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Problem Set 6

due: June 4, 2018

Exercise 1 5 points

Fix an integer k£ > 4. Give a polynomial-time reduction from 3-VERTEX-COLORING to k-
VERTEX-COLORING.

Hint: Use a complete graph Kj_3.
Exercise 2 5 points

Let G be a weakly connected directed graph with cyclomatic number p. Let B = {v1,...,7,}
be a cycle basis for G such that for each i = 1,..., u, there is an edge e; € F(G) such that
Vie; = 1 and 7., = 0 for all j # 1.

(a) Prove that B is a strictly fundamental basis.

(b) Show that an arbitrary cycle basis is strictly fundamental if and only if its cycle matrix can
be permuted in such a way that it has the p x p-identity matrix in its last columns.

Exercise 3 10 points

Consider for n € N the following directed graph G,,:

V(G) ={l | k=0,...,n—=1}U{O0 | 1 =0,...,n— 1},
E(Gn) = {(Ok)70[k+1]n) | k:z(),...,n— 1}U{([k‘7[[k+2]n) | k:O,...,n— 1}
U{(Ow L) | k=0,...,n—1}.

(a) Draw Gs.
(b) Compute the cyclomatic number p(G,,) for all n > 5.

(c) For k=0,...,n—1, let Cy denote the oriented cycle

(Lis Likt21 s Okl Ot Ol - - - Oy 1)

Show that
B'I‘L = {Ok | ]{: — 07...,71— ].}U{(IO7127]47"‘?‘[0>}

is a cycle basis for G,,, where n > 5 is odd.
(d) Compute the determinant of Bs.

(e) |5 additional points] Compute the determinant of 5, for any odd n > 5.



