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a) b) c)

Fig. 2. Synthetic noisy scalar field. Extremal structure of a) V φ
k0

, b) V φ
kn−23 and c)

V φ
kn−11. Minima, saddles and maxima are depicted as blue, yellow and red spheres,

while 0-separatrices and 1-separatrices are shown as blue and red lines.

extracted. The classification into sources, saddles, sinks (minima, saddles, max-
ima) is given by p. To compute all separatrices, we iterate over all saddles u1

and compute the incident p-separatrices.
In the vector case, we also need to extract all periodic orbits. Due to the 2D

manifold structure, p-streamlines can not split when the first node is a 1-node.
Therefore, the extraction of periodic orbits is quite simple. First, we iterate over
all 1-nodes. Given a node u1, we start the computation of the p-streamlines that
emanates at u1. Each streamline is continued as long as the following node w1

is not yet labeled, in which case it is labeled with u1. If the label of w1 equals
u1 we add w1 to a set of seed points. We then iterate over all seed points to
compute all periodic orbits.

4 Examples

In this section, we present three applications of the computational framework
presented in Section 3. The framework was implemented as a module in the
visualization and data analysis software Amira [17]. It can be made available
to researchers for evaluation purposes. The integrated visualization capability of
Amira was used to assess the relevance of the computed extremal structures and
the practical quality of the approximation Algorithm 1.

The visualization of the abstract representation of the input data as a match-
ing in an edge weighted graph proved to be very useful in the development of
correct and efficient algorithms.

We first illustrate the ability to extract the extremal structure of a scalar field
where noise is present. We then apply our framework to a vector field on a 2D
manifold to show the physical relevance of the hierarchy of extremal structures
(3). The paper is concluded with an application to extremal lines of curvature
fields of a discrete 2D manifold. All examples were computed on a workstation
containing an Intel Core i7 860 CPU.
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a) b) c)

Fig. 3. Vector field from biofluid mechanics. The vector field is visualized using the
streamline seeding technique described in [15]. The extremal structures of a) Vk0 , b)
Vkn−4 and c) Vkn are shown. Sinks, saddles and sources are depicted as blue, yellow
and red spheres. 0-separatrices and attracting periodic orbits are depicted as blue lines,
while 1-separatrices and repelling periodic orbits are shown as red lines.

4.1 A Synthetic Noisy Scalar Field

To illustrate the robustness of our data analysis framework, we applied it to
a synthetic data set depicted as a height field in Figure 2. The data set was
produced by sampling the analytic function f : [−1, 1]2 → R

f(x, y) = sin(10 x) sin(10 y) e−3 (x2+y2) (6)

on a uniform triangulation with 16k vertices. We then added uniform noise in
the the range of [−0.05, 0.05] to the sub domain [0, 1] × [−1, 1]. We applied our
algorithmic pipeline presented in Section 3 to this input data. The runtime for
the computation of (3) using Algorithm 1 was less than a second on a standard
workstation. Figure 2 shows the extremal structure of the initial combinatorial
gradient field V φ

k0
, and two elements, V φ

kn−23 and V φ
kn−11, of the matching se-

quence (3). As can be seen in Figure 2a, V φ
k0

includes the extremal structure
induced by the noise. The simplified combinatorial gradient fields, however, only
contain the dominant extremal structure present in f .

4.2 A Vector Field from Biofluid Mechanics

Figure 3 depicts a surface velocity field of a simulation of blood flow through
a cerebral aneurysm done by the Biofluid Mechanics Lab of the Charité - Uni-
versitätsmedizin Berlin [3]. The cell graph of the triangulation consists of 60k
nodes. The runtime for the computation of (3) using a simple implementation
of the Hungarian method was about 30 minutes.

The critical points in this vector field are stagnation points and thus of inter-
est for the flow analysis. Our algorithm delivers a hierarchy of extremal struc-
tures which captures the dominant nature of the flow (see Figure 3 bottom-left).
The blood enters the aneurysm at the bottom, and leaves it horizontally. This
behavior is found by our algorithm and the global separation on the surface is
extracted. This reduced flow structure may serve as a basis when comparing
different cerebral aneurysms.
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a) b) c)

Fig. 4. Extremal lines in curvature fields. For all surface models, the first and second
principal curvatures κ1 and κ2 are computed. a), b) and c) show the most dominant
parts of 0-separatrices (blue) in κ1 and 1-separatrices (red) in κ2.

4.3 Extremal Lines in Curvature Fields

Figure 4 illustrates the extraction of extremal lines in curvature fields of differ-
ent surfaces. As described in [19], each point of a p-separatrix can be assigned
an importance value, called separatrix persistence. The main idea of separatrix
persistence is to measure the strength of monotony breaks with respect to the se-
quence of combinatorial gradient vector fields (3). For details how to incorporate
this measure into our computational pipeline, we refer to [19].

Separatrix persistence allows to discriminate spurious from dominant ex-
tremal lines. These lines are shown in Figure 4. Note that a reduction to the
most dominant extremal parts destroys the connectivity of the extremal struc-
ture. The total running time for the computation of (3) using Algorithm 1 and
the computation of separatrix persistence is shown in Table 1. The worst case
complexity of Algorithm 1 is O(n3), where n denotes the number of edges in the
triangulation. However, the empirical running time for practical applications is
almost linear. The models are provided by Aim@Shape [1].

Surface Model triangles nodes in G edges in G time (sec)

screwdriver 54300 162902 325800 1
dinosaur 112384 337154 674304 2

knot 957408 2872224 5744448 24

Table 1. Running time for Algorithm 1 with separatrix persistence [19] computation.
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