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1. Introduction

1.1. Radio Networks and the Channel Assignment Problem

A radio network consists of a group of transceivers (also

known as stations) sharing a common radio channel and

communicating with each other using this channel. Exam-

ples of such networks include packet radio networks, cellu-

lar phone networks and satellite networks. Each transceiver

has a range (a geographical region) within which it can com-

municate with other transceivers. In a multi-hop radio net-

work, messages are transmitted via a series of intermediate

transceivers. This allows radio networks to reuse frequencies

in transmitting data. Specifically, in a static transmission

protocol, an a priori assignment of communication resources

such as time, frequency or code is made to the transceivers in

a manner that avoids contention. In a dynamic protocol, re-

sources are allocated on-the-fly. Examples of protocols that

use static assignment of resources include Frequency Divi-

sion Multiple Access (FDMA), Time Division Multiple Ac-

cess (TDMA) and Code Division Multiple Access (CDMA).

Examples of dynamic resource allocation protocols include

ALOHA and CSMA. Static protocols are commonly used to
�
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handle steady streams of messages while the dynamic proto-

cols are used to handle situations with bursty message traffic.

In each of the scenarios, the eventual goal of resource assign-

ment is twofold: (a) messages must be transmitted without

collision (or conflict) and (b) the resources must be used ef-

ficiently.

In the case of FDMA (TDMA), spatial locations of the

transceivers allow more than one transceiver to communi-

cate using the same frequency (during the same time slot).

Two transceivers may use the same frequency (or the same

time slot) only if the generated signals do not collide. De-

pending on the signaling mechanism, transmissions may col-

lide in two ways, referred to as primary and secondary inter-

ferences. Primary interference occurs when a station is in-

volved in more than one communication task at the same

time (sending and receiving, receiving from two different

transmitters, etc.). Secondary interference occurs when a

receiver � is tuned to a particular transmitter � but also un-

wantedly receives signals from another transmitter. As a re-

sult, the intended message from � to � may get garbled.

The channel assignment problem involves the assignment of

channels (i.e., time slots or frequencies) to transmitters or the

connecting links so that all the transmitters (links) assigned

the same channel may transmit in a collision-free fashion.

In this paper, we consider the channel assignment problem

for transmitters. The transmission of a station � is intended

for and must be received collision-free by all the neighbors



2 Krumke, Marathe and Ravi / Approximation Algorithms for Channel Assignment

of � (i.e., the receivers which are within the range of � ).

As pointed out in [25], only primary interference can arise

in this situation. Thus, two stations cannot be assigned the

same time slot if one station is within the range of the other

or the two stations have a common neighbor (i.e., another

station located in the intersection of the ranges of the two

stations). The objective of the channel assignment prob-

lem is to allow the transceivers to communicate with each

other without interference while using a minimum number

of channels.

As observed in [25,27], the above channel assignment

problem corresponds to the distance-2 vertex coloring prob-

lem in the graph that models the packet radio network. This

undirected graph has one node for each transceiver; for each

pair of transceivers such that one transceiver is in the range

of the other, there is an edge between the corresponding

nodes. In this graph, a valid distance-2 coloring must assign

different colors to any pair of nodes between which there is

a path of length at most 2. Since each color corresponds to a

channel, it is important to produce a distance-2 coloring that

uses a minimum number of colors. If � denotes the graph

modeling the network, then the distance-2 coloring problem

on � is equivalent to the standard minimum vertex coloring

problem on ��� , where ��� has the same vertex set as � and

there is an edge between two vertices of ��� if and only if

there is a path of length at most 2 between the vertices in � .

The distance-2 coloring problem also arises in approxi-

mating the Hessian matrices of certain nonlinear functions

using a minimum number of gradient evaluations [16,18].

McCormick [18] has shown that the distance- � coloring

problem is NP-complete for any fixed ����� . He has also

shown that the simple greedy algorithm (i.e., consider the

vertices in any order; the color assigned to vertex �
	 is the

smallest color that has not been used by any node which

is within a distance of at most 2 from � 	 ) provides a per-

formance guarantee of �
��� ��� for the distance-2 coloring

problem for any graph � with � vertices. An approximation

algorithm with a performance guarantee of �
���
� , where � is

the thickness1 of the graph, appears in [25]. Reference [24]

presents a framework that captures a variety of channel as-

signment problems and a general approximation algorithm

that is applicable to all such problems.
�

The thickness of a graph � ��� ��� � is the minimum number of subsets

into which the edge set � must be partitioned so that each subset in the

partition forms a planar graph on � .

1.2. Summary of Results

Here we consider various coloring problems motivated

by packet radio networks when instances are restricted to

special classes of graphs2. The results obtained in this paper

include the following.

1. An important class of graphs that can model a large

class of packet radio networks is that of ������� � -civilized

graphs (see Section 3). For this class of graphs, we give

a 2-approximation algorithm for the distance-2 coloring

problem. We note that the performance guarantee of

our algorithm is independent of the values of � and � .

The class of ������� � -civilized graphs includes intersection

graphs of circles whenever there is a (fixed) minimum

separation between the centers of any pair of circles. An

approximation algorithm with a performance guarantee

of 14 for intersection graphs of circles is given in [28]. It

has been shown recently [19] that the performance guar-

antee of 14 can also be achieved using the greedy algo-

rithm. Reference [28] also presents an approximation

algorithm with a performance guarantee of 7 when all

the circles have the same radius; such graphs are known

as unit disk graphs [8]. (Approximation algorithms for

the usual vertex coloring problem for unit disk graphs

have been presented in [11,17].)

2. The distance-2 coloring problem is known to be NP-

complete even for planar graphs of bounded degree [23].

An approximation algorithm with a performance guar-

antee of at most 9 for the distance-2 coloring prob-

lem for all planar graphs was given in [25]. For pla-

nar graphs of bounded degree, we show that there is a

2-approximation algorithm for the distance-2 coloring

problem.

3. We observe that the approximation algorithm for the

distance-2 coloring problem for planar graphs given in

[25] is applicable to a more general class of graphs

called ! -inductive graphs and leads to a performance

guarantee of at most �"!$#&% for such graphs. A num-

ber of graph classes including bounded genus graphs,

treewidth bounded graphs and intersection graphs of

� -dimensional ' -ply-neighborhood systems [20] are ! -

inductive for appropriate values of ! .

We also observe that for graphs that are simultaneously

treewidth bounded and degree bounded, the distance-2 col-
(

Definitions of the special classes of graphs considered in this paper appear

in subsequent sections of this paper.
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oring problem can be solved in polynomial time. An in-

teresting aspect of our work is that the approximation algo-

rithms for ������� � -civilized graphs and bounded degree planar

graphs are based on the same technique.

The remainder of this paper is organized as follows. Sec-

tion 2 presents the necessary definitions. Section 3 contains

a discussion of how the class of ������� � -civilized graphs pro-

vides a reasonable model for broadcast networks in practice.

Section 4 presents the main ideas behind the approxima-

tion algorithms developed in this paper. Sections 5, 6 and 7

present approximation algorithms for ����� � � -civilized graphs,

bounded degree planar graphs and ! -inductive graphs re-

spectively. Some concluding remarks are presented in Sec-

tion 8.

2. Definitions and Preliminaries

In the remainder of this paper we assume without loss of

generality that all given graphs are connected. Otherwise,

each connected component of the graph can be colored sep-

arately.

Definition 2.1. Let � � � ��� � be an undirected graph. Then

the square of � , denoted by � ��� � � ����� � , contains the

edge ��� � � � if and only if there is a path consisting of at most

two edges between � and � in � .

Definition 2.2. Let � � � ��� � be an undirected graph. A ver-

tex coloring of � is a mapping �
	 ��� 
 %
������� ��'�� for

some integer '���� such that for all ��� � � ����� we have

� ��� ������ ��� � . The number ' is referred to as the number of

colors in the coloring � .

A D2-vertex coloring of a graph � is a mapping �
	 ���
 % ������� ��'�� such that � ��� ������ ��� � whenever there is a path

consisting of at most two edges between � and � in � .

As noted in Section 1.1, a D2-vertex coloring of � can

be viewed equivalently as a vertex coloring of the square

graph ��� . We are now ready to formulate the two optimiza-

tion problems that are the main subject of this paper.

Definition 2.3. An instance of MINCOLOR (MIND2COLOR)

is given by an undirected graph � � � ��� � . The problem is

find a vertex coloring (D2-vertex coloring) of � with the

minimum number of colors.

The notion of treewidth for a graph (see for example [2–

4,26]) is standard in the literature on graph algorithms.

Definition 2.4. For any ' �!� the class of ' -trees is defined

recursively as follows.

(i) A clique of size '�" % is a ' -tree.

(ii) A ' -tree with �!" % vertices is obtained from a ' -tree

with � vertices by adding a new vertex and edges from

the new vertex to a set of ' completely connected ver-

tices.

Any subgraph of a ' -tree is called a partial ' -tree. The min-

imum value of ' for which a graph is a partial ' -tree is called

the treewidth of the graph.

A graph family is treewidth bounded if there is a con-

stant ' such that each graph in the family has treewidth at

most ' . An alternative approach to defining treewidth is via

tree decompositions [26]. This leads to an equivalent defini-

tion which is easier to use in deriving some of our results.

Definition 2.5. A tree decomposition of a graph � � � ���$� is

a pair ��# � � � where #$� 
 # 	 	&%'�)(&� is a collection

of subsets of
�

and �*� ��( ��+�� is a tree such that all the

following conditions hold:

(i) , 	�-/. #
	0� � .

(ii) For every edge 12� ��� � � �!�3� , there is a subset #�4
such that both � and � are in #54 .

(iii) For all �6� � , the set

 %7��(8	 ���9# 	 � induces a

(connected) subtree of � .

Condition (iii) of the above definition can be replaced by

the following equivalent condition: for all % �;: � '6��( , if :
lies on the path in � from % to ' , then # 	=< # >@?�# 4 [26].

Given a tree decomposition ��# ��� � for graph � , the width

of the decomposition is A�BDC 	�-/. ��E # 	 E # % � . The treewidth of

� is the minimum treewidth over all tree decompositions.

As noted above, this definition of treewidth is equivalent to

the definition based on ' -trees (see for example [2]).

Many optimization problems which are NP-hard on gen-

eral graphs become efficiently solvable for the class of

treewidth bounded graphs (see for example [2]). In particu-

lar, we use the following result of Bodlaender [6]:

Theorem 2.6. For each fixed ' �6F , the MINCOLOR prob-

lem for graphs with � nodes and treewidth at most ' can be

solved in �
����� time. G

We recall some well known facts about vertex coloring.
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Fact 2.7. The vertices of any graph with � nodes and max-

imum node degree � can be colored using at most ��" %
colors in �
����� � time . G

Fact 2.8. Given a graph � of maximum node degree � , ev-

ery proper D2-coloring of � requires at least � " % colors. G

The focus of this paper is on polynomial time approxima-

tion algorithms (also referred to as heuristics) with provably

good performance guarantees. The definition of an approxi-

mation algorithm is given below.

Definition 2.9. A polynomial-time algorithm, � , is said to

be a � -approximation algorithm for a minimization problem�
, if for every problem instance ( with optimal solution

value opt ��( � , the solution � � ( � returned by the algorithm

satisfies � � ( ������� opt � ( � . The factor � is called the perfor-

mance guarantee of the algorithm.

It should be noted that the performance guarantees pro-

vided by most of our approximation algorithms are con-

stants, independent of the size of the input graph.

Using Facts 2.7 and 2.8 one easily obtains the following.

Observation 2.10. Let � be an integer constant. For any

graph with � nodes and maximum node degree � , there

are �
��� � � time approximation algorithms with a perfor-

mance guarantee of at most � for both MINCOLOR and

MIND2COLOR problems. G

3. Graph Theoretic Models and Justification

References [25,27] considered restricted classes of graphs

that can model radio networks in practice. Specifically, Sen

and Huson [27] argue that circle intersection graphs3 are

a more realistic model for packet radio networks. While

their assertion is valid for packet radio networks, intersec-

tion graphs of other geometric objects (e.g. regular poly-

gons) also seem to be appropriate for modeling cellular net-

works and satellite networks. Here, we propose general

graph theoretic models for channel assignment in packet ra-

dio networks. Our models are intersection graphs of ' -ply-

neighborhood systems (see for example [10,20,21,29,30])

and ������� � -civilized graphs.	
Circle intersection graphs are intersection graphs of circles (of arbitrary

radii) in which we include an edge between a pair of vertices only when

the corresponding circles intersect.

Following [30], a neighborhood of a point 
�����
 is a

closed ball of positive radius centered at 
 . The point 
 itself

is called the center of the neighborhood. A neighborhood

system � =

���� � � � �������

��� � is a finite collection of neigh-

borhoods. For integers ' � ����F , we say that � is a ' -ply-

neighborhood system in � -dimensions if no point of ��
 is

strictly interior to more than ' of the balls.

Definition 3.1. The intersection graph of a ' -ply-neighborhood

system is a graph in which each vertex corresponds to a

neighborhood and there is an edge between two vertices if

and only if the corresponding neighborhoods have a non-

empty intersection.

An important subclass of the above intersection graphs

are the ������� � -civilized graphs [30].

Definition 3.2. For each fixed pair of real values ���6F and

���)F , a graph � can be drawn in ��
 in an ������� � -civilized

manner if its vertices can be mapped to points in ��
 so that

the length of each edge is � � and the distance between any

two points is � � .
A planar ����� � � -civilized graph is an ������� � -civilized graph

whose vertices can be embedded in the Euclidean plane ��� � �
such that no two edges intersect (except at their endpoints).

A civilized layout of a graph that can be drawn in a civi-

lized manner in ��
 consists of the coordinates of the vertices

in ��
 and the set of edges in the graph. We assume through-

out this paper that the dimension ( � ) of the Euclidean space

considered is at least 2. Graphs drawn in a civilized manner

have been studied in the context of random walks by Doyle

and Snell [9] and in the context of finite element analysis by

Vavasis [31].

Both of the above classes are reasonable models for sev-

eral classes of packet radio networks when considering the

channel assignment problem. To see this, consider packet

radio networks in which the range of any transmitter can be

considered as a circular region with the transmitter at the

center of the circle. Let � denote the radius of the region cor-

responding to a transmitter with the maximum range. Fur-

ther, it is natural to assume a minimum separation � be-

tween any pair of transmitters since the equipment carry-

ing the transmitters cannot be colocated. Clearly, the graphs

that model such packet radio networks belong to the class of

������� � -civilized graphs. In many other realistic situations, the

ratio of maximum to the minimum transmitter range is not
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fixed; in such cases intersection graphs of ' -ply neighbor-

hood systems are more realistic.

Intersection graphs of ' -ply-neighborhood systems are a

strict generalization of ������� � -civilized graphs, planar graphs

and � -precision unit disk graphs4[13,20]. On the other hand,

it is easy to see that for any fixed ' , intersection graphs of

' -ply neighborhood systems are a strict subclass of circle in-

tersection graphs. We were motivated to study these classes

of graphs for the following reasons:

1. Both ����� � � -civilized graphs and intersection graphs of

' -ply-neighborhood systems are powerful enough to

model realistic packet radio networks.

2. Problems of interest in the context of channel assign-

ment (such as variants of coloring) can be efficiently

solved (either exactly or approximately) when restricted

to these graph classes.

3. Finally, intersection graphs of ' -ply-neighborhood sys-

tems provide a parametric family of increasingly pow-

erful models (with circle intersection graphs being the

limiting case) for packet radio networks. Our results

yield a family of “slowly degrading” approximation al-

gorithms with increasing value of ' , that is, with in-

creasing power of the models.

4. Overall Idea and Basic results

In this section we outline the overall idea behind our ap-

proximation algorithms. We also prove some basic results

that will be used to develop the approximation results in the

subsequent sections of this paper.

The basic idea behind all our coloring heuristics is sim-

ple. Given a graph, we suitably partition the vertices into

levels. For planar and related classes of graphs, this is done

by choosing an arbitrary vertex � and constructing a breadth-

first spanning (BFS) tree5 � rooted at � . Each vertex � now

can be assigned a unique level number, which is the number

of nodes in the unique path in � from the root to � , including

the end points. (Figure 1 (a) gives an illustration).

This method of assigning levels to nodes has the property

that for any % , no node in level % is adjacent to a node in level

% " � or greater. Therefore, for the MINCOLOR problem,
�

For any fixed ����� , consider a finite set of unit disks in the plane where

the centers of any two disks are at least � apart. A � -precision unit disk

graph � ��� � � � corresponding to the above set of unit disks has vertices of

� in one-to-one correspondence with the set of unit disks and two vertices

are joined by an edge iff the corresponding disks intersect.�
Since we are assuming that the graph is connected, such a tree exists.

the colors used for nodes in level % can be reused while col-

oring vertices in levels % "&� or greater. Similarly, for the

MIND2COLOR problem, the colors used for nodes in level

% can be reused while coloring vertices in levels % "	� or

greater.

For a geometric graph � , the levels are obtained by di-

viding the plane � � into horizontal strips of equal width.

(This procedure is explained in Section 5.1; an illustration

is shown in Figure 1 (b).) Assume that the strips are num-

bered using successive integers starting with 1. Each node in

the % th horizontal strip is assigned the level % . The width of

each strip, which depends on the parameters of the geomet-

ric graph � , is so chosen that for any % , no node in level % is

adjacent to a node in level % " � or higher.

The following lemma, which relates the treewidths of �
and � � , is used in establishing the performance guarantees

of our approximation algorithms.

Lemma 4.1. Let � be a graph with treewidth ' . Let the

maximum degree of a node in � be � . Then the treewidth

of � � is at most � ' " % � � # % .

Proof: Consider any tree decomposition ��# ��� � of � � � � � �
such that the treewidth of the decomposition is ' . By Def-

inition 2.5, any subset # 	 in the collection # satisfies the

condition E # 	 E � '�" % .
We can construct a tree decomposition ��#�
 ����
 � for ��� as

follows. The tree �

 is identical to � . The collection #�
 is

obtained by replacing each set # 	 by a set #�
	 , where

# 
	 � # 	�� 
 � 	 for some � � # 	 : ��� � � � � � � �
In other words, #�
	 is obtained by adding to # 	 the neighbors

of every node in # 	 . Using Definition 2.5, it can be verified

that ��# 
 � � 
 � is indeed a tree decomposition for � � . Since

the maximum node degree in � is � , it follows that for any

% �!( , E #�
	 E �&� ' " % � � . Thus, the treewidth of ��� is at most

� ' " % � � # % . G
An immediate consequence of Lemma 4.1 and Theo-

rem 2.6 is the following.

Proposition 4.2. The problem MIND2COLOR can be solved

in �
����� time for � -node graphs for which the treewidth and

maximum node degree are both bounded by constants. G

5. Approximation Results for ��� ��� � -Civilized Graphs

When considering ������� � -civilized graphs, we assume that

the parameters � and � are fixed. Although the performance
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�

Level 3

Level 2

Level 1
�

�

�

�

Figure 1. Partition into levels: (a) Using a BFS tree (b) Using horizontal strips of width �

guarantees of our heuristics are independent of the values of

� and � , the running times of the heuristics are polynomial

only when � and � are fixed.

We discuss our algorithms for planar ����� � � -civilized

graphs. However, all the algorithms can be extended directly

to civilized graphs drawn in higher dimensions (albeit with

slightly worse performance guarantees). For the remainder

of this section, we use ������� � -civilized graphs to mean planar

������� � -civilized graphs.

When � and � are constants, ������� � -civilized graphs have

the following important property which will be used in the

approximation algorithm of Section 5.2.

Lemma 5.1. Let � and � be constants and let � be an ������� � -
civilized graph. Then the maximum node degree in � is

bounded by a constant ��� � � that depends only on � and � .

Proof: Consider a point # that represents a node of � . All

the nodes that are neighbors of # in � are located within

or on the circle of radius � centered at # ; that is, the region

containing all the neighbors of # has area at most � � � . Par-

tition this region into square cells of side �	� � � . Under this

partitioning scheme, each square cell contains at most one

neighbor of # , since � is an ����� � � -civilized graph. Thus,

the number of neighbors of # is at most ��� � � 	 ��
���� ���
� � ��� ,
which is a constant given that � and � are constants. G

The MINCOLOR problem for unit disk graphs was

shown to be NP-complete in [8]. An examination of this

proof shows that the graph resulting from the reduction

is a (1,2)-civilized graph. Hence the MINCOLOR prob-

lem remains NP-complete for ������� � -civilized graphs. The

MIND2COLOR problem was shown to be NP-complete for

a class of graphs called planar point graphs in [27]. The re-

duction used to prove this result actually produces a � % ��� � -

civilized graph. Therefore, the MIND2COLOR problem is

also NP-complete for ������� � -civilized graphs. These hard-

ness results in conjunction with the usefulness of ����� � � -
civilized graphs in modeling packet radio networks moti-

vate the study of approximation algorithms for MINCOLOR

and MIND2COLOR problems for ������� � -civilized graphs. By

Lemma 5.1, for constant values of � and � , ����� � � -civilized

graphs are degree bounded. Therefore, by Observation 2.10,

both MINCOLOR and MIND2COLOR can be approximated

to within a constant factor (namely, the maximum node de-

gree) for ������� � -civilized graphs. The approximation algo-

rithms presented in this section provide a substantially bet-

ter performance guarantee, namely 2, for both the MIN-

COLOR and the MIND2COLOR problems. For expository

reasons, we first discuss our approximation algorithm for

MINCOLOR and then show how a similar idea leads to an

approximation algorithm for MIND2COLOR as well.

5.1. Approximation for MINCOLOR

Recall that an ������� � -civilized graph � is specified by a

set � of points in the plane, where each point in � corre-

sponds to a node of � . So, we will use the terms “point”

and “node” interchangeably throughout this section. Let ���
be the axis parallel rectangle whose height is determined by

the top-most and bottom-most points of � and whose width

is determined by the left-most and right-most points of � .

Note that every point of � is contained within (or is on)

��� . We envision dividing ��� into horizontal strips, each

of width � (see Figure 1 (b) for an illustration). Now, for

each point # ��� , it is easy to determine the strip to which

# belongs. (When a point lies on the boundary between two

successive strips, the point is assigned to the bottom strip.)

Let the successive strips be numbered from bottom to top us-
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ing integers 1, 2, ����� , � . For each % , let � 	 ? � denote the set

of points assigned to strip % , and let ����� denote the subgraph

of � induced by the points in � 	 ( %�� %���� ). The following

result is proven in [13].

Lemma 5.2. Let � be a fixed positive integer. For any % ,
% � % ��� # ��" % , let � 	 � 	 denote the set , 	�
 	
� �4�� 	 � 4 and

let ��� ��� � denote the subgraph of � induced by the vertex set

� 	 � 	 . The treewidth of ��� ��� � is �
� � �����"� � � . G

The intuition behind the proof of Lemma 5.2 is the fol-

lowing. When we consider a rectangular slice of height �D�
and width � , the number of vertices of � � ��� � within the slice

is �
� � ���	�"� � � , since � � ��� � is an ����� � � -civilized graph. Fur-

ther, the vertices within the rectangular slice form a separator

for � � ��� � ; that is, the removal of these vertices splits � � ��� �
into disjoint subgraphs. This idea is used recursively in [13]

to construct a tree decomposition of treewidth �
� � � �	�"� � � .
Using the above lemma with � � % and the fact that

� and � are fixed, we can conclude that the treewidth of

each subgraph � � � ( % ��% ��� ) is bounded by a constant.

Therefore, we can use Theorem 2.6 to obtain a minimum

vertex coloring of each subgraph ����� . Furthermore, since

� is ������� � -civilized, for any % , no node in � 	 is adjacent to

a node in � 	�
 � . So, the colors used for points in an odd

(even) numbered strip can be reused in any other odd (even)

numbered strip. Let � odd and � even denote the maximum

number of colors used by the heuristic to color an odd strip

and an even strip respectively. Thus, the heuristic uses at

most � odd "�� even colors. However, any optimal coloring

of � must use at least A7B C 
 � odd ��� even � colors, since the

subgraph within each strip was colored optimally by the ap-

proximation algorithm. Therefore, the algorithm provides a

performance guarantee of 2.

To estimate the running time of the algorithm, note that

for an � -node graph, the number of nonempty strips is at

most � . The subgraph induced on any strip can be optimally

colored in �
����� time by Theorem 2.6. So, the running time

of the algorithm is �
��� � � . To summarize:

Theorem 5.3. For any positive constants � and � , there is 2-

approximation algorithm with a running time of �
��� � � for

the MINCOLOR problem for planar ������� � -civilized graphs. G

5.2. Approximation for MIND2COLOR

In this section, we first show that a direct extension of

the idea used to prove Theorem 5.3 leads to an approxima-

tion algorithm with a performance guarantee of 3 for the

MIND2COLOR problem. We then present a modification

to the algorithm that improves performance guarantee to 2.

We begin with a description of our 3-approximation al-

gorithm for the MIND2COLOR problem on ������� � -civilized

graphs. As in the algorithm for MINCOLOR, we first con-

struct the horizontal strips and thus partition the set � into

sets � � , � � , ����� , ��� . To approximate the MINCOLOR prob-

lem, we divided the strips into two groups (odd and even

numbered strips). To obtain a near-optimal solution to the

MIND2COLOR problem, we divide the strips into three

groups � � , � � and � � as follows: strip % is included in group

� 4 , where :"! ��% # % � ��A$#&% �
� . (Thus, for : � F � % ��� ,

group � 4 contains every third strip beginning with strip

: " % .)
Consider any group � 4 . Note that the minimum distance

between any pair of points from different strips of � 4 is

greater than ��� . Since � is an ������� � -civilized graph, no pair

of points from different strips of � 4 can be adjacent in ��� .
In other words, the colors used in any distance-2 coloring of

a strip in � 4 can be reused in obtaining a distance-2 coloring

of any other strip in � 4 .
Consider any group � 4 and any strip % in � 4 . As before,

let � 	 denote the set of vertices of � in strip % . Further, let

�
'
��(� � denote the subgraph of ��� induced6 by the subset � 	 .

We now show how �
'
��(� � can be optimally colored in polyno-

mial time. Let � 	 �)� 	 � � � � 	 � � 	�
 � and let � � � denote

the subgraph of � induced by � 	 . Applying Lemma 5.2 with

��� � , it follows that � � � is treewidth bounded. Further-

more, ���*� is also degree bounded, since � itself is degree

bounded. Using these two facts and Lemma 4.1, it follows

that ���� � is treewidth bounded. As observed earlier, a ver-

tex in � 	 can be adjacent only to vertices in � 	 . Therefore,

�
'
��(��� must be a subgraph of ���� � . Since the latter is treewidth

bounded, so is the former. Hence, by Theorem 2.6, we can

color �
'
��(� � optimally in polynomial time.

Our heuristic uses three different sets of colors for the

three groups. Within each group, colors used for one strip

are reused while coloring another strip. Let � 4 denote the

maximum number of colors used by the heuristic to distance-

2 color a strip in group � 4 (:���F � %
��� ). Thus, the heuristic

uses at most � � "+� � ",� � colors. However, any optimal

distance-2 coloring of � must use at least A7B C 
 � � ��� � ��� � �
colors, since the subgraph within each strip was distance-2

colored optimally by the heuristic. Therefore, the perfor-
-

It should be noted that the square of the subgraph �/. � is, in general,

different from the subgraph of � ( induced on 021 .
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mance guarantee provided by the algorithm is 3. The run-

ning time of the algorithm can be seen to be �
��� � � using an

argument identical to that preceding Theorem 5.3. Thus, we

conclude:

Theorem 5.4. For any positive constants � and � , there is

a 3-approximation algorithm with a running time of �
��� � �
for the MIND2COLOR problem on planar ����� � � -civilized

graphs. G

In order to improve the performance guarantee to 2, we

partition the strips into just two groups � � and � � as fol-

lows. Strip % is included in � � if %�! % ��A$#&%�� � or %�! �
��A$#&%�� � ; otherwise, strip % is included in � � . (Thus, � � is

the set of strips

 % � � ��� ��� ��� � %�F ������� � while � � is the set of

strips

 � ��� ��� ��	 � % %
� % � ������� � .)

First, consider the strips in � � . As before, let � 	 denote

the subset of vertices in strip % . It is easy to see that for any %
and : such that : ��% "
� , no vertex in � 	 � � 	 
 � is adjacent

in � � to a vertex in � 4 � � 4�
 � . Thus, for any % and : such

that : ��% "�� , the colors used in any valid coloring of the

subgraph of ��� induced by the set � 	 � � 	 
 � can be reused

in coloring the subgraph of � � induced by the set ��4 � � 4�
 � .
A similar condition holds for the strips in � � .

Also note that, for any % �&% , the subgraph of � � induced

by the set � 	 � � 	�
 � is both degree and treewidth bounded.

This follows from Lemma 5.2 (with �)� � ), Lemma 4.1

and the fact that � itself is degree bounded. Hence, by

Theorem 2.6, we can color the subgraph of � � induced by

� 	�� � 	 
 � optimally in polynomial time.

The modified heuristic uses two different sets of colors

for the two groups, namely � � and � � . Within each group,

colors used for one consecutive pair of strips are reused

while coloring other consecutive pairs of strips. Let ��4 de-

note the maximum number of colors used by the heuristic

to distance-2 color a consecutive pair of strips in group �04
(:�� %
��� ). Thus, the heuristic uses at most � � " � � colors.

However, any optimal distance-2 coloring of � must use at

least A7BDC 
 � � ��� � � colors, since the subgraph within each

consecutive pair of strips was distance-2 colored optimally

by the heuristic. Therefore, the algorithm provides a perfor-

mance guarantee of 2. As before, the running time of the

algorithm is �
��� � � . Thus, we have:

Theorem 5.5. For any positive constants � and � , there is

a 2-approximation algorithm with a running time of �
��� � �
for the MIND2COLOR problem on planar ����� � � -civilized

graphs. G

6. Distance-2 Coloring of Bounded Degree Planar

Graphs

The MIND2COLOR problem remains NP-hard even for

bounded degree planar graphs [23]. Reference [25] presents

an approximation algorithm with a performance guarantee

of at most 9 for the MIND2COLOR problem for all planar

graphs. In this section, we show that for planar graphs of

bounded degree, the level partitioning approach mentioned

in Section 4 leads to a heuristic with a performance guaran-

tee of 2.

Given a bounded degree planar graph � , we partition the

vertices into levels using the BFS approach given in Sec-

tion 4. As before, let � 	 denote the set of vertices in level

% . As in the 2-approximation algorithm for ������� � -civilized

graphs, we partition the levels into two groups � � and � � .
Thus, � � is the set of strips


 % � � ��� ��� �
� � %�F ������� � while � � is

the set of strips

 � ��� ��� ��	 � %
% � % � ������� � . Consider the strips

in � � and let % be an integer such that both ��	 and � 	 
 � are

in � � . (A similar argument can be made for any consecutive

pair of strips in � � .) Let � 	 � � 	 � � 	 
 � and let �
'
��(�*� de-

note the subgraph of ��� induced by the vertices in � 	 . We

now show how �
'
��(�*� can be colored optimally in polynomial

time.

Let � � � denote the subgraph of � induced by � 	 . It is

well known [5] that ���*� belongs to the class of 2-outerplanar

graphs. Since the treewidth of a � -outerplanar graph is at

most � � # % [7], it follows that ��� � is treewidth bounded.

Furthermore, ���*� is also degree bounded, since � itself is

degree bounded. Using these two facts and Lemma 4.1, it

follows that � �� � is treewidth bounded. As observed earlier, a

vertex in � 	 can be adjacent only to vertices in � 	 . Therefore,

�
'
��(�*� must be a subgraph of ���� � . Since the latter is treewidth

bounded, so is the former. Hence, by Theorem 2.6, we can

color �
'
��(� � optimally in polynomial time.

Now, using the same approach as in the 2-approximation

algorithm for ������� � -civilized graphs, we can obtain an ap-

proximation algorithm with a performance guarantee of 2 for

bounded degree planar graphs. This result is summarized in

the following theorem.

Theorem 6.1. There is an �
����� � time approximation algo-

rithm with a performance guarantee of 2 for the MIND2COLOR

problem on bounded degree planar graphs. G
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7. Distance-2 Coloring of ! -Inductive Graphs

We use the definition of ! -inductive graphs as given in in

[14].

Definition 7.1. Let ! be a positive integer. A class of graphs�
is ! -inductive if for every �)� �

, the vertices of � can be

assigned distinct integers in such a way that each vertex is

adjacent to at most ! higher numbered vertices.

Several well known classes of graphs belong the ! -

inductive class for appropriate values of ! . For example,

trees are 1-inductive, outerplanar graphs are 2-inductive (see

[22]) and planar graphs are 5-inductive. By a simple ap-

plication of Euler’s formula [32], it can be seen that graphs

of bounded genus are �
� % � -inductive. It can also be ver-

ified that any chordal graph with maximum clique size �
is ��� #�% � -inductive (any perfect elimination order is an

��� # % � -inductive order) and that any graph of treewidth �
is � -inductive.

The intersection graphs of ' -ply-neighborhood systems

defined in Section 3 are known to be inductive:

Theorem 7.2 [20]. The intersection graph of a ' -ply-

neighborhood system in � -dimensions is � 
 ' inductive. G

Several optimization problems for inductive graphs have

been studied in the literature (see for example [15] and the

references cited therein). Here, we study the problem of

obtaining an approximation for the MIND2COLOR prob-

lem for ! -inductive graphs. Our approach is facilitated by

a linear relationship between the inductiveness of a graph

and its thickness (defined in Section 1.1). This relationship,

stated below, is an easy consequence of a result (Lemma 3.1)

proved in [1].

Fact 7.3 [1]. If a graph is ! -inductive, then its thickness is

at most ! . G

We now discuss the usefulness of the above relationship

in the context of the MIND2COLOR problem. As men-

tioned in Section 1.1, Ramanathan and Lloyd [25] presented

a heuristic for the MIND2COLOR problem. They showed

that the performance guarantee provided by the heuristic is

�
���
� for all graphs of thickness � . An outline of this heuris-

tic is as follows. First, the heuristic arranges the vertices of

the graph in a certain linear order. Let ��� � � � � ������� � �
���

de-

note the chosen ordering. Then, the heuristic iterates over

the vertices in that order assigning a color to vertex � 	 dur-

ing iteration % . The color assigned to vertex � 	 is the small-

est color not used by any of the previously colored vertices

which are within a distance of at most two from � 	 . In the

remainder of this section, we will refer to this heuristic as FF

(first fit).

When FF is applied to a ! -inductive graph � , the vertex

ordering chosen by FF corresponds to a ! -inductive ordering.

This observation in conjunction with the performance guar-

antee of FF and Fact 7.3 implies that for ! -inductive graphs,

FF provides a performance guarantee of �
��!"� . By a closer

examination of the analysis of the performance of FF in [25],

we can establish a more precise bound on the performance

guarantee provided by the heuristic for ! -inductive graphs.

Theorem 7.4. For the MIND2COLOR problem on ! -inductive

graphs, Algorithm FF provides a performance guarantee of

at most � ! # % .

Proof: Following the proof of Theorem 4.1 in [25] for

planar graphs, and noting that the proof relies only on

the 5-inductiveness of planar graphs, it can be verified

that the number of colors used by the heuristic for a ! -

inductive graph with maximum node degree � is at most

! �3" � ! # % � ��� # !"� " % . This expression is at most � � ! #
% � ��" % , for all !
� % . Since at least ��" % colors are nec-

essary for any valid D2-coloring (Fact 2.8), the performance

guarantee provided by FF on ! -inductive graphs is at most

� ! # % . G
Since bounded genus graphs and graphs of � -dimensional

' -ply-neighborhood graphs for fixed values of � and ' are

�
� % � -inductive, the following observation is an easy conse-

quence of the above theorem.

Observation 7.5. Algorithm FF provides a performance

guarantee of �
� % � for the MIND2COLOR problem for

bounded genus graphs and intersection graphs of � -dimensional

' -ply-neighborhood systems, where � and ' are fixed inte-

gers. G

As indicated in [25], the running time of FF on a ! -

inductive graph with � nodes and maximum degree � is

�
��� ! � � .

8. Concluding Remarks

In this paper, we proposed the intersection graphs of ' -

ply-neighborhood systems as a reasonable model for a large
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class of packet radio networks. The minimum channel as-

signment problem for such networks was modeled as the

distance-2 coloring problem on the underlying undirected

graph. Since these problems are NP-hard, we proposed

efficient heuristic algorithms with provably good perfor-

mance guarantees. Our approximation algorithms for ����� � � -
civilized graphs and bounded degree planar graphs are based

on the same approach; this approach partitions the vertex set

of the graph into several levels and the distance-2 coloring

is constructed by considering the subgraphs induced by the

nodes in a small number of consecutive levels.

We conclude by pointing out some directions for further

research. First, it would be useful to examine whether our

approach can be used to obtain good approximation algo-

rithms for other versions of the channel assignment problem

discussed in [24]. Another direction is to devise other ap-

proaches that provide better performance guarantee results

for the MIND2COLOR problem. Finally, it is of interest to

identify other suitable classes of graphs which can also serve

as models for packet radio networks that arise in practice.

Some Recent Results

While this paper was under review, several new results

for the MIND2COLOR problem appeared in the literature.

Heuvel and McGuinness [12] have shown that for any pla-

nar graph with maximum node degree � , � � can be colored

using at most � ��" � � colors. Agnarsson and Halldórsson

[1] considered the minimum vertex coloring problem for � > ,
the '�� � power of a graph � . They have shown that when �
is planar, � > is

� � ��� >�� �	� � -inductive, where � is the maxi-

mum node degree of � . They also present a 2-approximation

algorithm for the MIND2COLOR problem for planar graphs.

Further, they establish that for a general graph � with �
nodes, it is computationally difficult to approximate the min-

imum coloring problem for � > to within a factor 
 ���
� � � ��� �

for any 
 ��F and '�� � . Very recently, Zhou, Kanari and

Nishizeki [33] have shown that for any graph � of bounded

treewidth and any fixed integer ' � % , the MINCOLOR prob-

lem for � > can be solved in polynomial time. This result

in conjunction with our level decomposition approach pre-

sented in Section 6 also yields a 2-approximation algorithm

for the MIND2COLOR problem for all planar graphs.
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