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Exercise 1 5 points

Find an example of a periodic vehicle scheduling instance (N , T, π, x) and an optimal periodic
vehicle schedule Sp such that for some optimal aperiodic vehicle schedule Sa,n for (Tn,�) as
defined in the lecture holds ν(Sa,n) < ν(Sp).

Exercise 2 10 points

The Returning ATSP is the following: Given a complete digraph K∗n on n vertices with cost
function c ∈ RE

≥0 and a distinguished vertex v ∈ V (K∗n), find a closed walk C in K∗n satisfying
all of the following properties:

1. C is of minimum cost w.r.t. c,

2. C visits each vertex in V (K∗n) \ {v} exactly once,

3. C visits v at least once.

(a) Prove that Returning ATSP is NP-complete.

(b) Construct a polynomial-time reduction from the single-depot aperiodic vehicle scheduling
problem to Returning ATSP.

(c) Let π : V (K∗n)→ R≥0 be a map with π(v) = 0. Suppose that

cij =


π(j)− π(i) if π(j) > π(i) and j 6= v,

∞ if π(j) ≤ π(i) and j 6= v,

0 if j = v,

holds for all ij ∈ E(K∗n).

Subject to these restrictions, give a polynomial-time algorithm for Returning ATSP.

Exercise 3 5 points

Let (T ,�) be a single-depot aperiodic vehicle scheduling instance with optimal fleet size ν. Let
Q ⊆ T be a subset of trips with the property that t ∈ Q implies t′ ∈ Q for all trips t′ ∈ T for
which there is a chain t′ = t1 � · · · � tr = t. Define

X := {p} ∪ {dt | t ∈ Q} ∪ {at | t ∈ Q} ⊆ V (N (T ,�)).

Prove that if f is an optimal p-q-flow in N (T ,�) of value ν, then
∑

e∈δ+(X) fe = ν.


