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Preface 

Historically, there is a close connection between geometry and optimization. 
This is illustrated by methods like the gradient method and the simplex method, 
which are associated with clear geometric pictures. In combinatorial optimization, 
however, many of the strongest and most frequently used algorithms are based 
on the discrete structure of the problems: the greedy algorithm, shortest path 
and alternating path methods, branch-and-bound, etc. In the last several years 
geometric methods, in particular polyhedral combinatorics, have played a more 
and more profound role in combinatorial optimization as well. 

Our book discusses two recent geometric algorithms that have turned out to 
have particularly interesting consequences in combinatorial optimization, at least 
from a theoretical point of view. These algorithms are able to utilize the rich 
body of results in polyhedral combinatorics. 

The first of these algorithms is the ellipsoid method, developed for nonlinear 
programming by N. Z. Shor, D. B. Yudin, and A. S. Nemirovskii. It was a great 
surprise when L. G. Khachiyan showed that this method can be adapted to solve 
linear programs in polynomial time, thus solving an important open theoretical 
problem. While the ellipsoid method has not proved to be competitive with the 
simplex method in practice, it does have some features which make it particularly 
suited for the purposes of combinatorial optimization. 

The second algorithm we discuss finds its roots in the classical "geometry 
of numbers", developed by Minkowski. This method has had traditionally 
deep applications in number theory, in particular in diophantine approximation. 
Methods from the geometry of numbers were introduced in integer programming 
by H. W. Lenstra. An important element of his technique, called basis reduction, 
goes in fact back to Hermite. An efficient version of basis reduction yields a 
polynomial time algorithm useful not only in combinatorial optimization, but 
also in fields like number theory, algebra, and cryptography. 

A combination of these two methods results in a powerful tool for combi­
natorial optimization. It yields a theoretical framework in which the polynomial 
time solvability of a large number of combinatorial optimization problems can 
be shown quite easily. It establishes the algorithmic equivalence of problems 
which are "dual" in various senses. 

Being this general, this method cannot be expected to give running times 
comparable with special-purpose algorithms. Our policy in this book is, therefore, 
not to attempt to obtain the best possible running times; rather, it is to derive 
just the polynomial time solvability of the problems as quickly and painlessly as 



possible. Thus, our results are best conceived as "almost pure" existence results 
for polynomial time algorithms for certain problems and classes of problems. 

Nevertheless, we could not get around quite a number of tedious technical 
details. We did try to outline the essential ideas in certain sections, which should 
give an outline of the underlying geometric and combinatorial ideas. Those 
sections which contain the technical details are marked by an asterisk in the list 
of contents. We therefore recommend, for a first reading, to skip these sections. 

The central result proved and applied in this book is, roughly, the following. 
If K is a convex set, and if we can decide in polynomial time whether a given 
vector belongs to K, then we can optimize any linear objective function over K 
in polynomial time. This assertion is, however, not valid without a number of 
conditions and restrictions, and even to state these we have to go through many 
technical details. The most important of these is that the optimization can be 
carried out in an approximate sense only (as small compensation, we only need 
to test for membership in K in an approximate sense). 

Due to the rather wide spread of topics and methods treated in this book, it 
seems worth while to outline its structure here. 

Chapters 0 and 1 contain mathematical preliminaries. Of these, Chapter 1 
discusses some non-standard material on the complexity of problems, efficiency 
of algorithms and the notion of oracles. 

The main result, and its many versions and ramifications, are obtained by 
the ellipsoid method. Chapter 2 develops the framework necessary for the 
formulation of algorithmic problems on convex sets and the design of algorithms 
to solve these. A list of the main problems introduced in Chapter 2 can be found 
on the inner side of the back cover. Chapter 3 contains the description of (two 
versions of) the ellipsoid method. The statement of what exactly is achieved 
by this method is rather complicated, and the applications and specializations 
collected in Chapter 4 are, perhaps, more interesting. These range from the main 
result mentioned above to results about computing the diameter, width, volume, 
and other geometric parameters of convex sets. All these algorithms provide, 
however, only approximations. 

Polyhedra encountered in combinatorial optimization have, typically, vertices 
with small integral entries and facets with small integral coefficients. For such 
polyhedra, the optimization problem (and many other algorithmic problems) can 
be solved in the exact sense, by rounding an approximate solution appropriately. 
While for many applications a standard rounding to some number of digits is 
sufficient, to obtain results in full generality we will have to use the sophisticated 
rounding technique of diophantine approximation. The basis reduction algorithm 
for lattices, which is the main ingredient of this technique, is treated in Chapter 
5, along with several applications. Chapter 6 contains the main applications of 
diophantine approximation techniques. Besides strong versions of the main result, 
somewhat different combinations of the ellipsoid method with basis reduction give 
the strongly polynomial time solvability of several combinatorial optimization 
problems, and the polynomial time solvability of integer linear programming in 
fixed dimension, remarkable results of E. Tardos and H. W. Lenstra, respectively. 



Chapters 7 to 10 contain the applications of the results obtained in the 
previous chapters to combinatorial optimization. Chapter 7 is an easy-to-read 
introduction to these applications. In Chapter 8 we give an in-depth survey of 
combinatorial optimization problems solvable in polynomial time with the meth­
ods of Chapter 6. Chapters 9 and 10 treat two specific areas where the ellipsoid 
method has resolved important algorithmic questions that so far have resisted 
direct combinatorial approaches: perfect graphs and submodular functions. 

We are grateful to several colleagues for many discussions on the topic 
and text of this book, in particular to Bob Bixby, Andras Frank, Michael 
Jünger, Gerhard Reinelt, Eva Tardos, Klaus Truemper, Yoshiko Wakabayashi, 
and Zaw Win. We mention at this point that the technique of applying the 
ellipsoid method to combinatorial optimization problems was also discovered by 
R. M. Karp, C. H. Papadimitriou, M. W. Padberg, and M. R. Rao. 

We have worked on this book over a long period at various institutions. We 
acknowledge, in particular, the support of the joint research project of the German 
Research Association (DFG) and the Hungarian Academy of Sciences (MTA), 
the Universities of Amsterdam, Augsburg, Bonn, Szeged, and Tilburg, Cornell 
University (Ithaca), Eötvös Lorand University (Budapest), and the Mathematical 
Centre (Amsterdam). 

Our special thanks are due to Frau Theodora Konnerth for the efficient and 
careful typing and patient retyping of the text in TEX. 

March 1987 Martin Grötschel 
Laszlo Lovasz 
Alexander Schrijver 
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Chapter 0 

Mathematical Preliminaries 

This chapter summarizes mathematical background material from linear algebra, 
linear programming, and graph theory used in this book. We expect the reader 
to be familiar with the concepts treated here. We do not recommend to go 
thoroughly through all the definitions and results listed in the sequel - they are 
mainly meant for reference. 

0.1 Linear Algebra and Linear Programming 

In this section we survey notions and well-known facts from linear algebra, 
linear programming, polyhedral theory, and related fields that will be employed 
frequently in subsequent chapters. We have also included a number of useful 
inequalities and estimates. The material covered here is standard and can be 
found in several textbooks. As references for linear algebra we mention FADDEEV 
and FADDEEVA (1963), GANTMACHER (1959), LANCASTER and TISMENETSKY (1985), 
MARCUS and MINC (1964), STRANG (1980). For information on linear program­
ming and polyhedral theory see for instance CHVATAL (1983), DANTZIG (1963), 
GASS (1984), GRUNBAUM (1967), ROCKAFELLAR (1970), SCHRIJVER (1986), STOER 
and WITZGALL (1970). 

Basic Notation 

By R (Q, Z, N , C) we denote the set of real (rational, integral, natural, complex) 
numbers. The set N of natural numbers does not contain zero. R+ (Q+, Z+) 
denotes the nonnegative real (rational, integral) numbers. For n N , the symbol 
Rn (Qn, Zn, Nn , Cn) denotes the set of vectors with n components (or n-tuples 
or n-vectors) with entries in R (Q, Z, N , C). If E and R are sets, then RE is 
the set of mappings of E to R. If E is finite, it is very convenient to consider 
the elements of RE as |E|-vectors where each component of a 
indexed by an element of 
defined by 
of F. 

Addition of vectors and multiplication of vectors with scalars are as usual. 
With these operations, Rn and Qn are vector spaces over the fields R and 
Q, respectively, while Zn is a module over the ring Z. A vector is always 
considered as a column vector, unless otherwise stated. The superscript "T" 

is called the incidence vector 



For a real number a, the symbol [<x\ denotes the largest integer not larger 
than a (the floor or lower integer part of a), [a] denotes the smallest integer not 
smaller than a (the ceiling or upper integer part of a) and [aj := [a— ^] denotes 
the integer nearest to a. If a — (ai, . . . , an)T and b = (b\, . . . , bn)T are vectors, 
we write a < b if ax < bi for i = 1, . . . , n. 

For two sets M and N9 the expression M ^ N means that M is a subset 
of N, while M c N denotes strict containment, i. e., M c N and M ^ N. We 
write M \N for the set-theoretical difference {x e M | x 4 N}, MAiV for the 
symmetric difference (M \ N) U (N \ M), and 2M for the set of all subsets of M, 
the so-called power set of M. For M,N ^ R" and a e R, we use the following 
standard terminology for set operations: M + N := {x + j ; | x e M,y e N}, 
aM := {ax | X G M } , - M := {-X | x e M } , M - J V := M + (-N). 

For any set #, jRmxn denotes the set of mxn-matrices with entries in R. For a 
matrix A e Kmx", we usually assume that the row index set of A is {1, . . . , m} and 
that the column index set is {1, . . . , n}. Unless specified otherwise, the elements 
or entries of A e Rmxn are denoted by atj, 1 < i < m, 1 < j < n; we write 
A = (ay). Vectors with n components are also considered as nxl-matrices. 

If / is a subset of the row index set M of a matrix A and J a subset of the 
column index set N of A, then Au denotes the submatrix of A induced by those 
rows and columns of A whose indices belong to / and J , respectively. Instead of 
AM J (AIN resp.) we frequently write A.j (Aj. resp.). A submatrix A of the form 
An is called a principal submatrix of A. If K = {1, . . . , k] then AKK is called 
the /c-th leading principal submatrix of A. A-x. is the i-th row of A (so it is a row 
vector), and A.j is thej-th column of A. 

Whenever we do not explicitly state whether a number, vector, or matrix is 
integral, rational, or complex it is implicitly assumed to be real. Moreover, we 
often do not specify the dimensions of vectors and matrices explicitly. When 
operating with them, we always assume that their dimensions are compatible. 

The identity matrix is denoted by J or, if we want to stress its dimension, 
by /„. The symbol 0 stands for any appropriately sized matrix which has all 
entries equal to zero, and similarly for any zero vector. The symbol 1 denotes a 
vector which has all components equal to one. Thej-th unit vector in IR", whose 
7-th component is one while all other components are zero, is denoted by ej. If 
x = (xi, . . . , xn)T is a vector then the nx/i-matrix with the entries xi, . . . , xn on 
the main diagonal and zeros outside the main diagonal is denoted by diag(x). 
If A e Rmxp and B e Rmxq then (A, B) (or just (A B) if this does not lead to 
confusion) denotes the matrix in Rmx^P+^ whose first p columns are the columns 
of A and whose other q columns are those of B. 

The determinant of an nxn-matrix A is denoted by det(/4). The trace of an 
nxn-matrix A, denoted by tr(A), is the sum of the elements of the main diagonal 
of the matrix A. 

denotes transposition. So, for x Rn, xT is a row vector, unless otherwise stated. 
Rn is endowed with a (Euclidean) inner product defined as follows: 



When using functions like det, tr, or diag we often omit the brackets if there 
is no danger of confusion, i. e., we frequently write det A instead of det(A) etc. 

The inverse matrix of an nxn-matrix A is denoted by A-1. If a matrix has an 
inverse matrix then it is called nonsingular, and otherwise singular. An nxn-matrix 
A is nonsigular if and only if det A 0. 

Hulls, Independence, Dimension 

A vector x Rn is called a linear combination of the vectors 
if, for some 

combination 
conic 
affine 
convex 

of the vectors x1,x2, ...,xk. These combinations are called proper if neither  
= 0 nor = e} for some j {1,2, . . . , k}. For a nonempty subset S Rn, we 

denote by 
lin(S) linear 

conic 
affine 
convex 

that is, the set of all vectors that are linear (conic, affine, convex) combinations 
of finitely many vectors of S. For the empty set, we define lin(0) := cone(0) := {0} 
and aff(0) := conv(0) := 0. 

A subset S Rn is called 

cone(S) 
aff(S) 
conv(S) 

the hull of the elements of S, 

a linear subspace 
a cone 
an affine subspace 
a convex set 

A subset S Rn is called linearly (affinely) independent if none of its members 
is a proper linear (affine) combination of elements of S; otherwise S is called 
linearly (affinely) dependent. It is well-known that a linearly (affinely) independent 
subset of Rn contains at most n elements (n + 1 elements). For any set S Rn, 
the rank of S (affine rank of S) denoted by rank(S) (arank(S)), is the cardinality 
of the largest linearly (affinely) independent subset of S. For any subset S Rn, 
the dimension of S, denoted by dim(S), is the cardinality of a largest affinely 
independent subset of S minus one, i. e., dim(S) = arank(S) — 1. A set S Rn 

with dim(S) = n is called full-dimensional. 
The rank of a matrix A (notation: rank(A)), is the rank of the set of its 

column vectors. This is known to be equal to the rank of the set of its row 
vectors. An mxn-matrix A is said to have full row rank (full column rank) if 
rank A = m (rank A = n). 



Eigenvalues, Positive Definite Matrices 

If A is an nxn-matrix, then every complex number k with the property that there is 
a nonzero vector u e C " such that Au = ku is called an eigenvalue of A. The vector 
u is called an eigenvector of A associated with k. The function f(k) := det(kIn—A) 
is a polynomial of degree n, called the characteristic polynomial of A. Thus the 
equation 

has n (complex) roots (multiple roots counted with their multiplicity). These roots 
are the (not necessarily distinct) n eigenvalues of A. 

We will often consider symmetric matrices (i. e., Mxn-matrices A = (a,y) with 
ciy = ciju 1 < i <j < n). It is easy to see that all eigenvalues of real symmetric 
matrices are real numbers. 

There are useful relations between the eigenvalues k\, . . . , kn of a matrix A, 
its determinant and its trace, namely 

(0.1.1) 
j = i 

(0.1.2) 

An wxn-matrix A is called positive definite (positive semidefinite) if A is 
symmetric and if 
positive definite then A is nonsingular and its inverse is also positive definite. In 
fact, for a symmetric nxn-matrix A the following conditions are equivalent: 

(0.1.3) (i) A is positive definite. 
(ii) A~l is positive definite. 

(iii) All eigenvalues of A are positive real numbers. 
(iv) A = BTB for some nonsingular matrix B. 
(v) detv4fc > 0 for k = 1, . . . , n, where Ak is the /c-th leading 

principal submatrix of A. 

It is well known that for any positive definite matrix A, there is exactly one 
matrix among the matrices B satisfying (0.1.3) (iv) that is itself positive definite. 
This matrix is called the (square) root of A and is denoted by Al/2. 

Positive semidefinite matrices can be characterized in a similar way, namely, 
for a symmetric nxn-matrix A the following conditions are equivalent: 

(0.1.4) (i) A is positive semidefinite. 
(ii) All eigenvalues of A are nonnegative real numbers. 

(iii) A = BTB for some matrix B. 
(iv) dety4// > 0 for all principal submatrices An of A. 
(v) There is a positive definite principal submatrix An of A 

with |/ | = rank A 



Vector Norms, Balls 

A function N : IR" -► IR is called a norm if the following three conditions are 
satisfied: 

(0.1.5) 

Every norm N on Rn induces a distance dN defined by 

For our purposes four norms will be especially important: 

(the I2- or Euclidean norm). 

(This norm induces the Euclidean distance d{x,y) = \\x—y\\. Usually, the Euclidean 
norm is denoted by || • H2. But we use it so often that we write simply || • ||.) 

- or 1-norm), 

- or maximum norm), 

where A is a positive definite nxn-matrix. Recall that A induces an inner product 
xTA~{y on IR". Norms of type || • |U are sometimes called general Euclidean or 
ellipsoidal norms. We always consider the space IR" as a Euclidean space endowed 
with the Euclidean norm || • ||, unless otherwise specified. So all notions related 
to distances and the like are defined via the Euclidean norm. 

For all x e IR", the following relations hold between the norms introduced 
above: 

(0.1.6) 
(0.1.7) 
(0.1.8) 

If A is a positive definite Mxn-matrix with smallest eigenvalue X and largest 
eigenvalue A then 

(0.1.9) 

(triangle inequality). 



The diameter of a set K c Rn, denoted by diam(X), is the largest distance 
between two points of K; more exactly: 

The width of K is the minimum distance of two parallel hyperplanes with K 
between them; that is, 

For any set X c R " and any positive real number e, the set 

(0.1.10) 

is called the ball of radius e around K (with respect to the Euclidean norm). For 

and call S(a,s) the ball of radius E with center a. S(0,1) is the unit ball around 
zero. 

The "unit ball around zero" with respect to the maximum norm is the 
hypercube (x e R" | - 1 < x,- < 1,/ = 1, . . . , «}. For any positive definite 
matrix A, the "unit ball around zero" with respect to || • |U is the ellipsoid 
{x e R" | xTA~lx < 1} - see Section 3.1 for further details. We shall frequently 
use the interior e-ball of K defined by 

(0.1.11) 

The elements of S(Ky— e) can be viewed as the points "deep inside of K". Note 
that if K is convex, then 

(0.1.12) 

and that 

(0.1.13) 

Equality does not always hold in the containment relation of (0.1.12). (Take, 
But if diam(X) < 2R for some R > 0, and if 

we know that K contains a ball with radius r, then one can easily see that 

(0.1.14) 

for all 



Matrix Norms 

Any norm on the linear space Rmxn of mxn-matrices is called a matrix norm. If 
N\ is a norm on R" and N2 a norm on Rm, then a matrix norm M on Rmxn is 
said to be compatible with N\ and N2 if 

If N is a vector norm on R" and M a matrix norm on Rwxn such that N(Ax) < 
M{A)N(x) for all x e R" and A e R"xn, then we say that M is compatible with 
N. A matrix norm M on Rnxn is called submultiplicative if 

nxn 

Every vector norm N on R" induces a matrix norm on Rnxn, called the norm 
subordinate to N and denoted by lub# (least upper bound), as follows: 

(0.1.15) 

Clearly, lub/v is the smallest among the matrix norms compatible with N; and 
lubjv is submultiplicative. The norm subordinate to the Euclidean norm || • || is 

(0.1.16) 

where A(ATA) is the largest eigenvalue of ATA. \\A\\ is called the spectral norm 
of A. If A is a symmetric «xn-matrix then one can show 

(0.1.17) 

Moreover, if A is symmetric and nonsingular then 

(0.1.18) 

The norm subordinate to the maximum norm || • lU is 

(0.1.19) (row sum norm). 

The norm subordinate to the 1-norm || • ||i is 

(0.1.20) (column sum norm). 

eigenvalue of A 

eigenvalue of A 



8 Chapter 0. Mathematical Preliminaries 
Further submultiplicative matrix norms are 

(0.1.21) M||2 := yJlHJ=l 4 (Frobenius norm) 

and 

(0.1.22) MlUax := "max {\atj\ \ ij = 1, . . . ,«}. 

The matrix norm || • ||max is compatible with the vector norms || • ||, || • ||i, and 
|| ■ || oo, and the matrix norm || H2 is compatible with the Euclidean norm || • ||. The 
following inequalities hold: 

(0.1.23) Mil < M||max, MHoo < Mllmax, Mill < Mllmax for AeW*\ 

(0.1.24) 4=IWl2 < Mil < IMIb < M||max for ^ R " x " . 

If M is a matrix norm on Rnxn that is compatible to some vector norm on IRn, 
then 

(0.1.25) |A| < M (A) for each eigenvalue X of A. 

Some Inequalities 

The following well-known inequality will be used frequently: 

(0.1.26) |x rv| < ||x|| ||v|| for all x j e R " (Cauchy-Schwarz inequality). 

This inequality holds with equality if and only if x and y are linearly dependent. 
The parallelepiped spanned by a\, . . . , am e R" is the convex hull of the zero 

vector and all vectors that are sums of different vectors of the set {a\, ..., am). 
Let A be the nxm-matrix with columns a\, . . . , am. Then 

Vdet(ATA) 

is the volume of the parallelepiped spanned by a\9 ...,am. This observation 
implies 

m 

(0.1.27) yJdet{ATA) < f ] H l̂l (Hadamard inequality). 
1=1 

Equality holds in (0.1.27) if and only if the vectors af are orthogonal (i. e., 
afcij — 0 for 1 < 1 < j < m), in other words, if and only if the parallelepiped is 
a rectangular box. In particular, for an nxn-matrix A the Hadamard inequality 
reads 

n 

(0.1.28) |detA|<[]||a,-||, 
!=1 

where a\9 . . . , an denote the columns of A. 



Polyhedra, Inequality Systems 

If A is a real m x n-matrix and b e Rm, then Ax < b is called a system of 
(linear) inequalities, and Ax = b a system of (linear) equations. The solution set 
{xelRJ1 \ Ax < b) of a system of inequalities is called a polyhedron. A polyhedron 
P that is bounded (i. e., P c S(Q,R) for some R > 0) is called a polytope A 
polyhedral cone is a cone that is also a polyhedron. 

If a e Rn \ {0} and ao e R, then the polyhedron { x e R " | aTx < ao} is called 
a halfspace, and the polyhedron {x e R" | aTx = a0} a hyperplane. To shorten 
notation we shall sometimes speak of the hyperplane aTx = a0 and the halfspace 
aTx < ao. Every polyhedron is the intersection of finitely many halfspaces. 

An inequality aTx < a0 is called valid with respect to a polyhedron P if 
? ^ { x | aTx < ao}. A set F c p is called a face of P if there exists a valid 
inequality aTx < a0 for P such that F = {x e P \ aTx = a0}. We say that F is 
the face defined (or induced) by aTx < ao. If v is a point in a polyhedron P such 
that {v} is a face of P, then i; is called a vertex of P. A polyhedron is called 
pointed if it has a vertex. One can easily prove that a nonempty polyhedron 
P = {x \ Ax <b} is pointed if and only if A has full column rank. A facet of P 
is an inclusionwise maximal face F with 0 =fi F 4" P. Equivalently, a facet is a 
nonempty face of P of dimension dim(P) — 1. 

Note that the linear subspaces of R" are the solution sets of homogeneous 
equation systems Ax = 0, and that the affine subspaces are the solution sets of 
equation systems Ax = b. Hence they are polyhedra. 

Let us remark at this point that the description of a polyhedron as the 
solution set of linear inequalities is by no means unique. Sometimes it will 
be convenient to have a kind of "standard" representation of a polyhedron. 
If the polyhedron P is full-dimensional then it is well known that P has a 
representation P = {x e Rw | Ax < b} such that each of the inequalities Ax.x < bt 
defines a facet of P and such that each facet of P is defined by exactly one of 
these inequalities. If we normalize the inequalities so that ||4;.||oo = 1 for all rows 
At. of A, then this representation of P is unique. We call this representation the 
standard representation of the full-dimensional polyhedron P. 

If the polyhedron P is not full-dimensional, then one can find a system Cx = d 
of linear equations whose solution set is the affine hull of P. We can choose -
after permuting coordinates, if necessary - the matrix C and the right hand side 
d so that C = (I,C) holds. Moreover, given such a matrix C, we can find an 
inequality system Ax < b such that each of the inequalities Aux < bt defines a 
facet of P, each facet of P is defined by exactly one of these inequalities, each 
row of A is orthogonal to each row of C, and ||^,.||QO = 1 holds for each i. A 
representation of a polyhedron P of the form 

P = {x e R" | Cx = d,Ax < b}, 

where C, d, A, b satisfy the above requirements will be called a standard repre­
sentation of P. This representation is unique up to the choice of the columns 
forming the identity matrix / . 

Let A e Rmxn be a matrix of rank r. A submatrix B of A is called a basis of 
A if it is a nonsingular rxr-matrix. Let A e Rmxn have full column rank, and let 



b e Rm. For any basis B = A\. of A, let b\ be the subvector of b corresponding 
to B. Then the vector B~xb\ is called a basic solution of Ax < b. Warning: B~~lbi 
need not satisfy Ax < b. If B~lbi satisfies Ax < b it is called a basic feasible 
solution of this inequality system. It is easy to see that a vector is a vertex of the 
polyhedron P = {x | Ax < b}, A with full column rank, if and only if it is a basic 
feasible solution of Ax < b for some basis B. Note that this basis need not be 
unique. 

There is another way of representing polyhedra, using the convex and conic 
hull operation, that is in some sense "polar" to the one given above. Polytopes 
are the convex hulls of finitely many points. In fact, every polytope is the convex 
hull of its vertices. Every polyhedron P has a representation of the form 

P = conv(F) + cone(£), 

where V and E are finite subsets of Rn. Moreover, every point in a polytope 
P c R" is a convex combination of at most dim(P) + 1, and thus of at most 
n-t-1, affinely independent vertices of P (Caratheodory's theorem). The following 
type of polytopes will come up frequently. A set D ^ Rn is called a {/-simplex 
(where 1 < d < n) if D = conv(K) and V is a set of d + 1 affinely independent 
points in Rw. Instead of n-simplex in Rrt we often say just simplex. 

For any nonempty set S £ R", 

rec(S) := {y e R" | x + ky e S for all x e S and all X > 0} 

denotes the recession cone (or characteristic cone) of S. We set rec(0) := {0}. 
Intuitively, every vector of rec(S) represents a "direction to infinity" in S. A 
more general version of Caratheodory's theorem states that every point in a 
{/-dimensional polyhedron P can be represented as a convex combination of 
affinely independent points v\, ...,vs,v\+eu . . . ,P i+c r , where 5 +1 < d + 1, the 
points v\, • ■ • j vs are elements of minimal nonempty faces of P, and the points 
e\> • • •, et are elements of minimal nonzero faces of the recession cone of P. 

By 
lineal(S) := {v e rec(S) | - y e rec(S)} = rec(S) f! (-rec(S)) 

we denote the lineality space of a set S c Rw. If S ^ 0, the lineality space of S 
is the largest linear subspace L of R" such that x + L ^ S for all x e S. The 
recession cone and the lineality space of polyhedra can be characterized nicely. 
Namely, if P = {x | Ax < b} is nonempty, then 

rec(P) = {x| Ax<0}, 
\inea\(P) = {x\Ax = 0}. 

If P = conv(F) + cone(£) and V ± 0, then 

rec(P) = cone(£), 
lineal(P) = lin({e e E | -e e cone(£)}) = cone(£) H (cone(-£)). 
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A set S c Rn is called up-monotone (down-monotone) if for each y e S all 

vectors x e Rn with x > y (x < y) are in S. Sometimes we shall restrict our 
attention to subsets of a given set T (for instance T = R" or T = [0, l]n), in 
which case we call a set S c r up-monotone (down-monotone) in r if, for each 
y e S, all vectors xeT with x > y (x < y) are in S. 

The dominant of a set S is the smallest up-monotone convex set containing 
S, that is, the dominant is the set conv(S) + R+. Similarly the antidominant of S 
is the smallest down-monotone convex set containing S, i. e., conv(S) — R+. The 
dominant and antidominant in a convex set T are defined in the obvious way. 

For any set S c RM, 

S° := {y e Rn | yTx < 0 for all xeS} 

is called the polar cone of S, and 

5* := {y e Rn | y r x < 1 for all x e 5} 

is called the polar of S. S is a closed cone if and only if (S°)° = S. S is 
a closed convex set containing zero if and only if (5*)* = S. Moreover, if 
P = conv(F) + cone(£) is a nonempty polyhedron then 

P° = {x\ yTx < 0 for all y e F U E}9 

P* = {x\vTx<\ for all v e V and ^ rx < 0 for all e e E). 

There are two related operations which are important in combinatorial ap­
plications. For any set S ^ R", its blocker is 

bl(S) := {y e R" | yTx > 1 for all x e S}, 

and its antiblocker is 

abl(S) := {yel&n
+\ yTx < 1 for all xeS}. 

It is well known that bl(bl(S)) = S if and only if S s R^ and S is closed, convex, 
and up-monotone. Furthermore, abl(abl(S)) = S if and only if S £ R^ and S is 
nonempty, closed, convex, and down-monotone in R". 

Linear (Diophantine) Equations and Inequalities 

There are some basic problems concerning linear spaces and polyhedra which will 
occur frequently in our book and which play an important role in applications. 

Let an mxn-matrix A and a vector b e Rw be given. Consider the system of 
linear equations 

(0.1.29) Ax = b. 



Then we can formulate the following four problems: 

(0.1.30) Find a solution of (0.1.29). 
(0.1.31) Find an integral solution of (0.1.29). 
(0.1.32) Find a nonnegative solution of (0.1.29). 
(0.1.33) Find a nonnegative integral solution of (0.1.29). 

Borrowing a term from number theory, we could call problems (0.1.31) and 
(0.1.33) the diophantine versions of (0.1.30) and (0.1.32), respectively. 

We can ask similar questions about the solvability of the system of linear 
inequalities 

(0.1.34) Ax < b, 

namely: 

(0.1.35) Find a solution of (0.1.34). 
(0.1.36) Find an integral solution of (0.1.34). 
(0.1.37) Find a nonnegative solution of (0.1.34). 
(0.1.38) Find a nonnegative integral solution of (0.1.34). 

Obviously, the nonnegativity conditions in (0.1.37) and (0.1.38) could be included 
in (0.1.34); hence, (0.1.37) is equivalent to (0.1.35), and (0.1.38) is equivalent to 
(0.1.36). Furthermore, it is rather easy to see that problem (0.1.35) is equivalent 
to (0.1.32); and if A and b are rational then (0.1.36) is equivalent to (0.1.33). 

For problems (0.1.30), (0.1.31), and (0.1.32), there are classical necessary and 
sufficient conditions for their solvability. 

(0.1.39) Theorem (Solvability of Linear Equations). There exists a vector x e lRn 

such that Ax = b if and only if there does not exist a vector y e Rn such that 
yTA = 0 andyTb^0. □ 

(0.1.40) Theorem (Integral Solvability of Linear Equations). Assume A and b 
are rational. Then there exists a vector x e Z " such that Ax = b if and only if 
there does not exist a vector y e Mm such that yTA is integral and yTb is not 
integral □ 

(0.1.41) Theorem (Nonnegative Solvability of Linear Equations). There exists a 
vector x e lRn such that Ax = b, x > 0 if and only if there does not exist a vector 
y elR"1 such thatyTA > 0 andyTb < 0. □ 

Theorem (0.1.41) is known as the Farkas lemma. The Farkas lemma has the 
following equivalent version which gives a necessary and sufficient condition for 
(0.1.35). 



(0.1.42) Theorem. There exists a vector x e R " such that Ax < b if and only if 
there does not exist a vector y e Rm such thatyTA = 0, y > 0 andyTb < 0. □ 

We leave it to the reader as an exercise to formulate the version of the Farkas 
lemma characterizing the solvability of (0.1.37). 

Problem (0.1.33) (equivalently (0.1.36) and (0.1.38)) is much more difficult 
than the other problems. A kind of characterization was obtained by CHVATAL 
(1973) and SCHRIJVER (1980a), based on work of GOMORY (1958, 1960). We shall 
formulate this criterion for problem (0.1.38) only, and leave its adaptation to 
problems (0.1.33) and (0.1.36) to the reader. 

The essence of the solvability characterizations (0.1.39), (0.1.40), and (0.1.41) 
is that if Ax = b does not have a solution of a certain type, then we can infer one 
single linear equation from Ax = b for which it is obvious that it does not have 
a solution of this type. Here "infer" means that we take a linear combination of 
the given equations. The version (0.1.42) of the Farkas lemma characterizing the 
solvability of (0.1.35) may be viewed similarly, but here we use the inference rule 
that we can take a nonnegative linear combination of the given linear inequalities. 

The solvability criterion for (0.1.38) can be formulated along the same lines, 
but we have to allow the following more complicated rules. 

(0.1.43) Rules of Inference. 

Rule 1. Given inequalities a\x < fiu ..., aT
mx < pm and X\, ..., Xm > 0, infer 

the inequality (YZi W)* ^ Iti Wi-

Rule 2. Given an inequality ai*i +. . . + ocnxn < p, infer the inequality [ai J xi +. . . 
+ kJ*<L/*J. D 

It is obvious that, if a nonnegative integral vector x satisfies the given 
inequalities in Rule 1 or Rule 2, it also satisfies the inferred inequality. This 
observation gives the trivial direction of the following theorem. 

(0.1.44) Theorem (Nonnegative Integral Solvability of Linear Inequalities). As­
sume that A and b are rational. Then there exists a vector x e Zn, x > 0 such 
that Ax<b if and only if we cannot infer from Ax<bbya repeated application 
of Rule 1 and Rule 2 of (0.1.43) the inequality 0Tx < - 1 . □ 

It is important to note here that to derive the inequality 0Tx < - 1 , it may be 
necessary to apply the Rules 1 and 2 of (0.1.43) a large number of times. 

(0.1.45) Example. Consider the following inequality system in R2 : 

x + y < 3.5, 
x-y< 0.5, 

-x + y < 0.5, 
-x - y < -2.5. 



This system does not have a nonnegative integral solution. First we apply Rule 2 
to each of the given inequalities to obtain 

From the first two inequalities above we infer by Rule 1 that 

x < 1.5. 

Similarly, the last two inequalities yield, by Rule 1, that 

-x < -1.5. 

Now applying Rule 2 gives 
x < 1, 

-x < - 2 , 
adding these by Rule 1 gives 

Ox + Oy < - l . 

The reader is invited to verify that, in this example, to infer Ox -f Oy < —1 
from the given system, Rule 2 has to be applied more than once; in fact, Rule 2 
has to be applied to an inequality that itself was obtained by using Rule 2 at 
some earlier step. □ 

It is also true that if we start with any system of inequalities Ax < b with 
at least one nonnegative integral solution, we can derive, using Rules 1 and 2 a 
finite number of times, every inequality that is valid for all nonnegative integral 
solutions of Ax < b. 

Linear Programming and Duality 

One of the most important problems of mathematical programming, and in 
various ways the central subject of this book, is the following problem. 

(0.1.46) Linear Programming Problem (LP). Given an mxn-matrix A, a vector 
b e JR.™, and a vector c e JR", find a vector x* e P = {x e R" | Ax < b] maximizing 
the linear function cTx over P. 

A linear programming problem (we also say just linear program) is usually 
written in one of the following short forms: 

(0.1.47) max cTx 
Ax < b, 

or max{crx | Ax < b}, 
or max cTx, Ax < b, 
or maxc rx, x e P. 



As we will see in the sequel there are various other ways to present a linear 
program. A vector x satisfying Ax < b is called a feasible solution of the linear 
program, and a feasible solution x is called an optimal solution if cTx > cTx 
for all feasible vectors x. The linear function cTx is called the objective function 
of the linear program. If we replace "maximizing" in (0.1.46) by "minimizing", 
the resulting problem is also called a linear program and the same terminology 
applies. 

With every linear program maxc rx, Ax < b, another program, called its dual, 
can be associated; this reads as follows: 

(0.1.48) minyTb, yTA = cT, y> 0, 

where y is the variable vector. Using trivial transformations this program can be 
brought into the form of a linear program as defined above. The original program 
is sometimes referred to as the primal program. The following fundamental 
theorem establishes an important connection between a primal problem and its 
dual. 

(0.1.49) Duality Theorem. Let (P) maxcrx, Ax < b be a linear program and 
(D) min yTb, yTA = cT, y > 0 be its dual If (?) and (D) both have feasible 
solutions then both problems have optimal solutions and the optimum values of 
the objective functions are equal 

If one of the programs (P) or (D) has no feasible solution, then the other is 
either unbounded or has no feasible solution. If one of the programs (P) or (D) 
is unbounded then the other has no feasible solution. □ 

This theorem can be derived from, and is equivalent to, the Farkas lemma 
(0.1.41). A useful optimality condition for linear programming problems is the 
following result. 

(0.1.50) Complementary Slackness Theorem. Suppose u is a feasible solution to 
the primal linear programming problem (P) max cTx, Ax <b and v is a feasible 
solution for the dual (D) minyTb, yTA = cT, y > 0. A necessary and sufficient 
condition for u and v to be optimal for (P) and (D), respectively, is that for all i 

vi > 0 implies A[.u — bu 

(equivalently, At.u < bx implies vt = 0). 

□ 
It follows from the definition of optimality that the set of optimum solutions 

of a linear program over a polyhedron P is a face of the polyhedron P. If P is 
a pointed polyhedron, then every face contains at least one vertex. Hence, if P 
is pointed and the linear program maxcrx, x e P is bounded then it has at least 
one optimum solution x* that is a vertex of P. In particular, this implies that 
every linear program over a nonempty polytope has an optimum vertex solution. 

There is a diophantine version of the linear programming problem, important 
in view of combinatorial applications. 



(0.1.51) Integer Linear Programming Problem. Given an mxn-matrix A, vectors 
b e Rm and c e RM, find an integral vector x* e P = {x e R" | Ax < b} 
maximizing the linear function cTx over the integral vectors in P. 

Almost every combinatorial optimization problem can be formulated as such 
an integer linear programming problem. 

Given an integer linear program, the linear program which arises by dropping 
the integrality stipulation is called its LP-relaxation. We may also consider the 
dual of this LP-relaxation and the associated integer linear program. Then we 
have the following inequalities (provided that the optima involved exist): 

(0.1.52) maxc rx < maxc rx = min yTb < mm yTb 
Ax <b Ax < b yTA = cT yTA = cT 

x integral y > 0 y > 0 
y integral 

In general, one or both of these inequalities can be strict. 
We say that the system Ax < b is totally primal integral (TPI) if A and b are 

rational and the first inequality in (0.1.52) holds with equality for each integral 
vector c, for which the maxima are finite. The system Ax < b is totally dual 
integral (TDI) if A and b are rational and the second inequality in (0.1.52) holds 
with equality for each integral vector c, for which the minima are finite. The 
following theorem due to EDMONDS and GILES (1977) relates these two concepts. 

(0.1.53) Theorem. Ifb is an integral vector and Ax < b is totally dual integral, 
then it is also totally primal integral □ 

Note that total primal integrality and total dual integrality are not dual 
concepts (the roles of b and c are not symmetric); in fact, the converse of 
Theorem (0.1.53) does not hold. Observe that the condition that c is an integral 
vector can be dropped from the definition of total primal integrality without 
changing this notion. Geometrically, total primal integrality means that P is 
equal to the convex hull of the integral points contained in P - in particular, if 
P is pointed then all vertices of P are integral. A further property equivalent to 
total primal integrality is that for each integral vector c the optimum value of 
max cTx, Ax < b is an integer (if it is finite). 

0.2 Graph Theory 

Unfortunately there is no standard terminology in graph theory. We shall use 
a mixture of BERGE (1973), BOLLOBAS (1978), BONDY and MURTY (1976), and 
LAWLER (1976) but we shall also introduce some new symbols which are more 
appropriate for our purposes. 



Graphs 

A graph G = (V9E) consists of a finite nonempty set V of nodes and a finite 
set E of edges. With every edge, an unordered pair of nodes, called its endnodes, 
is associated and we say that an edge is incident to its endnodes. Note that we 
usually assume that the two endnodes of an edge are distinct, i. e., we do not 
allow loops, unless specified otherwise. If there is no danger of confusion we 
denote an edge e with endnodes i and j by ij. Two edges are called parallel if 
they have the same endnodes. A graph without parallel edges is called simple. 
The number of nodes of G is called the order of G. 

A node that is not incident to any edge is called isolated. Two nodes that 
are joined by an edge are called adjacent or neighbors. For a node set W, T{W) 
denotes the set of neighbors of nodes in W. We write T(v) for r({t?}). The set 
of edges having a node v e V as one of their endnodes is denoted by 5(v). The 
number \S(v)\ is the degree of node v e V. More generally, if W £ v, then 
6{W) denotes the set of edges with one endnode in W and the other endnode in 
V \W. Any edge set of the form &{W)9 where 0 =fi W ± V, is called a cut. 

If s and t are two different nodes of G, then an edge set F £ E is called an 
[s,f]-cut if there exists a node set W e y with seW^tgW such that F = S(W). 
(We shall often use the symbol [.,.] to denote a pair of objects where the order of 
the objects does not play a role; here in particular, an [s,f]-cut is also a [£,s]-cut.) 

If W £ y and F c E then E(W) denotes the set of edges in G = (V,E) 
with both endnodes in W, and V(F) denotes the nodes of G which occur as an 
endnode of at least one edge in F. 

If W is a node set in G = (K,£), then G—W denotes the graph obtained by 
removing (or deleting) W, i. e., the node set of G— W is V\W and G—W contains 
all edges of G which are not incident to a node in W. By G[W] we denote the 
subgraph of G induced by a node set W <= K, i. e., G[W] = G - (V \ W). For 
F c E9 the graph G- F := (V9E\F) is called the graph obtained from G by 
removing (or deleting) F. For veV and e e £ , w e write G — v and G — e instead 
of G-{v} andG-{e} . 

For a node set W £ K, the graph G • W denotes the graph obtained by 
contracting W, i. e.9G-W contains all nodes V \ W and a new node, say w, that 
replaces the node set W. All edges of G not incident to a node in W are kept, all 
edges of G with both endnodes in W are removed, and for all edges of G with 
exactly one endnode in Wy this endnode is replaced by w (so parallel edges may 
result). If e = uv e E and G contains no edge parallel to e, then the contraction 
G • e of e is the graph G • {w, i;}. If G contains edges parallel to e, G • e is obtained 
by adding as many loops to G • {v9 w} containing the new node w as there are 
edges parallel to e in G. Since here loops come up, we will be careful with this 
operation. The contraction of a loop results in the same graph as its deletion. 
The contraction G • F of an edge set F is the graph obtained by contracting the 
edges of F (in any order). 

A matching (or 1-matching) M in a graph G = (F,£) is a set of edges such 
that no two edges of M have a common endnode. A matching M is called perfect 
if every node is contained in one edge of M. 
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A simple graph is called complete if every two of its nodes are joined by an 

edge. The (up to isomorphism unique) complete graph of order n is denoted by 
Kn. A graph G whose node set V can be partitioned into two nonempty disjoint 
sets V\9 Vi with V\ U V2 = V such that no two nodes in V\ and no two nodes in 
V2 are adjacent is called bipartite. The node sets V\9 V2 are called color classes, a 
2-coloring, or a bipartition of V. If G is simple and bipartite, \V\\ = m, \V2\ = n, 
and every node in V\ is adjacent to every node in V2, then G is called complete 
bipartite and is denoted by Km,n. The complete bipartite graph K\>n is called a 
star, and the star K\$ a claw. 

If G is a graph, then the complement of G, denoted by G, is the simple graph 
which has the same node set as G and in which two nodes are adjacent if and 
only if they are nonadjacent in G. 

The line graph L(G) of a graph G is the simple graph whose node set is the 
edge set of G and in which two nodes are adjacent if and only if the corresponding 
edges of G have a common endnode. 

A stable set (clique) in a graph G = (V,E) is a set of nodes any two of which 
are nonadjacent (adjacent). A coloring (clique covering) of a graph G = {V 9E) is 
a partition of V into disjoint stable sets (cliques). 

Clearly, every graph G = (V9E) can be drawn in the plane by representing 
nodes as points and edges as lines linking the two points which represent their 
endnodes. A graph is called planar, if it can be drawn in the plane in such a way 
that no two edges (i. e., the lines representing the edges) intersect, except possibly 
in their endpoints. 

Digraphs 

A directed graph (or digraph) D = (V,A) consists of a finite nonempty set V of 
nodes and a set A of arcs. With every arc a, an ordered pair (u, v) of nodes, called 
its endnodes, is associated; u is the initial endnode (or tail) and v the terminal 
endnode (or head) of a. As in the undirected case, loops (w, u) will only be allowed 
if explicitly stated. If there is no danger of confusion we denote an arc a with 
tail u and head v by (w, v); we also say that a goes from u to v, that a is incident 
from u and incident to v9 and that a leaves u and enters v. If there is an arc going 
from u to v, we say that w is a predecessor of v and that v is a successor of u. 

If D = (V,A) is a digraph and W s K, B c A9 then V(B) is the set of nodes 
occurring at least once as an endnode of an arc in B, and A(W) is the set arcs 
with head and tail in W. Deletion and contraction of node or arc sets is defined 
in the same way as for undirected graphs. 

If D = (V,A) is a digraph, then the graph G = (V9E) having an edge ij 
whenever (ij) e A or (/, 0 e A is called the underlying graph of D. A digraph has 
an "undirected property" whenever its underlying graph has this property. For 
example, a digraph is planar if its underlying graph is planar. 

If v G V then the set of arcs having v as initial (terminal) node is denoted 
by S+(v) (S-(v)); we set S(v) := 8+(v) U 5~(v). The numbers |<5+(i>)|, \8~(v)\9 and 
\5(v)\ are called the outdegree, indegree, and degree of v9 respectively. 

For any set W s v9 0 ^ W + V9 we set S+(W) := {(/,;) eA\ie WJ 4 W}9 
8-(W) :=d+(V\W)93Lndd{W) := S+(W)U5-(W). If s,t are two different nodes 


