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ON HYPOHAMILTONIAN GRAPHS
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Abstract. Herz, Duby and Vigué [9] cunjectured that every hypohamiltonian graph has girth
> 5. In the present note hypohamiltonian graphs of girth 3 and 4 are described. Also twe con-
jectures on hypohamiltonian graphs made by Bondv and Chvdtal, respectively, are disproved.

1. Introduction and terminology

We adopt the notation and terminology of Harary [8] with the modifi-
cations that the terms vertices and edges are here used instead of the
terms points and lines, respectively, in [8]. The set of vertices, respec-
tively edges, of the graph G is denoted by V(G), respectively E(G). The
edge joining the vertices x and y is denoted by (x, y) and (», x) ané
the degree of x in G is denoted by d(x, G'}.

A graph G is Aypohaniltonian if and only if G is not Hamiltonian but
every vertex-deleted subgraph G -- v is Hamiltonian. Hypohamiltonian
graphs were first studied by Sousselier (see [1, 2]) who among other
things proved that the Petersen graph is the smallest one. Herz, Duby
and Vigu€ [9] proved that there exists no hypohamiltonian graph with
11 or 12 vertices. Infinite families of hypohamiltonian graphs have been
constructed by Sousselier (see [9]), Lindgren [11], Bondy [3],

Chvatal [4], Doyen and Van Diest [7] and by the author [12]. In [12]

it was shown that for every p > 13, except possibly forp = 14, 17, 19,
there exists a hypohamiltonian graph with p vertices. This improved on
the result of Chvatal [4] for p = 20, 25. Doyen and Van Diest have con-
structed hypohamiltonian graphs with 3k + 1 vertices for all k > 3 so the
question of the existence of a hypohamiltonian graph with p vertices is
left open forp = 14, 17.
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The following three conjectures have been made concerning the struc-
ture of hypohamiltonian graphs.

{11 Every hypohamiltonian graph ks girth > 5. (Herz, Duby and
Vigué [9). See also [4, §, 6].)

(2) If the deletion of an edge e fron « hypohamiltonian graph G does
not create a vertex of degree two, then G — ¢ is hypohamiltonicn
(Chvatal [4]).

{3y If the addition of a new edze to « hypr-hamiltonian graph of girth
2 S does not create a cycle of length <_ 5, then it does not create a
Huemiltonian cycle (Bondy, see [4]}.

‘This note gives examples of hypoti..wiltonian graphs for which (1)
and (2) are faise anid one for which (2) =5d {3) are faise.

2. Construction of hypohamiltonia:: grphs

Let G,;, G, be disjoint grapus. Ass 1ne G, respectively (55, contains a
virtex xq, respectively yg, of degree 5, and let xy, x4, X3, respectively
Y. Y3, )3, denote the vertices adjacent tn x5, respectively y4. Assume
that G, is Lypohamiltonian. Benay { see [4, . 39]) pointed out that G,
contains none of the edges (y,, ¥5), Uiy, ¥3), (¥4, ¥3). We assume that
the graph G, has at least six vartices. L et G Genote the graph obtained
from H; =G, — xg and H, = & -- v Dy identifying the vertices x,, y,
into a vertex z,, the vertices x,, v, into a vertex z, and the vertices
X3, ¥3 into a vertex z;. This construction is illustrated in [12, Fig. 1].
The special case in which G, is the Peteisen graph is shown in Fig. 1. In
this case we say that x is replaced by a vertex-deleted subgraph of the
Petersen graph We consider H, and #, as subgraphs of G. In [12] it
was shown that G is hypohamiltonian provided G, is hypohamiltonian.
By the same type of argumenis we obtain the following stronger resuit.

Lemma 1. (3) < is Hamiltonian if and only if G 1 is Hamiltonian.

(b} "or every z € V(H,), G — z is Hamiltonian if and only if G, -z
is Hamiltonian.

(Y If Gy — x; is Hemiltonian for i = 1,2, 3, then jor every z € V(H,),
G — z is Hamil:onian,
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Fig. 1. Replacement of x, by a vertex-deleted subgraph of the Petersen graph.

Proof. Suppose first that Gy is Hamiltonian. Let C be a Hamiltonian
cycle of G,. Then Py = C — x is a Hamiltonian path of H; connecting
two of the vertices x,, x,, x5 (x; and x,, say). Since G, — y; is
Hamiltonian, ¢, — y3 — v = H, — y5 contains a Hamiltonian path P,
connecting y, and y,. Then P; U P, is a Hamiltenian cycle of G. Sup-
pose next that G is Hamiltonian and let C be a Hamiltonian cycle of G.
C=P, UP,U Py, where P isaz; — z, path, P, isa z, — z, path and
Py is a z4 - z; path. Each of the paths P, is a path of either #, or H,
fori=1, 2, 3. Two of these paths are contained in H;, wherej = 1or
j=2.Then H; has a Hamiltonian path connecting two oi the vertices

2y, 2,, 23 and clearly G; is Hamiltonian. Since &, is assumed to be non-
Hamiltonian, we have proved that G, is Hamiltonian and we have proved
(a). If z € V(H)) — {z}, z,, 4}, then, by (a), G — z is Hamiltonian if and
only if G; — z is Hamiltonian since ¢ — z is obtained from G, — z and
G, in the same way as (7 is obtained from G, and G,. Since H, - y;

(i =1, 2, 3) has a Hamiltonian path connecting the two vertices of

{1, y2 ¥} —{ y‘}, clearly G — z; is Hamiltonian if and only if G, — x;
is Hamiltonian. This proves (b). If z € V(H,), then H, — z has a
Hamiltonian path P, connecting two of the vertices yy, y,, y3 (¥, and
¥, say). If G} — x5 is Hamiltonian, then #, - x; convains a Hamiltonian
path #; connecting x, and x, and P, U P, is a Hamiltonian cycle of

G —~ z, so (c) holds.

Theorem 1. Let G be a non-Hamiltonian graph and let A € V(G). Sup-
pose that the vertices of A are mutually non-adjacent and that they all
have degree 3. If for cvery vertex z € V(G) — A, G — z is Hamiltonian,
then there exists a hypc hamiltonian graph G' containing G — A asa
subgraph. If furthermce for every edge e € E(G — A) there is a vertex
2, € V(G) — A such that G - e — z,, is non-Hamiltonian, then we can
construct G' such that for every edge e € E(G'), G' — e is not hypo-
namittonian,
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Proof. Let x; be any vertex of 4. Replace x by a vertex-deleted sub-
graph of the Petersen graph. Denote the resulting graph by G, and put
A; = A~ {xy}. Then for every vertex z € V(G}) ~ A, G; — z is
Hamiltonian by Lemma 1. The vertices > 4, are mutually non-adjacent
and they all have degree 3in G. Ife € }(G — A), z, € V(G) — A and

s — e — z, is non-Hamiltonian, then als.. .7, -- e -~ z, is non-Hamiltonian
by Lemma 1. If e is any edge of G not ccniained in G, then G, — e
contains a vertex of degree 2. So it is ¢vsy to see that G, contains a
vertex z, € V(G,) — A such that G| -- 2 -- ;, is non-Hamiltonian. If
Ay =0, G, has the desired properties. Iv .1, -+ @, we replace any vertex
x; of A, 5y a vertex-deleted subgraph o the I'stersen graph and we put
Ay =Ay - 7. }etc Since 1 41> lA> A4,1°> ..., we obtain in a finite
number of steps a graph G" which satisfi. < the assertion of the theorem.

3. Dispronf of the conjectures (1), {2). 7 )

Using Theorem 1, it is easy to see t'st there exists a hypohamiltonian
graph containing a cycle of length 4. Le: fork > 2, R, denote the graph
consisting of zhe vertices
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ﬁ

Fig. 3. A hypohamiltonian graph of girth 4.

R, is obta:ned from a pentagonal prism by subdividing two edges through
the insertion of two new vertices of degree 2 (see Fig. 2). Put

Ap s {xy, v, x3, ¥31 € V(Ry). Tutte {13} pointed out that R, is non-
Haniiltcaian, More gen<rally, it is easy to see that R, is non-Hamiltcnian
for all k = 2 and that R, — 2 is Hamiltonian wheneverz € V(R;) - A4,.
Alsc it is easy to see that for every edge e € F(R, ~ A;) there isa

7, € V(Ry) — Ay such that R - e — z, is non-Hamiltonian. By Thirorem 1.
there exists a hypohamiltonian graph R, 2 R, — A such that for any

edge e € E(Ry). Ry — e-is net hypohamiltonian. R is shown in Fig. 3.

o>
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Cleasly, K} contains a cycle of length 4 and it contains edges whose re-
moval do=s not create vertices of degree 2. So forevery & > 2, R isa
counterexample to (1) and (2).

We shail go a step further and show that a ypohamiltonian graph
may contiiin 3 cycie of length 3. Let M e »ote the graph in Fig. 4.
ViMy={i,2,..,301.Pur A =43,5, 17, ‘2 24, 26}. We shall show
by reductio ad absurdum thz: M is por-H{aniilionian, Suppose Cisa
Hamiltonian cycle of M Then C contzius the edges (3, 4), (4,5),(17, 18),
(18,19), 124, 25), (25, 26). Suppase firs. that C contains the edges
(1,58),(3.7). Then C contains the «dges i, 2), (2,23),(7,6), (6,9),
(9.8).(8.11). Also C contains (21, 20}, 1 20,193, (17, 16), (16, 15),
(15,143,114, 13),(13,12). The two edg s of  which are incident with
10 are then (10, 12) and (10, 11). C mus: contain the edge (21, 22) and
if C contains (22, 23) also then C cont-i1s a cycle as a proper subgraph.
So C does not contain (22, 23). Buu ther O contains (22, 26) and (23, 24)
ard again we see that C contains a cy:le as a proper subgraph, which is
a contradiction, By symmetry, C cann«t contain the edges (2, 3)., (5, 6).
Sc C contains either none of both of 1h edges (1, 5), (2, 3), or, in other
words, C either contains the path 20, . 2, 23 or the path 20, 1, 5. 4, 3,
2. 23. Because of the symmetry, C coitains either none of both of the
edzes (19, 209, (17, 21y and either nos. of both of the edges (22, 26),
(23,24) (tis, however, easy to see the* this feads to a contradiction and
we have proved that M is non-Hamitonian.

Next we show that Af — z is Hamiltc rian whenever z € V(M) — A.
Because of the symmetry, it is sufficien. to consider the cases
z2=1,4,6,8, 10. In the case z = 4, W - - has the following Hamiltonian
cvele: 1,5,6,9,8,7, 3,2, 23,22,26,25,24,28,27,30,29, 11, 12, 10,
14, 13,16, 15,19, 18, 17, 21, 20, i. Let P denote the path 11, 29, 28,
24,25.26,27,.30,12,13,14, 15,16, 17, 18, 19, 20, 21, 22, 23, 2 and
le: Py, Py, Pg, Py be the paths defined as follows:

Py :2,3,4,5,6,7,8,9,10,11,

Pe 0 2,1,54,3,7,8,9,10,11,

g 0 2,1,5,4,3,7,6,9, 10, 11,

Py:2,1,5,4,3,7,6,9. 8. 11.

Tuen P U P, is 2 Hamiltonian cycle ot M — z forz = 1, 6, 8, 10. Further-
mare we can show that for every cdge e € E(M — A) there exists a

z, € V(M) — A such that ¥ — e - 2, is non-Hamiltonian. If ¢ is incident
with a vertex of degree 3, thon thisvertex in M — ¢ is adiaceni to g ver-
texz, € A Clearly, M — ¢ - 7, 16 norHamiltonian. If, on the other hand,
¢ joins two vertices of degree > 4, th i1 ¢ is one of the edges (10, 11),
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Fig. 5. A hypohanmilioniar graph of girth 3.

(11,12),(12,10). If e = (10, i 1), we put z, = | and it is easy to prove
that # — e - z, is non-Hamiltonizn {we leave this to the reader). By
Theorem | there ¢xists a hypohamiltonian graph M’ (Fig. 5) such that
M contains M — .t as a subgraph and forany edgee of M', M’ — ¢ is
not hypohamiltorian. Clearly, M' is snother counterexample to the
conjectures (1) and (2).

We shall finally give a counterexample to the conjectures {2) and (3).
Let & denote the Petersen graph und let 4 be a set consisting of two
non-adjacent vertices of &. Forevery z € V(G) — 4, G - z is Hamiltonian
and for every e € E(G - A4) there exists az, € V(G) — A such that
G —~ e - 2, is non Hamiltonian. Let G’ denote the graph obtained irom
G by replacing each vertex of A by a vertex-deleted subgraph of the
Petersen graph (Fig. 6). Then G' is hypohamiltonian and the delezion of

Fig. 5. A counterexample to conjectures (2), (3%
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fu

any edge of G’ results in a graph which is not hypohamiltonian, So G’ is
clearly a counterexarmple to (2). A& Hamiitoniap path of G’ is drawn with
thick lines in Fig. 6. if we add the edge ioining the endvertices of this
path we create a Haniltonian cycle of &7 but we do not create a cycle
of length < 5. So G’ is a counterexample to conjecture (3).
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