmetric.

The sequence (%), k feasible, will give good approximations for the optimum
solution of our problem. To prove this, we shall need some lemmas, which will
also illuminate the geometric background of the algorithm.

First we introduce some further notation. Let

(10) E, = (xR (x—x T4 (x—x) = 1},
and
(11) Ef = {xER"](x—x}‘,‘)"'A,“,"‘(x—xf) =1}

(2.1) Lemma. The matrices Ay, Ay, ..., Ay are positive definite. Moreover,
(12) Il = [l +R2%, (A = R2,, and |47 = R4

Proof. By induction on k. For k=0 all the statements are obvious. Assume that
they are true for k. Then note first that

2nt 2 aaT
13 nN-l—- . = [ =14 _ - ., —]
{13) (s 2n%+3 A+ n—1 aT4.a)’

as it is casy to verify by computation, and hence Ay is positive definite. Using this
it follows easily that

 2m43 2 i3 3
a4 = T = 2 ) = (Hﬁ] R,
and so
(19 ural = 1A+ ldpra— il = (145) B2 427 s R84,
Further,
A, al aTAla

16 b — " k — k k
" o= Yorda ~V e S TA=E

1 g
(17D Ixeead ==l + — Mbyll +xp4x =]l = Jlao] +R2k+n—+1 R2*+Yn2-?

= ) +R2M,
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Further, by (13),

- 2n? ( _ 2 lal? ]
*y —]1 1 .
1 4D = e (M7 4 o
In? ( . 2 _1] n+1
= L3 |4k "+",'1T1”Ak | = n—l”A" fl.

Let 1, denote the least eigenvalue of 4, and let v be a corresponding eigenvector,
[lvll=1. Then

(19) Ao=0TAp 0 = 0TA v+ 0T (Apsr— ARV = 140~ ql—"Anﬂ—A:”

Z: A7Y~1—n2-? = Z;im-*—nz—n > Ro4—(+1),

=

This proves that A, ., is positive definite and also that
(20) Al = 1/2, = R—244+1 |}

(2.2) Lemma. Let p denote the n-dimensional volume. Then

P(E +1) —1/5n
(21) —ﬁ(—%—;)—<e / .

Proof. The volume of E} can be calculated from the volume of E,; this is easy if
one notices that it suffices to consider the case 4,=1. Rounding errors can be
estimated similarly as in the previous proofs. ||

Set
(22) ¢, = max {cTx)J0 = j < k,j feasible},
and
(23) K, = KN{xlcTx = {,}.

(2.3) Lemma. E, 2K, for k=0, 1, ..., N.
Proof. By induction on k. For k=0 the assertion is obvious. Let x€K, ;. Then

(24) x€ K, © By,
and also
(25) af x =z af x,—é,

where a, equals the auxiliary vector a used in step k (if kis a feasible index we do
not even have the J here). Write

(26) x=x;+y+1th,

where af y=0 (since b, and a, are not perpendicular because of the positive de-
finiteness of A,, such a decomposition of x always exists). By (24),

@n 1= (y+1b) 4 (y+tb) = YA Yy +1 [ Ag by = yTA Ty + 12
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Hence ¢=1. On the other hand, (25) yields

(28) -"5 = taZ‘bk =1 l’a;rAkak.
Now we have
(29) (x—xp s ) AT (X=X y) = (x—x3) AF~  (x—x5) + Ry,

where the remainder term R, can be estimated easily by similar methods to those
in the proof of Lemma (2.1), and it turns out that R;~1/12n% For the main term
we have by (13), (26), (27), (28) and (12):

2n? 1 T
—yk T -1 —— * = -_— -
(30) (e—xp)TA; M x~x3) T3 [[t n+1) bk+y]

2 ayal ] ( 1 ]

. =1 . Lt -—

(Ah +n—l a{Akak [t n+] bk+y
_2n=( 1)’T_1 2( 1]’]
T 2nt43 [t ) Ayt n+l
L2 [ nt _2t(1—t)]
~ 2n*43 \n2—1 n—l
L + 44 2n
T 2n*+n*-3 " (n—1)YalA,a, 2n*+n*—=3

2nt 43R4 1

el T e s pa R T

4 -1
+—— 45

Hence (x—x,.)7 47} (x—x,,)=1, and so x€E,,,. |
Now we are able to prove the main theorem in this section.
(2.4) Theorem. Let j be a feasible index for which
(31 cTx; = max {¢"x,|0 = k < N, k feasible}.
Then ¢"x;=max {cTx[x€K}—e.
Proof. Let us observe first that Lemmas (2.2) and (2.3) imply that
(32) r(Ky) = p(Ey) = e~ ¥ u(Ep) = e~ YRV,
where ¥, is the volume of the n-dimensional unit ball. On the other hand, let
(33) { = max {c"x[x€K}

and p€ K such that ¢”y={. Consider the cone whose base is the (n— 1)-dimensional
bail of radius r and centre x, in the hyperplane c¢Tx=cTx, and whose vertex is
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y. The piece of this cone in the half-space ¢Tx=c"x; is contained in Ky. The
volume of this piece is

A Vyr o™ L ({—c"x —-cTx; Y
(34) 1 nllc(ll o) ( g—crx‘;] = u(Ky) = e~ VARV,
Hence

n-1
AT “n 1/n
(35) {—cTx, = e ¥H™R [————‘: - "“] (_--;V ] e[t
n—1
We still need an upper bound on {. Since
(36) I —cTxol = |7 (y—xo)| = llell - 1y —Xoll = Rilcll,
we finally have
2

@7 {—cTx; < 23-"/‘"'37 el =e |

3. Equivalence of optimization and other problems

First we prove the equivalence of the (weak) separation problem and the
(weak) optimization problem, for any given K. More exactly, this means the
following.

(3.1) Theorem. Let # be a class of convex bodies. There is a polynomial algorithm
to solve the separation problem for the members of X, if and only if there is a po-
Iynomial algorithm to solve the optimization problem for the members of X',

A class 2 such that there exists a polynomial algorithm to solve the op-
timization problem (or the separation problem) for members of %" will be called
solvable.

Proof. (I) The “only if* part. In view of the results of Chapter 2, the only thing
to check is that the algorithm described there is polynomial-bounded. This follows
since by assumption, the subroutine SEP is polynomial, hence the number of
digits in the entries of a is polynomial and so the computation of x4 and A,
requires only a polynomial number of steps. All other numbers occurring have
only a polynomial number of digits, by Lemma (2.1). The number of iterations is
also polynomial. Hence the algorithm runs in polynomial time.

(ID) The “if” part. Without loss of generality assume that a,=0. Let K*
be the polar of X, i.e,,

¢y K* = {u]u"x =1 for each x€K}.

It is well-known that K* is a convex body, (K*)*=K, and

@ S, 1/R) S K* S S(0, 1/r).

If & is a class of convex bodies with a,=0, let X¥™*={K*{KexA'}.
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(3.2) Lemma. The separation problem for a class X™* of convex bodies with a,=0
is polynomially solvable iff the optimization problem is polynomially solvable for

the class X

Since (N#™)*=x, this lemma iromediately implies the *“if” part of the
theorem: if the optimization problem is polynomially solvable for & then the
separation problem is polynomially solvable for ™. But then by part (I), the
optimization problem is polynomially solvable for 2™ and so using the lemma
again, it follows that the separation problem is polynomially solvable for ¢’

Proof of the Lemma. (I) The “if"” part. Let K*€#*, v€R" and &>0. Using the
optimization subroutine for X, with objective function v and error er, we get a vector
z€R" such that d(z, K)=er, and

(3) vTz = max {vTx|x€K}—er.

v€K*. Therefore [lvg| = 1/r,

Now if vTz=1 then »"x=1+&r and hence bo= L

+er
whence d(v, K*)=s|v—u,| =e.

On the other hand, if ¢Tz>1 then z is a solution of the separation problem
for X*. In fact, let z,€ X such that [z—z,|=er. Then for every ucK*, {ul|=1/r,
and so
4) zZTu=(E—z)Tutzfu s|uf - z— 2| +1 = e+27p,

which proves that z is a solution of the separation problem for K*.
(II) The “only if”" part follows by the “if” part of the Theorem (which we

already know). J]

Let & and % be two classes of convex bodies. Define
#)) HNE = (KNLKeH, LeZ, dim K = dim L, a,(K) = a,(L)).
(3.3) Corollary. If & and & are solvable then so is X NL

Proof. The separation problem for #'A¥ goes trivially back to the separation
problems for o and &. |

(3.4) Corollary. Let X be a class of convex bodies with ay=0. Then X is solvable
ifff A* is solvable.

The proof is trivial by Lemma (3.2).
Let R} be the non-negative orthant in R”, Next we study convex bodies
K such that there are g>0, R>0 with

©) R} NS0,0) S KSRLNSQ, R),
and if x€K,0=y=x, then yek.

The anti-blocker of K is defined by

@) A(K) = {yeR%]yTx = 1 for every x€K}.
Moreover, A(X)={A(K)|KeX'}.

(3.5) Corollary. Let o be a class of convex bodies satisfying (6). Then X is solvable
iff A(X) is solvable,
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The proof is the same as that of Lemma (3.2).

Next we want to show that without the assumption that X contains a ball,
or even without the explicit knowledge of this ball, there is no algorithm at all to
solve the optimization problem. More exactly, we consider a class of full-dimen-
sional convex bodies in R2 and assume that for each of these bodies there is an
“gracle” or “black box”, which, if we plug in a point y€R? tells us whether or
not y is contained in the body and if not, prints out a separating hyperplane in
the sense of the strong separation problem. We may require that the output is
always rational but may allow arbitrary real vectors as input. Now we are given
one of the black boxes together with the information that g,=0 is contained in
the body described by this black box, and that it is contained in some disc about 0.
We are also given a linear objective function ¢7x which we would like to maximize
in the sense of the weak optimization problem. Note that if, in addition, we would
be given an r>0 and the information that the body contains the disc of radius r
about 0, then this problem could be solved: this is just the contents of Theorem (3.1).
However, we are going to show by an *“adversary” argument that there is no algo-
rithm at all to solve the weak optimization problem if no ball contained in the
bodies is explicitely known.

Let L(t, ¢) denote the segment of length 7 which ends in O and forms an
angle of ¢ with the positive half of the x-axis. Let X(z, ¢, r) denote the neighborhood
of L(t, @) of radius . We assume that 0<t=1, 0<r=1, and 0=¢=90°% r, t, €Q.
Our adversary designs one or more black boxes for every 7, ¢, and r; he does this
so — and generously tells this to us — that if y¢ K(2, ¢, r) then the machine in
the box checks whether or not yeX(l, @, r) and if the answer is “no” the separating
line it constructs will also separate y from K(1, ¢, r). Otherwise, the separating
algorithm in the box may be arbitrary.

Assume that we are given a box and the information that it is one of the
boxes constructed above. Then we know that the convex body described by the
box is contained in the disc of radius 2 about 0 and that it contains 0 in its interior.
Suppose that we have an algorithm to solve the weak optimization problem with
(say) the objective function x+y. By a usual argument, this algorithm must also
work if our adversary is allowed to exchange one black box for the other during
the run of the algorithm, provided this second black box would have given the same
answers to the previous questions as the one used so far. So if we describe a strategy
for the adversary to switch boxes so that after an arbitrary number of steps there
are still two black boxes which would have given the same answers as obtained
previously but for which the maxima of x+y over the corresponding convex bodies
are essentially different (by more than 1/2, say), then the counterstrategy of the
adversary is succesful and our algorithm is wrong.

Now the strategy of our adversary is the following: he always gives us a box
for some K(1, ¢,r) and such that all the previously checked points are outside
K(1, @, r) (except for 0, if we had happened to ask this superflous question). It is
easy to see that he can do this: if we ask a point outside the current K@, p,r) he
does not have to interfere, and if we ask a point inside, he can construct a X(1, , s)
which is contained inside X (1, @, r) but avoids y, and can replace the current black
box by a black box for K(1, ¥, 5).

It is clear that at each step, not only the current X(1, p, r) but also X(¢, @, 7)
is compatible with all the previous answers, for every 0=t=1, but the maxima of
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x+y over K(1,q,r) and K(%, o, r] differ by more than 1/2. This completes

the proof.

P Let us remark that the same argument would show that the weak optimization
problem is not solvable algorithmically, using a strong separation oracle, for the
class of non-full-dimensional bounded convex bodies.

Finally we show that for polytopes many of the results are even nicer. By
a rational polytope we mean a quadruple (P; n, a,, T) where P is a full-dimensional
polytope (in R"), g,€Int P, and every component of a, as well as of every vertex of
P is a rational number with numerator and denominator not exceeding T in ab-
solute value. (This definition is much in the spirit of our previous discussion: the
vertices of P must be rational in order to be able to explicitly present them and
explicit bounds must be known for their complexity.)

(3.6) Theorem. Let (P; n, a5, T) be a rational polytope. Then S(a,, r)S PS S(a,, R),
where R=2nT and r=Q2T)~"-". Furthermore, every facet of P can be written
as alx=b, where a (#0) is an integral vector, b is an integer, and the entries of
a as well as b are less than T'=(nT)".

Thus every rational polytope can be viewed as a convex body, with r and R
as above. A certain converse of this assertion holds as well.

(3.7) Theorem. Let PS R" be a polytope, ay€Int P, and assume that every component
of a, is a rational number with numerator and denominator less than T in absolute
value, Also assume that every facet of P can be written as a*x=b, where a (0)
is an integral vector, b is an integer and the entries of a as well as b are less than T
in absolute value. Then (P; n, ay, T’) Is a rational polytope where T'=(nT)".

The proof of these two theorems is rather straightforward arithmetic and
is omitted (cf. Lemmas 1—2 in Géics and Lovisz [1981]).

(3.8) Theorem. Let X" be a class of rational polytopes. Suppose that X is solvable.
Then the strong optimization problem and the strong separation problem are solvable
Jor X in time polynomial in n, log T, and log S, where S is the maximum of the absolute
values of the numerators and denominators occurring in ¢ (in y, respectively).

Proof. Let (P; n,ay, T)EXA, c€Z", Q=2T*+1 and
(10) d=Q"e+(,Q,.., 0 Y.

We prove that max {d"x|x€ P} is attained at a unique vertex of P and that this
vertex maximizes c? x as well.
For let x, be a vertex of P maximizing d7 x and let x, be another vertex. Write

1
(11) Fom X1 =25

where Q<a<T* is an integer and z=(z, ..., z)7 is an integral vector with
IZII<27".+1= Q- Then

I I
(12) 0=d"(x;—x,) = -;{Q"c”z-}-j%' Q-2 }























































