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Preface

The subject of this thesis is the Minimum Linear Arrangement Problem, a clas-
sical problem in combinatorial optimization. It consists in finding a positioning
p of the vertices V of some graph G on a line, that minimizes the weighted sum
of the resulting edge lengths:

min
p

∑
ij∈E

cij |p(i)− p(j)|

Some work has been done to find good feasible solutions via heuristics. Lower
bounds have been computed using combinatorial ideas or linear programs, but
the gap usually remains quite large. The most successful exact solving algorithm
so far is based on dynamic programming and limited to very small graphs.

We present here a novel approach to solving the Minimum Linear Arrangement
Problem with a branch-and-cut algorithm using so called betweenness variables.
The lower bounds are improved and many instances could be solved to proven
optimality.

The thesis is structured as follows: The first chapter introduces necessary notation
and elementary results from different fields, including graph theory, linear and
integer programming, and polyhedral combinatorics.

Next we highlight some of the previous work on the problem. In particular one
integer programming formulation we can borrow many ideas from. In some sense
our variables act as a refinement of the variables used there.

The third chapter is dedicated to the new betweenness model. We present some
classes of valid inequalities and discuss their separation. We also include results
about the polytopes associated with the problem.

SCIP is used as a framework for the branch-and-cut algorithm. We show how
our code is integrated with this framework and explain implementation details in
the fourth chapter.

We then use a set of benchmark instances to illustrate how our new ideas con-
tribute to the improvement of the algorithm. The fifth chapter is dedicated to
these results and compares them to other approaches.
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Finally, in the sixth chapter, an alternative integer programming formulation is
presented. It uses even more variables, but unfortunately does not turn out to
be computationally efficient.
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Chapter 1

Preliminaries

In this chapter we summarize definitions and basic results that will be used
throughout this work. The main reference is [21]. Some graph theory is needed
since graphs are the objects that define our problem instances. Then we review
some polyhedral combinatorics that are used to derive some properties about
the set of solutions and the constraints that define it. Finally the methods of
linear and integer programming are briefly introduced since our algorithm heavily
depends on them.

1.1 Graph Theory

An (undirected) graph G = (V,E) is defined by its finite set of vertices V =
{v1, . . . , vn} and the set of edges E = {e1, . . . , em} that connect the vertices.
That is, every edge e ∈ E is a 2-subset of V . An edge {u, v} is often denoted by
uv for short. From now on we will always use n = |V | and m = |E|. A graph
G′ = (V ′, E′) is called a subgraph of G if V ′ ⊆ V and E′ ⊆ E.

A sequence of vertices (v1, . . . , vl) is called a path in G if for every 1 ≤ i < l,
we have vivi+1 ∈ E and no vertex occurs more than once. Given some edge
weights we, e ∈ E, we can now look for the shortest path from some vertex s to
another vertex t. I.e., a path with v1 = s and vl = t that minimizes

∑l−1
i=1wvivi+1 .

Shortest paths can be computed in polynomial time, for example using Dijkstra’s
algorithm [11].

A cut of a graph is a partition of the vertices into two sets V = U∪W , U∩W = ∅.
We are also interested in the edges crossing the cut: d(U,W ) = {ij ∈ E | i ∈
U, j ∈W}. For two given vertices s, t ∈ V , an s-t cut is a cut such that s and t
lie in different subsets of the partition.

7



8 CHAPTER 1. PRELIMINARIES

1.2 Polyhedral Theory

A set S ⊆ Rn is convex if for any two points x, y ∈ S the line segment they span
{ax+ (1−a)y | 0 ≤ a ≤ 1} is contained in S. The smallest convex set containing
all points of a given set R is called the convex hull. It can be written as the set
of convex combinations of all finite subsets of R:

convR =

{ k∑
i=1

aixi

∣∣∣∣ k ∈ N, xi ∈ R, ai ≥ 0,

k∑
i=1

ai = 1

}

The Minkowski sum of two sets R,S ⊆ Rn is given by

R + S = {r + s | r ∈ R, s ∈ S}.

Finitely generated convex cones C are the Minkowski sum of rays Ri

C = R1 + · · ·+ Rp, Ri = {cxi | c ≥ 0}, xi ∈ Rn.

A polytope P is the convex hull of some finite subset R ⊂ Rn. A finite in-
tersection of half-spaces {x ∈ Rn | aTx ≤ b} is called a polyhedron, given
by its outer description. Bounded polyhedra are polytopes and unbounded
polyhedra can be expressed as the Minkowski sum of a polytope with a finitely
generated convex cone. The latter is called the inner description. With the
help of Fourier-Motzkin elimination, one can compute the outer description from
the inner description and vice versa. This procedure is implemented in the com-
puter program PORTA1 [5].

The dimension d of a polyhedron P is defined to be the size of a maximal set
of affinely independent points in P , minus 1. The points {x0, x1, . . . , xn} are
affinely independent, if {x0 − x1, . . . , x0 − xn} are linearly independent. This
way the definition of the dimension is invariant to translations of the polyhedron.
P is full-dimensional, if dimP = n; otherwise there exist linear equations that
hold for all points in P .

A linear inequality aTx ≤ b is valid for a polyhedron P if the inequality holds for
all x ∈ P . This inequality yields a face {x ∈ P | aTx = b}, again a polyhedron.
Faces of dimension 0 are called vertices of P , faces of dimension d−1 are facets.
Note that the empty set and P itself also form faces. Minimal (non-redundant)
outer descriptions use facets only (apart from a minimal system of equations).

1.3 Linear Programming

In a linear program we have to minimize (or maximize) a linear objective
function using real variables subject to linear constraints. Different normal forms

1Polyhedron Representation Transformation Algorithm.
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are used in the literature that can easily be transformed to one each other.

max cTx

s. t. Ax ≤ b

x ≥ 0

Note that the linear constraints give the outer description of a polyhedron: every
row of Ax ≤ b cuts off a half-space.

All points satisfying the constrains are called feasible. A linear program can
either be

• infeasible, if no feasible points exist,

• unbounded, if the feasible set contains a ray, that is parallel to the objective

• or it can be solved to optimality (not necessarily with a unique optimal
solution).

Theoretically, linear programs can be solved in polynomial time using the ellipsoid
method. In practice, however, simplex methods are applied. These use the fact
that one of the vertices of the polyhedron has an optimal value if one exists.
They start from any vertex and move to neighboring vertices along edges of the
polyhedron in a direction that improves the objective. The algorithm stops when
one optimum solution is found, i.e., no improvement is possible. Note that this
yields a global optimum since the feasible set {x ∈ Rn | Ax ≤ b, x ≥ 0} is convex.

1.4 Integer Programming

We can further restrict the values of the variables in linear programs to be integer
or even binary. These problems are called (mixed) integer programs. It is known
that solving general integer programs is NP-hard.

The convex hull of a finite set of points with integer coordinates results in a
polytope whose vertices are all integer. Thus, solving a linear program on this
polytope as the feasible set will give integer solutions automatically if the linear
programming solver returns a vertex as do, for example, simplex algorithms.

However, for most of time the enumeration of all feasible integer points and the
computation of the outer description are computationally too expensive.

Instead a polyhedron is used such that the integer points of the polyhedron are
feasible. Of course, solving the linear programming relaxation, i.e., ignoring the
integer constraint might lead to solutions with fractional values that have to be
dealt with.



10 CHAPTER 1. PRELIMINARIES

P

x1

x2

1 2 3 4

1

2

3

x∗

Figure 1.1: Example of an integer program.

An example of an integer program is visualized in figure 1.1. The black dots
represent its feasible points and the feasible region of the linear programming
relaxation is shown in the shaded area. This polyhedron has four facets defined
by two inequalities and the sign constraints of the variables. The solution of
the relaxation is denoted by x∗ and drawn as a small circle together with the
direction of the objective function. The problem is defined as follows:

max −x1 + 4x2

s. t. −x1 + 3x2 ≤ 6

x1 + x2 ≤ 4

x ∈N2

1.4.1 Branch-and-Bound

The following ideas are based on the presentation in [1].

One general approach to solving integer linear programs is the branch-and-
bound algorithm. The idea is to divide the master problem into smaller sub-
problems that are easier to solve. One optimal solution has to be among the
solutions of the subproblems. Furthermore, many subproblems can be discarded
using dual bounds from the solutions of relaxations and primal bounds from fea-
sible (integer) solutions. In a minimization problem, the relaxation yields lower
bounds for the subproblem while global upper bounds are given by feasible solu-
tions.

In algorithm 1, the subproblems are represented in a set. Using the branching
relationship, they naturally form a tree with the master problem as root node.
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Figure 1.2: Branching on one variable.

Algorithm 1: Branch-and-bound

Input: Problem p (minimization)
Output: Optimal solution x∗ with value c∗ or, if p is infeasible, c∗ =∞
Initialize set of subproblems and upper bound: P ← {p}, c←∞
while P 6= ∅ do

Remove a subproblem P ← P\{p′}
Solve the relaxation of p′ and set x, c to the solution and value (c =∞ if
infeasible).
if c < c then

if x is feasible in p then
update upper bounds: x← x, c← c

else
Create new subproblems p′ = p1 ∪ · · · ∪ pr and add them to set
P ← P ∪ {p1, . . . , pr}

return x, c
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Many different strategies are available for the choice of the next subproblem.
For example, a depth-first search might be appropriate to get a feasible integer
solution as fast as possible. The best-first search chooses the subproblem having
the best objective in the relaxation in hope of increasing the (global) lower bound
which will also reduce the number of subproblems.

The relaxation of the problem most commonly used is the linear programming
relaxation, i.e., the variables no longer have to take integer values. Other relax-
ations are possible though, like Lagrangian relaxations, combinatorial relaxations
or more general forms of convex optimization. The infeasibility of the relaxation
implies the infeasibility of the subproblem, which can then be discarded.

If the lower bound of some subproblem is greater than or equal the global upper
bound we need no longer consider it, for it might contain feasible solutions, but
we are only interested in one optimal solution. When dividing one problem p′ in
subproblems p1, . . . , pr it is important that the feasible solutions of p′ equal the
union of feasible solutions of p1, . . . , pr. One way of subdividing is the branching
on variables where we create two subproblems p1, p2 and bound one variable
x by adding the constraints x ≤ bx∗c and x ≥ dx∗e for a fractional value of x∗

occurring in the solution of the relaxation. Iterating this process will finally yield
an integer solution when all variables are set to their (integer) bounds.

The branching on one variable is illustrated in figure 1.2. In that example the
linear programming relaxation has a solution of x∗ = (32 ,

5
2) and two new sub-

problems are created, one with x1 ≤ 1, the other with x1 ≥ 2 added to the
constraints. All integer feasible points are contained in either of the two sub-
problems, but the region of fractional points in between is no longer considered.
In the worst case that no subproblems can be deleted prior to fixing all variables
the algorithm would enumerate all possible feasible solutions. So the running
time heavily depends on good lower and upper bounds.

1.4.2 Cutting Planes

Another approach tries to find inequalities that are satisfied by all integer feasible
points but violated by the current solution of the linear programming relaxation.
Such inequalities can then be added to the problem without changing the feasible
set and thus the optimal solution but help get better bounds from the relaxation.
Because they remove (or cut) the relaxation’s solution from the feasible set, they
are called cutting planes. Repeating this procedure will finally yield an integer
solution as shown in [14] where the special class of Gomory Cutting Planes was
introduced. Figure 1.3 shows the feasible region of the relaxation after the cut
x2 ≤ 2 is added to the constraints. This inequality is easily seen to be valid, since
all integer feasible points have x2 ∈ {0, 1, 2}.

In many cases the number of constraints of the problem is so huge that solving
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Figure 1.3: Applying Gomory Cutting Planes.

the linear relaxation is already too hard. One can then try to use only a subset
of the inequalities first and check for violated constraints to be added later, when
the relaxation’s solution is available. This last problem is called separation.





Chapter 2

Minimum Linear Arrangement
Problem

We can now formally define the optimization problem and review the state of
research on it. This is by no means a complete survey. Rather, we highlight some
important results that are useful for our approach. In particular, one integer
programming formulation is presented and compared with our new modeling
ideas.

2.1 Definition

A (linear) arrangement is a bijective map p : V → {1, . . . , n}. The set of
all arrangements of a given graph G is denoted by A(G). Every arrangement
corresponds to a permutation of the set {1, . . . , n}. Thus, like the symmetric
group Sn, A(G) has n! = n(n− 1) · · · 1 elements.

In the figure 2.1 you can see a graph G and one of its arrangements p. The vertex
4 is mapped to the first position, i.e., p(4) = 1.

The problem is now to find an arrangement p ∈ A(G) that minimizes the distance

1

2

3

4

5

4 2 5 3 1

p(4) = 1 p(1) = 5

Figure 2.1: Example of a graph G with one possible arrangement p.
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of all edges’ end vertices in a weighted sum (cij ≥ 0):

min
p∈A(G)

∑
ij∈E

cij |p(i)− p(j)| (2.1)

For the graph above, with weights cij = 1, we would have a summed up length
of 13 while the minimum arrangement is of length 10.

The Minimum Linear Arrangement Problem is part of a class of combinatorial
optimization problems known as layout problems. Another important example
is the Bandwidth Minimization Problem, where the sum is replaced by a
maximum. [10] compiled a survey on all layout problems.

The arrangements are often also called labelings, layouts, orderings or permu-
tations and other names for the Minimum Linear Arrangement Problem in the
literature include (Optimal) Linear Arrangement Problem, Minimum Sum Prob-
lem and Edge Sum Problem.

To simplify the presentation we will only consider the unweighted case in the
following, i.e., cij = 1, ij ∈ E. Of course, all the theory is still applicable to the
weighted case.

For a graph G and an arrangement p let lap(G, p) denote the value of this ar-
rangement. We just write lap(G) for the value of a minimum linear arrangement.
Another name given to this value in the literature is rank(G).

Note that if a graph G is disconnected, i.e., V = U ∪ W with d(U,W ) = ∅,
we can solve the linear arrangement problem independently for the individual
components. The concatenation of the arrangements for U and W yields an
optimal arrangement for V . For that reason we can assume all graphs to be
connected from now on.

2.2 Applications

The problem was first proposed in [15] with an application in error-correcting
codes. Namely, it consisted in assigning numbers to binary vectors so that the
average error is minimized, assuming that only only one-bit errors can be in-
troduced during transmission. This is equivalent to the linear arrangement of
hypercubes and interestingly, the obvious assignment of numbers to their binary
representation is optimal in this respect.

Later it was used in the contexts of VLSI design [25] and graph drawing [4],
among others.
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2.3 Complexity

2.3.1 General Case

For general graphs, [13] showed that the (decision problem corresponding to the)
Minimum Linear Arrangement Problem is NP-complete. This result is still true
in the unweighted case and was shown by reduction from the Simple Max Cut
Problem (that has all weights equal to 1). The problem remains NP-complete
even when we restrict ourselves to only consider bipartite graphs [12]. It is also
NP-complete for the class of interval graphs [8].

2.3.2 Special Classes of Graphs

However, there are many cases where (the values of) optimal arrangements are
known or can be computed in polynomial time.

For example, the values of their optimal arrangements is known for clique graphs
Kn (which is the same for all arrangements) [3]. It is given by

lap(Kn) =

(
n + 1

3

)
.

Circle graphs Cn [3] have a value of

lap(Cn) = 2(n− 1).

And the optimal arrangement of hypercubes [15] has a total length of

lap([0, 1]n) = 2n−1(2n − 1).

The values for stars K1,q and other bicliques1 Kp,q will be given in section 3.4 on
page 29. Some more classes of graphs, like paths, prisms and wheels, have known
values. The optimal arrangements can be found in [20].

For some other classes of graphs polynomial time algorithms exist that compute
the optimal value. These include trees [6], proper interval graphs [23] and more.
See [10] for a comprehensive list.

2.4 Previous Work

Until recently, the best way to solve the Minimum Linear Arrangement Problem
exactly was by dynamic programming. In [18], such an algorithm was imple-
mented, with a runtime complexity of O(2nm), that can only be used with very
small graphs.

1also known as complete bipartite graphs.
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2.4.1 Lower Bounds

We will now present some methods to get good lower bounds for the optimal
value. In particular, one linear programming formulation that will be refined by
our approach.

Combinatorial Lower Bounds Some lower bounds can be computed directly
from simple data of the graph. For example, in [7] the degree lower bound was
presented:

lap(G) ≥ 1

2

∑
i∈V

⌊
(deg(i) + 1)2

4

⌋
This is equivalent to the summed up rank constraints for star graphs that will be
introduced in section 3.4 on page 29.

Another bound was given in [16], the edge lower bound. In any arrangement
there is a limit of edges having a certain distance. We can then sum up the
ascending distances to get this bound.

A more comprehensive list of such bounds can be found in [16] and while many of
them are tight for certain graphs the performance is rather weak for our bench-
mark instances.

Linear Programming Lower Bound The Minimum Linear Arrangement Prob-
lem can be formulated with the following integer program [20]:

min
∑
e∈E

cede

s. t.
n∑
j=1

xij = 1 i ∈ V (2.2a)

∑
i∈V

xij = 1 j ∈ {1, . . . , n} (2.2b)

dij ≥ |p− q|(xip + xjq − 1) ij ∈ E, p, q ∈ {1, . . . , n} (2.2c)

xij ∈ {0, 1} i ∈ V, j ∈ {1, . . . , n} (2.2d)

dij ≥ 0 i ∈ V, j ∈ {1, . . . , n} (2.2e)

The binary variables x model the position of the vertices, i.e.,

xij =

{
1 if p(i) = j

0 else

while the d variables represent the distance of an edge

dij = |p(i)− p(j)|.
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The equations in (2.2a) and (2.2b) (with the binary condition (2.2d)) ensure
that x actually describes an arrangement: every vertex has exactly one position
and exactly one vertex is placed on every position. These kinds of variables and
constraints have already been used to model the Assignment Problem.

Finally, (2.2c) combine the two types of variables. For all edges and all possible
positions of their end vertices, bound the distance from below if the positions are
actually assigned to in the arrangement.

Unfortunately, the formulation (2.2) is ineffective in typical branch-and-cut algo-
rithms because the linear programming relaxation gives a very weak lower bound.
It has the trivial solution:

xij =
1

n
i, j ∈ V

dij = 0 e ∈ E

In [2] a linear programming formulation was used that uses only the de variables
of (2.2) constrained by the so called rank inequalities:∑

e∈H
de ≥ lap(H) H ⊆ G (2.3)

Using (2.3) for all possible subgraphs H ⊆ G would give an exact formulation,
but also need the solution of the problem (for the case H = G).

Instead, only certain classes of subgraphs H are used whose optimal values lap(H)
are known or computable in polynomial time. This yields a valid lower bound
for the problem.

This approach was developed further in [3]. Instead of just using the rank inequal-
ities from subgraphs H occurring in G, the completion Kn of G was considered.
Valid inequalities could then be projected back to the original problem keeping
the number of variables at m. In section 3.5 on page 32 a similar method is used
together with our betweenness variables.

As we will see in the next chapter, the de variables and the betweenness variables
are in close relation, namely (3.1) on page 24. In this way the betweenness
approach can be seen as a refinement of this formulation.

Integer Program Using Binary Distance Variables A variation of the above
approach was presented in [24]. Here, binary distance variables dijk were
used, for every 1 ≤ i < j ≤ n and 1 ≤ k ≤ n− 1, with

dijk =

{
1 if |p(i)− p(j)| = k

0 else.
(2.4)
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These variables can be related to the integer distance variables dij , via

dij =
n−1∑
k=1

k dijk (2.5)

which allows formulating the objective and reusing the above constraints.

The following constraints constitute an integer programming formulation of the
Minimum Linear Arrangement Problem:

min
∑
ij∈E

cij

n−1∑
k=1

k dijk

s. t.

n−1∑
k=1

dijk = 1 {i, j} ⊂ V (2.6a)∑
i<j∈V

dijk = n− k k ∈ {1, . . . , n− 1} (2.6b)

∑
j 6=i

dijk + dij(n−k) = 2 i ∈ V, k <
⌊n

2

⌋
(2.6c)

∑
j 6=i

dijk ≤ 1 i ∈ V, k ∈
{⌊

n− 1

2

⌋
, . . . , n− 1

}
(2.6d)

dijk ∈ {0, 1} i < j ∈ V, k ∈ {1, . . . , n− 1} (2.6e)

The first type of constraint, (2.6a), enforces that every edge has exactly one dis-
tance. On the other hand, (2.6b) counts how often a given distance can occur
between pairs of vertices. Long distances are rare, while short distances occur
more often. The next two types of constraints, (2.6c) and (2.6d), deal with dis-
tances that span less or more than half of the arrangement, respectively. Finally,
in (2.6e), all variables are restricted to binaries.

There is also a sparse version of the formulation where the variable dijk is only
used if there is an edge ij ∈ E.

Many more valid inequalities have been found and used in a branch-and-cut-and-
price algorithm.

See table 5.2 on page 50 for lower bounds resulting from both of the two models
compared with our approach.

2.4.2 Upper Bounds

There is an abundance of heuristical methods and approximation schemes for the
Linear Arrangement Problem. We refer the reader to [10] for an overview.
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To get a good upper bound from the beginning we will also integrate a heuristic
in our branch-and-cut algorithm later. See section 4.1.5 on page 43.





Chapter 3

Betweenness Approach

In this chapter, the betweenness approach is introduced. After the definition of
the so called betweenness variables we analyze the polytope resulting from the
convex hull of the feasible solutions. Some different classes of valid constraints are
listed and their separation routines explained. Finally, an additional feasibility
test is presented that takes a binary vector and finds all matching arrangements.

3.1 Betweenness Variables

For every edge ik ∈ E and every vertex j ∈ V \{i, k}, the binary variable xijk
indicates whether j lies between i and k given a particular arrangement p. That
is,

xijk =

{
1 if p(i) < p(j) < p(k) or p(k) < p(j) < p(i)

0 else.

The example in figure 3.1 features a circle graph C4 with four vertices. This
particular arrangement places the vertices 1 and 4 at the extreme positions. Thus,
this edge is very wide and the other two vertices 2 and 3 lie between them. All
other edges are narrow and have no vertices between them. The resulting vector

1 2 3 4

132 142 124 134 213 243 314 324
x = ( 0 0 1 1 0 0 0 0 )

Figure 3.1: One arrangement of C4 with corresponding betweenness variables.

23
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of between variables is also shown below the graph.

The total number of betweenness variables is r = m(n−2). Using these variables
one can easily express the distance of two end vertices of an edge ik

|p(i)− p(k)| = 1 +
∑

j∈V \{i,k}

xijk, (3.1)

and the objective value

lap(G, p) =
∑
ik∈E
|p(i)− p(k)| = m +

∑
ik∈E

∑
j∈V \{i,k}

xijk, (3.2)

since the distance is determined by the number of intermediate vertices.

Using (3.1), all valid inequalities for the de variables can be transformed to valid
inequalities in the betweenness variables simply by variable substitution. In sec-
tion 3.4 on page 29 we will revisit this idea for the rank inequalities.

Note that the map taking an arrangement p ∈ A(G) to the corresponding be-
tweenness vector x ∈ {0, 1}r is neither injective nor surjective. On the one hand,
several arrangements can lead to the same betweenness values. For example, if
p = (1, . . . , n), then the reversed arrangement p′ = (n, . . . , 1) will have the exact
same betweenness vector. For disconnected graphs even more arrangements are
equivalent in this respect. On the other hand, not all binary vectors x actually
describe betweenness for some arrangement. A clique graph can not have empty
betweenness, for instance. The latter can be tested by an efficient algorithm, as
explained in section 3.7 on page 36.

3.2 Polytope

For a graph G, the betweenness polytope is defined as

PBTW (G) = conv{xp | p ∈ A(G)},

where xp denotes the vector of betweenness variables for the arrangement p ∈
A(G).

This polytope is not full-dimensional in general, since we have some valid equa-
tions:

Proposition 3.2.1. For all triangles {i, j, k} ⊂ V , with {ij, ik, jk} ⊂ E, the
following equation is valid for PBTW (G):

xijk + xikj + xjik = 1 (3.3)

Proof. Clearly, in all possible arrangements of i, j and k exactly one of them lies
between the other two.
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1

2

34

Figure 3.2: The 3-star H (solid edges) is a subgraph of K4.

If the value xijk is interpreted as the angle at j between the two rays ji and jk,
scaled down by 1

π , then we get through (3.3) the equation for the sum of angles
in a triangle that is known from elementary geometry.

Since all the coefficients in the objective function are positive and we are minimiz-
ing, it is possible to add the cone Rr≥0 to the polytope PBTW (G) to get the dom-

inant PD
BTW (G). Optimization over the full-dimensional and unbounded polyhe-

dron PD
BTW (G) yields the same solutions. All valid inequalities for PD

BTW (G) are
of the form aTx ≥ b with a ≥ 0, b > 0 which is an important feature used in
section 3.5 on page 32.

The polytopes have a nice feature that allows us to use information from sub-
graphs for the main problem:

Proposition 3.2.2. Given a graph G and a subgraph H ⊆ G, all valid inequalities
aTx ≤ b for PBTW (H) are also valid for PBTW (G).

Proof. The coefficients for new variables xijk in aTx ≤ b are set to 0. Thus, their
value is not important for the inequality’s validity. If only new edges are added
to H, the set of arrangements A(G) = A(H) does not change. On the other
hand, if some vertices are added, their positions again do not matter. All these
arrangements in A(G) can be considered to have sub-arrangements in A(H) after
removing the additional vertices and closing the gaps.

Unfortunately, trivial lifting is not possible in general. For example, we will see
in proposition 3.4.1 on page 30 that for the graph H shown in figure 3.2 we have
the valid inequality

x123 + x124 + x132 + x134 + x142 + x143 ≥ 1 (3.4)

that is facet-defining for PBTW (H). According to proposition 3.2.2, (3.4) is still
valid for PBTW (K4), but no longer facet-defining because it can be written as the
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sum of the following valid constraints:

x234 + x243 + x324 = 1

x132 + x134 − x234 ≥ 0

x142 + x143 − x243 ≥ 0

x123 + x124 − x324 ≥ 0

The first line is a triangle equation (see proposition 3.2.1), the last three are odd
cycle cut inequalities (see section 3.6 on page 34).

We first suspected that trivial lifting is possible if the subgraph is missing some
vertices, but even this claim proved to be wrong: in the section 3.3 one can see
that the variable bounds xijk ≥ 0 define facets of PBTW (K3), but not PBTW (K4).
Therefore, we can not even trivially lift inequalities in this case.

The dimension of the betweenness polytope can be computed quite easily.

Proposition 3.2.3. The dimension of the associated betweenness polytope for
clique graphs is given by

dimPBTW (Kn) = 2

(
n

3

)
. (3.5)

Proof. As noted earlier, there are r = m(n− 2) variables which gives

r =

(
n

2

)
(n− 2) =

(n− 2)n!

(n− 2)! 2!
= 3

(
n

3

)
. (3.6)

Also, as shown in section 3.3 we have the equation

xijk + xikj + xjik = 1 (3.7)

for every 3-subset {i, j, k} ⊂ V .

These
(
n
3

)
equations of type (3.7) are linearly independent since all rows are

non-zero and no two rows have any terms in common.

Therefore, we have an upper bound on the dimension:

dimPBTW (Kn) ≤ r −
(
n

3

)
(3.6)
= 2

(
n

3

)
. (3.8)

On the other hand, for any given 3-subset {i, j, k} ⊂ V , we can look at the
arrangements

p1 = (i, j, k, u4, . . . , un),

p2 = (j, i, k, u4, . . . , un),

p3 = (k, i, j, u4, . . . , un),

p4 = (k, j, i, u4, . . . , un),
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that result in four different, but similar betweenness vectors x1, x2, x3, x4. Now
let xijk = x1 − x2 − x3 + x4, then almost all components will cancel out leaving
xijkijk = 2, xijkjik = −2. Reversing the roles of i and k above yields another such

vector yijk with yijkijk = 2, yijkikj = −2. We do this for all choices of {i, j, k}, and

get 2
(
n
3

)
vectors, two for every triangle in Kn.

Now, let z denote the sum of the betweenness vectors of all arrangements. Then
it has the same non-zero value on all components, and (with individual elements
scaled appropriately) the set

{z} ∪ {z + xijk, z + yijk | for {i, j, l} ⊂ V }

is affinely independent and contained in the affine hull of PBTW (Kn). Therefore,
we have

dimPBTW (Kn) ≥ 2

(
n

3

)
.

Together with (3.8) this proves the claim of the proposition.

Using this proposition, we are able to produce a more general result.

Proposition 3.2.4. For any graph G = (V,E), the dimension of the associated
betweenness polytope is

PBTW (G) = m(n− 2)− t (3.9)

where t denotes the number of triangles in G, i.e., 3-subsets {i, j, k} ⊆ V , such
that {ij, ik, jk} ⊆ E.

Proof. We have already seen in the proof of proposition 3.2.3 that every triangle
induces a valid equation and that all these equations are linearly independent.

Now assume we find another valid equation aTx = b that is not induced by
all the triangle equations. Then we have two valid inequalities (aTx ≤ b and
aTx ≥ b) that are also valid for the completion of G, namely PBTW (Kn) (ac-
cording to proposition 3.2.2). But this would contradict the proposition 3.2.3 so
the assumption must be wrong and the triangles provide a minimal system of
equations for PBTW (G).

3.3 Small Instances

For small numbers of vertices it is possible to compute the complete outer de-
scriptions of the polytope PBTW (Kn) using PORTA [5]. This computation has
been done in [22] for n ∈ {3, 4, 5}.
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For PBTW (K3) we have the following equations and facets:

x123 + x132 + x213 = 1

x ≥ 0

All these equations are also valid for all 3-subsets of K4 and K5. Furthermore,
for PBTW (K4), we have the following facets for all permutations of {1, 2, 3, 4}:

x123 + x132 + x214 + x314 ≥ 1

Note that the trivial bounds x ≥ 0 are no longer facet-defining.

Finally, for all permutations of {1, 2, 3, 4, 5}, these are the facets of PBTW (K5) in
addition to the above facets from PBTW (K4):

x132 + x154 + x245 + x315 + x324 ≥ 1

x125 + x132 + x134 + x135 + x142 + x154 + x213 + x214 + x215 + x243

+x325 + x354 ≥ 3

x125 + x132 + x143 + x153 + x213 + x214 + x215 + x234 + x243 + x345

+x354 + x425 ≥ 3

x132 + x134 + x135 + x142 + x143 + x145 + x153 + x154 + x213 + x214

+x325 + x425 ≥ 3

x125 + x132 + x134 + x135 + x143 + x154 + x213 + x214 + x215 + x243

+x254 + x325 + x345 + x354 + x425 ≥ 3

x124 + x125 + x132 + x134 + x143 + x152 + x213 + x214 + x243 + x245

+x315 + x324 + x354 + x435 ≥ 4

x124 + x125 + x132 + x134 + x142 + x153 + x213 + x215 + x243 + x254

+x314 + x324 + x345 + x435 ≥ 4

x125 + x132 + x134 + x135 + x142 + x215 + x253 + x143 + x145 + x153

+x213 + x214 + x325 + x354 + x425 ≥ 4
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x123 + x125 + x132 + x143 + x145 + x154 + x214 + x215 + x253

+x314 + x435 ≥ 5

x123 + x125 + x132 + x134 + x142 + x145 + x153 + x154 + x214 + x215

+x235 + x243 + x253 + x254 + x314 + x315 + x324 + x345 + x425 + x435 ≥ 6

To separate these facets we can enumerate all k-subsets of V for k ∈ {3, 4, 5} and
simply check violation for all permutations of the vertices. For big graphs, this
may take too long, so we can abort the search after some number of unsuccessful
tries.

Of course, since the polytopes PBTW (Kn) are not full-dimensional (see propo-
sition 3.2.3), every facet admits infinitely many representations via inequalities.
We can always add some linear combination of equations and still define the
same facet. Therefore, a normal form was used in which all coefficients are non-
negative integers. Furthermore, for all triangles {i, j, k}, at least one of the terms
{xijk, xikj , xjik}must have coefficient 0. Any inequality can easily be transformed
to its normal form by adding or subtracting suitable triangle equations (3.3). This
normal form does not only give a unique representation for each facet, but also
ensures a proper form that will be useful later in the context of proposition 3.5.1
on page 33.

3.4 Rank Inequalities

For all subgraphs G′ = (V ′, E′) ⊆ G we have a valid inequality∑
ik∈E′

∑
j∈V ′\{i,k}

xijk ≥ lap(G′)− |E′|. (3.10)

that we get by substituting (3.1) in the rank inequalities∑
ik∈E′

dik ≥ lap(G′). (3.11)

Actually, we do not really need to substitute all terms in (3.1) if the subgraph G′

has fewer vertices. For the distance in G′, we have

dG
′

ik = 1 +
∑
j∈V ′

xijk. (3.12)

So we can restrict ourselves to adding only those xijk where j is already in the
subgraph G′, thus getting a stronger inequality. By adding up only “partial”
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distances we should get an improvement over the model using distance variables
de that always uses the “full” distances.

Many special classes of graphs have known optimal values and are easy to enu-
merate as subgraphs. We present some examples that are used in our algorithm.
All of these are variations of results in [2].

Stars A p-star graph consists of a center vertex c and p outer vertices u1, . . . , up
with edges cu1, . . . , cup. We have

p∑
i=1

dcui ≥ lap(K1,p) =

⌊
(p + 1)2

4

⌋
, (3.13)

which gives the valid inequality

p∑
i=1

∑
j 6=i

xcuiuj ≥
⌊

(p− 1)2

4

⌋
. (3.14)

Proposition 3.4.1. Given a p-star K1,p, the inequality (3.14) is facet-defining
for PBTW (K1,p) if and only if p is odd.

Proof. We first show that the inequality is not facet-defining if p is even. Let
p = 2k, k ∈ N and K1,p\{ui} be the subgraph of K1,p after removing one of the
outer vertices. For each of these subgraphs, (3.14) holds and we can sum up all
of these inequalities to get another valid inequality of the form

p∑
i=1

∑
j 6=i

(p− 2)xcuiuj ≥ p

⌊
(p− 2)2

4

⌋
.

The coefficient of p−2 at xcuiuj is the result of summing up p inequalities, where
the term is missing twice: once for ui and once for uj . We can now divide by
the greatest common divisor of the coefficients, p−2, and get the new right-hand
side

p

p− 2

⌊
(p− 2)2

4

⌋
=

2k

2k − 2
(k2 − 2k + 1) = k2 − k

=

⌊
4k2 − 4k + 1

4

⌋
=

⌊
(p− 1)2

4

⌋
,

which is in fact equal to the right-hand side of (3.14) for K1,p. Therefore, (3.14)
can not be facet-defining.

Let us now consider (3.14) for any odd p = 2k + 1, k ∈ N.

The arrangement shown in figure 3.3 is denoted by (ik, . . . , i1, c, j0, j1, . . . , jk) and
is optimal for all permutations of the outer vertices.
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ci1. . .ik j0 j1 . . . jk

Figure 3.3: Optimal arrangement of odd p-stars K1,p.

Let us write aTx ≥ a0 for (3.14) and let us assume that bTx ≥ b0 is a valid
inequality for PBTW (K1,p) with

{x ∈ PBTW (K1,p) | aTx = a0} ⊆ {x ∈ PBTW (K1,p) | bTx = b0}. (3.15)

Let {u, v, w} ⊂ {u1, . . . , up} denote arbitrary outer vertices of K1,p. We will now
consider different optimal arrangements:

p0 = (ik, . . . , i2, w, c, v, u, j2, . . . , jk),

p1 = (ik, . . . , i2, w, c, u, v, j2, . . . , jk),

p2 = (jk, . . . , j2, v, c, u, w, i2, . . . , ik),

p3 = (ik, . . . , i2, v, c, u, w, j2, . . . , jk),

p4 = (jk, . . . , j2, w, c, u, v, i2, . . . , ik).

To these arrangements correspond vectors of betweenness variables, denoted x0,
x1, x2, x3, x4 that all satisfy aTx = a0, and hence bTx = b0. Therefore, we have

0 = bTx0 − bTx1

= (bcvu +
k∑
l=2

bcwil + bcvjl + bcujl)− (bcuv +
k∑
l=2

bcwil + bcujl + bcvjl)

= bcvu − bcuv

and also

0 + 0 = bTx1 − bTx2 − bTx3 + bTx4

= (bcuv +
k∑
l=2

bcwil + bcujl + bcvjl)− (bcuw +
k∑
l=2

bcvjl + bcuil + bcwil)

− (bcuw +
k∑
l=2

bcvil + bcujl + bcwjl) + (bcuv +
k∑
l=2

bcwjl + bcuil + bcvil)

= 2bcuv − 2bcuw.

Because we have chosen {u, v, w} arbitrarily, we know that bT = (f, . . . , f), for
some f ∈ R and thus b = fa, b0 = fa0. Note that PBTW (K1,p) is full-dimensional
according to proposition 3.2.4 on page 27 since K1,p does not contain any trian-
gles. Also, f has to be positive or else bTx ≥ b0 would be violated by all non-
optimal arrangements. So, (3.14) is indeed facet-defining for PBTW (K1,p).
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Bicliques The p-stars are special cases K1,p of complete bipartite graphs, also
called bicliques. The p, q-biclique Kp,q has a partition of vertices into two subsets
V1, V2 with |V1| = p and |V2| = q.1 All vertices v1 ∈ V1 are connected to all
vertices v2 ∈ V2, but no other edges exist in the graph. The optimal value is
given by

lap(Kp,q) =

{
p(3q2 + 6pq − p2 + 4)/12 if p + q is even

p(3q2 + 6pq − p2 + 1)/12 if p + q is odd

from which we get the inequalities∑
i∈V1

∑
k∈V2

∑
j∈V \{i,k}

xijk ≥

{
p(3q2 + 6pq − p2 + 4)/12− pq if p + q is even

p(3q2 + 6pq − p2 + 1)/12− pq if p + q is odd.

Doublestars For another special case, namely K2,q, also called q-double stars,
with q odd, there exist stronger inequalities. Let V1 = {i, j},∑

k∈V2

2dik + djk ≥ 3(q2 + 4q − 1)/4 (3.16)

yielding ∑
k∈V2

∑
l∈V \{i,k}

2xilk +
∑
k∈V2

∑
l∈V \{j,k}

xjlk ≥ 3(q2 − 1)/4. (3.17)

Note that one gets the usual inequality for bicliques by adding up two inequalities
of type (3.17) and dividing by the greatest common divisor of the coefficients,
which is 3.

All these classes can be searched for as subgraphs, given fixed bounds on p and
q. A more detailed description of our separation routines will be given later, in
section 4.1.4 on page 42.

3.5 Completion

In this section we will be able to construct an artificial solution to the linear pro-
gramming relaxation on the completion Kn of our problem graph G. Separated
inequalities on this solution can then be used for our original problem.

Given an edge ik ∈ E and any i-k path P = (i, i1, . . . , il, k) in G not using ik, we
get a circle C. Now, for any j 6∈ C and any arrangement p, if j lies between ik it
also has to lie between at least one of the edges in P . Thus, we get the inequality∑

uv∈P
xujv ≥ xijk. (3.18)

1without loss of generality, we can assume p ≤ q.



3.5. COMPLETION 33

ji k

i1 il

Figure 3.4: Intermediate vertex j, cutting the i− k path.

1

2

34

5

Figure 3.5: Circle graph C5 with triangle through path.

See figure 3.4 for an illustration.

Using this we can now compute (shortest) paths for all vertices j and all missing
edges ik in G\{j} using xujv as weight for the edge uv. That way we can do
separation of cuts on the completion of our graph, at least for some kinds of
inequalities:

Proposition 3.5.1. Let aTx ≥ b be any inequality with a ≥ 0 that is valid for
PBTW (Kn). By substituting

∑
uv∈P xujv for xijk, using any i-k path in G for all

edges ik 6∈ E we get a valid inequality aTx ≥ b for PBTW (G).

Proof. We have already seen that∑
uv∈P

xujv ≥ xijk (3.19)

holds for any i-k path P in G\{j}. Therefore, also aTx ≥ b is valid for PBTW (Kn).
Now all terms in aTx ≥ b with non-zero coefficients correspond to variables that
are present in PBTW (G), the projection from PBTW (Kn).

Note that all valid inequalities for the dominant PD
BTW (G) fulfill the necessary

property of proposition 3.5.1.
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v1 v3 v2 v4j

Figure 3.6: Even cut of a circle.

As an example we consider the circle graph C5. Suppose we want to separate the
triangle equation from PBTW (K3) for the vertices {1, 2, 3} ⊂ C5:

x123 + x132 + x213 = 1 (3.20)

Of course, there is no edge connecting 1 and 3 in C5, but we can look at the 3−1
path (3, 4, 5, 1) (see figure 3.5). According to (3.18) using the remaining triangle
vertex 2 as middle index we get

x324 + x425 + x125 ≥ x123. (3.21)

Substituting the left-hand side of (3.21) in (3.20) we no longer have an equation,
but the following valid inequality

x324 + x425 + x125︸ ︷︷ ︸
≥x123

+x132 + x213 ≥ 1. (3.22)

Using PORTA we can see that (3.22) is actually a facet-defining inequality of
PBTW (C5).

3.6 Relation to the Cut Polytope

As we have seen in section 3.5, if we have a circle C and some vertex j that lies
between some edge e ∈ C it also has to lie between some other edge f ∈ C. More
specifically, the number of edges in a cut of C at some vertex j always has to be
even, as illustrated in figure 3.6

Thus, we have a constraint for all vertices j ∈ V and circles C ⊆ E(G\{j})∑
ik∈C

xijk ≡ 0 mod 2. (3.23)

The constraint (3.23) can be modeled as a system of linear inequalities, explicitly
forbidding an odd number of cuts:∑

ik∈C\J

xijk ≥
∑
ik∈J

xijk − (|J | − 1) for all odd J ⊆ C, j ∈ V. (3.24)
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1

2

3

4

1′

2′

3′

4′

x154
1−x152

Figure 3.7: Graph G̃ for G = K5, j = 5.

Now, if j lies between all edges of one odd subset J it also has to lie between at
least one other edge in C.

For the special case |J | = 1 we get∑
ik∈C\{uv}

xijk ≥ xujv uv ∈ C, j ∈ V (3.25)

which proved to be most effective and is quite easy to separate. Assuming we
have already computed all the shortest paths, as described in section 3.5 we can
just compare the value xijk and the length of the shortest i−k path in G\{j} for
all edges ik ∈ E. If the path is shorter than this value we have found a violated
inequality of the type (3.25).

Separation of the general (3.24) is more elaborate (but still possible in polynomial
time). For any j ∈ V we construct a new weighted graph G̃ = (Ṽ , Ẽ) out of two
copies of G\{j} in the following way.

Ṽ = {u, u′ | for u ∈ V \{j}}
Ẽ = {uv, u′v′, u′v, uv′ | for uv ∈ E(G\{j})}
wuv = wu′v′ = xujv

wu′v = wuv′ = 1− xujv

See figure 3.7 for an example of such a construction. In this graph G̃ we now
look for a shortest i-i′ path P for all vertices i ∈ V \{j}. Note that this path has
to choose an odd number of the edges between {1, 2, 3, 4} and {1′, 2′, 3′, 4′} (the
dashed edges in figure 3.7). These correspond to the set J . Interpreted in the
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original graph the path will form a circle of length∑
uv∈P\J

xujv +
∑
uv∈J

(1− xujv). (3.26)

Now, if (3.26) < 1 we have indeed found a violated inequality of type (3.24).

In fact, there is a more general relation to the cut polytope

PCUT (G) = conv{x ∈ {0, 1}E | xij = 1⇔ ij ∈ d(U,W )}.

Take some vertex j ∈ V and look only at the variables xijk, ik ∈ E. For different
arrangements these variables correspond to different cuts in G\{j}. One can see
this in figure 3.6, where the vertex j’s position yields a partition of V \{j}: Some
vertices are placed on one side of j, the rest of the vertices on the other side of
j. In our example we would have U = {v1, v3}, W = {v2, v4}. We can now see
that all edges in d(U,W ) are really cut by the vertical dashed line at j.

In theory, all constraints for PCUT (G\{j}) can also be used for our problem, but
we restrict ourselves to the odd circle cut inequalities, mentioned above.

One problem with this idea is the fact that we would like to have inequalities of
the form aTx ≥ a0 with positive coefficients, to improve the lower bound of the
linear programming relaxation. However, such inequalities can not be valid for
PCUT (G), since the empty set is a valid cut set, i.e., 0 ∈ PCUT (G).

Also, all constraints from the cut polytope use only variables with the same fixed
middle index j. These constraints might be too local to be effective on their own.

Note that even if we add all constraints from PCUT (G) we still do not have a
complete integer programming formulation. This can easily be seen in any graph
containing a triangle: If we look at all the different cuts corresponding to middle
indices j ∈ V , individually, the empty cut would be feasible. But we already
know that in a triangle at least one of the three vertices has to lie between the
other two.

3.7 Feasibility

Since a complete integer programming formulation (using betweenness variables)
is not known to us, not all binary solution vectors x satisfying all the above
inequalities are actually feasible. The algorithm described in this section is able
to check the feasibility of any binary vector. In theory we could even solve the
Minimum Linear Arrangement Problem by explicit enumeration of all binary
vectors using this test.
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First we transform the problem to a Consecutive Ones Problem [22]. Here a 0/1
matrix M is given, with the task to permute the columns such that in each row,
the entries with a 1 appear consecutively.

In our case, M will be a matrix with rows of dimension n. For every edge ik ∈ E
we look at all the vertices in Vik = {j | xijk = 1}. If Vik = ∅ we know that i and
k should be adjacent in any arrangement, so we insert a row r, with ri = rk = 1
and 0 otherwise. Else all the vertices in Vik are adjacent to each other as well as
i and k, with the latter ones lying at the margins. So we add two rows, one with
ones at index i and j ∈ Vik and another with ones at index k and j ∈ Vik. Now
there is a permutation to put M in consecutive ones form if and only if there is
an arrangement that is described by x.

To solve the Consecutive Ones Problem we use the PQ-tree algorithm that has
linear runtime and outputs all feasible permutations. An implementation is pro-
vided by [19].

If no such permutation is found x can not be feasible and should be cut off by
adding a suitable linear inequality.

Let I = {1, . . . , r} be the index set for x, J = {i ∈ I | xi = 1}, then∑
i∈J

xi −
∑
i∈I\J

xi ≤ |J | − 1 (3.27)

is violated by x but no other binary vector of dimension r.





Chapter 4

Implementation

We implemented our algorithm using SCIP1 as a branch-and-cut framework.
In the following we highlight some implementation details and their respective
impact on the performance of the algorithm.

4.1 SCIP with SoPlex

SCIP was written with the goal of solving Constraint Integer Programs, a su-
perclass of Mixed Integer Programs and a subclass of Constraint Programs. It
is based on a mixed integer solver, but allows more general constraints in the
model. In addition to the established methods in Mixed Integer Programming,
SCIP applies ideas from Constraint Programming that proved to be useful, e.g.,
in satisfiability problems [1].

For the relaxation, SCIP relies on an external linear programming solver. There
are interfaces to many commercially available solvers, but we use SoPlex2, which
is shipped together with SCIP (and the modeling language ZIMPL) in the ZIB
optimization suite [26]. All these tools are freely available for academic use.

4.1.1 Contribution to Program Code

All of the infrastructure needed for the implementation of a branch-and-bound
algorithm is already provided by SCIP. It manages the tree of subproblems and
automatically updates the bounds. The rest of the functionality is available via
plugins.

In the file cppmain.cpp we can choose which plugins to include, load a settings

1Solving Constraint Integer Programs.
2Sequential Object-oriented Simplex.
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file with program parameters and proceed to begin optimization. We have written
four new plugins that we include in addition to a default set of plugins, useful for
general mixed integer programs. These are:

• ReaderLAP: reads the input file and creates problem instance.

• ConshdlrPQtree: ensures feasibility of solutions.

• ConshdlrComplete: improves lower bound by separating inequalities.

• HeurMLS: yields upper bound.

We now describe the function of every plugin in more detail.

4.1.2 ReaderLAP

SCIP already has file readers for many different formats, like the MPS or CPLEX
LP formats for mixed integer programs.

We use a simple sparse format to save the graph of an instance in a text file whose
name should have the ending “.lap” so that SCIP knows which reader to use.
The first two numbers specify the number of vertices and edges, respectively. We
then have a list of edges by specifying the tail and head vertices of each edge,
one in every line. Note that we start naming the vertices at 1, using consecutive
integers. No weights are given for the edges, we only consider the unweighted
case cij = 1, ij ∈ E.

This data is first converted to both adjacency lists and an adjacency matrix and
then saved in an object ProbDataLAP that will be available globally throughout
the algorithm.

Next we create the appropriate binary variables xijk for every edge ik and vertex
j. There are also some (artificial) variables xiik, fixed to 1 from the beginning.
These take care of the constant term in (3.1) to get the correct edge length in
the objective function.

Then we search the graph for triangles and add the matching equations. This
is not really necessary since the relaxed triangle inequalities will be separated
anyways, but experiments have shown that it still helps to add the inequalities
in the other direction as well.

Consider the problem instance fidap005 in table 5.1 on page 48. It has the
highest density of all graphs and 288 triangles, with only 27 vertices. Therefore,
it comes as no surprise that the triangle equations are very important here. In-
deed, these equations alone are sufficient to enforce the optimal lower bound: No
separation step is needed in this case.
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with equations without equations

name time subproblems time subproblems

fidap005 3.78 1 211.48 1
fidapm05 700.62 1 3812.75 1
pores 1 24.85 1 33.21 1

Table 4.1: Impact of the triangle equations.

Table 4.1 shows the runtime for some of the densest graphs (in seconds), with and
without adding all triangle equations at the beginning. For all of these examples
we can see an improvement by adding the equations. In one of them we gain a
speed up by a factor of over 50.

Finally, we add the two constraint handlers already mentioned above to the prob-
lem: ConshdlrPQtree and ConshdlrComplete.

In SCIP, constraint handlers have several tasks and are responsible for a whole
class of constraints. For example, they have to provide callback functions that
allow to deal with potential solutions of subproblems. The function scip check

gets a solution x and returns true if and only if this solution satisfies all con-
straints of the type that is represented by this handler. This would already be
sufficient to run an exact branch-and-bound algorithm, enumerating all possible
solutions. To speed up the process, more callback functions can be provided.
For example, scip sepalp tries to separate a certain class of valid inequalities
to improve the linear programming relaxation. Later, scip enfolp has to deal
with infeasible solutions of the relaxation. The options include adding more con-
straints, branching or declaring the whole subproblem as infeasible. The different
constraint handlers are called in order of given priorities. This way some con-
straint handlers with fast separation routines can be called early and often; while
others, with more elaborate constraints can be called later, e.g., after integrality
of the solutions is enforced.

4.1.3 ConshdlrPQtree

This constraint handler is necessary to prove feasibility of some potential solution
because we do not have a complete integer programming formulation of the linear
arrangement problem. It is possible that our relaxation produces a binary vector
x, i.e., without fractional values that still does not correspond to any arrangement
p.

We use the PQ-tree algorithm described in section 3.7 on page 36 to enumerate
all arrangements that match the given betweenness values. If there is one such
arrangement the upper bound can be improved. Otherwise the infeasible x is cut
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off by a (weak) linear inequality.

The priority of ConshdlrPQtree’s scip enfolp is given a negative value so that
the integrality constraint (with priority 0) is always satisfied before the PQ-tree
algorithm is used. In practice, this means that we will (have to) branch on
variables when no more cuts can be separated or the tailing off is activated.

Still, this constraint handler’s function scip check is always called for solutions
produced by the different primal heuristics employed in SCIP. As we can see in
table 4.3 on page 45, almost no time is spent performing this test although we
call it quite often.

4.1.4 ConshdlrComplete

Here we try to add more valid inequalities derived for PBTW (G) to cut off the
current solution x of the relaxation and improve the lower bound.

First we compute all shortest paths in the graphs G\{j} for all vertices j ∈ V ,
using xijk as weight for edge ik ∈ E. Now, in addition to the LP solution values
xijk that are already in the problem, we get artificial values xijk for all pairs
i, k ∈ V even if the edge ik is not in G. After separating some inequality on this
extended set of variables, i.e., in the completion of the graph, we substitute the
sum of all variables in the shortest path for all artificial values. This was already
explained in section 3.5 on page 32.

At the beginning, the odd cut inequalities are searched for (see section 3.6 on
page 34) by enumerating all edges ik ∈ E and all possible middle indices j ∈ V .
We can simply check (3.25) for violatio using the shortest i-k path with j in
between, computed above. Other odd sets are not separated since they did not
prove useful.

After that, we separate rank inequalities for subgraphs actually occurring in G.
At the moment these include stars, doublestars and bicliques with a smaller
subset of 3 or 4 vertices. This separation is done heuristically, following an idea
proposed in [3]. For stars we enumerate all possible center vertices c ∈ V and
compute for all neighboring vertices i ∈ V the distance of the edge ci according
to (3.1) on page 24. After sorting the neighbors we try adding more and more of
the nearest neighbors, always checking for a violated (3.14). While this method is
exact for the dij variables in [3], it is only heuristical in our case. This is because
we compute the edge lengths according to their total length, while only using the
partial distance later on (see (3.12) on page 29). Similar approaches are used for
the other types of graphs as well.

Then we enumerate all 3-, 4- and 5-subsets of V and check the facets of PBTW (K5)
for violation. Since we only save one element of each class of facets, we have to
check all possible permutations of the vertices.
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Finally, we also separate some rank inequalities in the completion of the graph.
Here we restrict ourselves to odd stars and odd doublestars that give relatively
stronger inequalities, as we showed in proposition 3.4.1 on page 30 and (3.17) on
page 32, respectively. The enumeration scheme is analogous to the separation of
rank inequalities in G.

Altogether a lot of inequalities can be separated in a very short amount of time,
but not all of them should be used in the relaxation. In the different separation
routines the enumeration is stopped if a certain number of violated inequalities is
found or a limit of unsuccessful tries is reached. Furthermore, not all found cuts
are actually added to the linear program. Instead. a subset is selected according
to three different criteria:

The inequality aTx ≥ a0 should cut off as much as possible, so we are looking for
a high distance of x to the hyperplane {x | aTx = a0}.

We also want to avoid adding too many similar inequalities that slow down the
solving of the linear program. Therefore, we prefer cuts that are highly orthogonal
to the already active inequalities.

Finally, for our new cut to improve the lower bound as much as possible, it is
advantageous to have a to be aligned with the objective vector c.

A weighted sum of these criteria is used to determine a useful subset of ap-
propriate size. We use the default setting in SCIP, that is, while the distance
and orthogonality have the same weight of 1.0, the parallelity to the objective is
deemed less important and weighted with 0.0001.

4.1.5 HeurMLS

At the beginning of the branch-and-cut algorithm we call an external heuristic
once that provides an upper bound for the problem. It is a multi-start local search
heuristic developed by G. Reinelt. Starting from random permutations several
different local search heuristics are applied [24]. Very often this solution turns out
to be optimal later. As we can see in the following examples, the upper bound
is quite efficient in reducing the number of nodes in the tree of subproblems and
speeding up the solving process.

Let us consider two doublestars, K2,10 and K2,11. The heuristic finds an optimal
solution for both problems quite fast. Also, because we separate the rank inequal-
ities for the doublestars, our lower bound jumps to the optimal value after just
one separation step. This is, of course, also true when not using the heuristic.
But in this case we can not simply stop the algorithm (having bounded the value
from both sides). Rather, the linear programming relaxation has to find a feasible
solution which still takes some time. For K2,10, a feasible solution is found after
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with heuristic without heuristic

name time subproblems time subproblems

K2,10 0.15 1 60.81 9
K2,11 0.19 1 3.22 1

Table 4.2: Impact of the upper bound heuristic.

branching 8 times. But with K2,11, we are lucky, because the plugin feaspump3

finds a feasible solution while still in the root node of the branch-and-bound tree.
See table 4.2 for the respective runtimes (in seconds). The effect is particularly
strong in these graphs, probably because they are highly symmetric and there
exist many different optimal arrangements.

4.1.6 General Cutting Planes and Primal Heuristics

Out of the box a lot of separators for general mixed integer programs are provided
as plugins in SCIP. However, they do not seem to be of much help for our specific
problem. The same is true for primal heuristics. Different kinds of rounding
heuristics are called whenever the linear programming solution is solved, but
they rarely yield a feasible solution that improves our upper bound. This does
not really do any harm, for the time consumption of all these plugins is negligible.
In table 4.3 we show how much time is spent in the active, i.e., actually called
components of the algorithm. We use the same settings “all” as in tables 5.3 and
5.4 on pages 51 and 51 with a time limit of 21600 seconds.

The first four rows show the time spent in the different constraint handlers.
integral is used for the integrality constraint and manages the branching, for ex-
ample. pqtree performs our feasibility test on potential solutions. In complete,
we do the separation of all our problem-specific cuts. The linear constraint han-
dler manages the linear constraints, e.g., the triangle equations that are added
at the beginning and only exist for problems gd95c and gd96c.

The next group of rows is for the general cutting plane separators. Note that
in instance gd95c the upper bound from the MLS heuristic is higher than the
actual optimal value. In this case the first feasible (integer) solution is found
by the linear programming relaxation, which suggests that more time is spent in
separation here.

Next we list all active primal heuristics. Other than our problem specific heuristic
MLS, no feasible solutions are produced for these four instances. However, in some
cases an optimal solution was found here, e.g., for the doublestars we considered
earlier in section 4.1.5.

3Feasibility pump, built into SCIP.
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gd95c gd96b gd96c gd96d

integral 0.00 0.00 0.00 0.00
pqtree 0.00 0.00 0.00 0.00
complete 8.14 379.37 16.24 74.81
linear 0.00 - 0.00 -

redcost 0.00 0.14 0.01 0.20
gomory 0.00 - - -
strongcg 0.00 - - -
cmir 0.19 - - -
flowcover 0.70 - - -
clique 0.00 - - -
mcf 0.00 - - -

oneopt 0.00 0.02 0.01 -
MLS 31.24 54.69 32.50 180.44
trivial 0.00 0.02 0.01 0.04
simplerounding 0.00 0.08 0.00 0.04
rounding 0.01 1.01 0.13 0.97
shifting 0.05 2.96 0.18 5.15

dual LP 43.86 21112.68 1557.98 21305.77

total 87.79 21600.00 1617.20 21600.00

Table 4.3: Time consumption (in seconds).

As we can see in the last row, most of the time is spent in solving the linear
programming relaxation, in our case using a dual simplex algorithm.

SCIP provides a long list of parameters for all its features together with some pa-
rameter sets for different purposes. We normally use the default settings, but also
considered two more parameter sets, namely emph/hardlp and emph/optimality.
Hopefully, this would improve the time spent solving the linear programming re-
laxation, or prove optimality of our heuristical solution faster.

The results of this comparison can be seen in table 4.4. Using emph/hardlp

clearly gives very poor performance compared to the default settings. Only the
first instance can be solved to optimality, but with a longer runtime. For all
other instances the lower bound is significantly weaker. With these settings,
the algorithm will start branching very early. For instance, to solve gd95c 68
subproblems were considered. Of course, the problem can be solved in the root
node of the branch-and-bound tree when sufficiently many cuts are separated.
On the other hand, it is not obvious whether the setting emph/optimality will
generally improve the results. For these tests it yields poorer results for gd95c

and gd96b, but better results for gd96c and gd96d. It seems like this set of
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default emph/hardlp emph/optimality

name lb time lb time lb time

gd95c 506 87.8 506 558.1 506 93.0
gd96b 1401.43 limit 1273.97 limit 1398.01 limit
gd96c 519 1617.2 484.98 limit 519 1454.0
gd96d 1499.42 limit 1106.77 limit 1525.11 limit

Table 4.4: Comparison of parameter settings with different emphasis.

parameters does not have a big influence on the behavior of the algorithm here.
In general, practically all instances are either solved in the root node, or not at
all. Branching was only helpful in some specially constructed and very regular
graphs as we have seen in section 4.1.5 with the doublestars.

4.1.7 Presolving

A variety of presolving routines can help a lot when solving general mixed integer
programs. Unfortunately, we can not use it in our case because we have very few
constraints in the relaxation at the beginning. Not even all variables occur in
these so they would be fixed to 0 and removed from the problem prematurely.

4.2 ABACUS with Clp

A previous implementation used ABACUS as the framework for the branch-and-
cut algorithm. Its design is presented in [17]. Most of the information about the
separation of inequalities is also valid for this implementation. When translating
this older code to the new version using SCIP, however, some details (mostly
regarding the choice and amount of separation) have changed. Therefore, a direct
comparison of the two programs would not yield meaningful insights about the
amount of overhead each framework introduces.

Again, many external linear programming solvers are supported, via COIN-OR’s4

OSI5. We decided to use Clp, the default solver that is shipped with OSI [9].

Some features already mentioned above are not present in the ABACUS code
by default and had to be provided separately. Most notably, we implemented a
ranking of violated cuts, to choose the best subset to be added the relaxation.
See [5] for details on the methods used here.

4Computational Infrastructure for Operations Research
5Open Solver Interface
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Computational Results

Using the implementation of the algorithm described above we get some new
results. Mostly, the lower bound of many instances is improved, but we can
even solve the Minimum Linear Arrangement Problem for some of the graphs to
proven optimality.

5.1 Problem Instances

We use instances from different benchmarks so that we can compare our results.
Because of the large number of variables, graphs with many vertices and edges
can not be solved efficiently. We therefore filter out those instances having more
than 1000 edges. From [10] we use the smallest four of the gd* instances. In
[3] the authors also provided lower bounds for some graphs that were previously
used in the Minimum Bandwidth Problem. The last block of instances was used
in [24] in addition to other instances already mentioned. Due to the abundance
of appropriately sized problems, no random graphs were generated.

In the table 5.1, we list some of the graphs’ properties. Using the number of
vertices and edges one can compute the density of the graph

dens(G) =
2m

n(n− 1)
.

And given the number t of triangles, proposition 3.2.4 on page 27 tells us the
dimension of the associated betweenness polytope PBTW (G).

The last column shows the best upper bound to our knowledge. Most of the
feasible solutions were produced by the heuristic. In some cases our linear pro-
gramming relaxation found a better feasible solution. Provably optimal values
are marked using a bold font.
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name n m dens t dim ub

gd95c 62 144 0.076 88 8552 506
gd96b 111 193 0.032 0 21037 1416
gd96c 65 125 0.060 20 7855 519
gd96d 180 228 0.014 0 40584 2391

bcspwr01 39 46 0.062 2 1700 106
bcspwr02 49 59 0.050 3 2770 161
bcspwr03 118 179 0.026 23 20741 662
bcspwr04 274 669 0.018 582 181386 4727
bcsstk01 48 176 0.156 160 7936 1132

can 24 24 68 0.246 60 1436 210
can 61 61 248 0.135 396 14236 1137
can 62 62 78 0.041 2 4678 210
can 73 73 152 0.057 32 10760 1100
can 96 96 336 0.073 320 31264 2703
can 144 144 576 0.055 912 80880 3224
can 161 161 608 0.047 592 96080 6696
can 187 187 652 0.037 620 120000 5191
can 229 229 774 0.029 690 175008 9836

dwt 59 59 104 0.060 30 5898 496
dwt 66 66 127 0.059 62 8066 192
dwt 72 72 75 0.029 0 5250 167
dwt 87 87 227 0.060 147 19148 932
dwt 162 162 510 0.039 464 81136 2431
dwt 209 209 767 0.035 707 158062 9263
dwt 221 221 704 0.028 608 153568 4470
dwt 245 245 608 0.020 374 147370 3883

bwm200 200 298 0.014 0 59004 496
fidap005 27 126 0.358 288 2862 414
fidapm05 42 239 0.277 671 8889 1003
lshp-265 265 744 0.021 480 195192 6088
nos4 100 247 0.049 36 24170 1031
pde225 225 420 0.016 0 93660 3040
rdb200 200 460 0.023 0 91080 3808
saylr1 238 445 0.015 0 105020 3107
steam3 80 424 0.134 992 32080 1416
tub100 100 148 0.029 0 14504 246

curtis54 54 124 0.086 78 6370 454
ibm32 32 90 0.181 28 2672 485
impcol b 59 281 0.164 285 15732 2076
pores 1 30 103 0.236 88 2796 383
will57 57 127 0.079 94 6891 335

Table 5.1: Problem instances from the literature.
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We summarize the best lower bounds for all these instances in table 5.2 comparing
our results with those in [3] and [24]. Note that we pick the best values among
different settings from [3]. A “-” denotes missing data when an instance was not
considered in one approach.

For our code two different settings are used. In the first column we force the
adding of separated rank inequalities from subgraphs in the graph. The next
setting does not necessarily add all these inequalities. Rather, we let SCIP choose
a subset among all found cuts. For most instances the latter option is more
successful, though not by a wide margin.

Please note that a branch-and-cut-and-price algorithm was used in [24]. This
means that the lower bound is not reliable if the time limit was reached, since
some important variables might not yet be priced in. The value 559 that resulted
for the instance gd95c is greater than the optimal value of 506, for example.

5.2 New Results

As we can see in table 5.2, most of the smaller sized graphs can be solved to
optimality. Apart from dwt 66, none of these benchmark instances could be
solved before. In some cases the optimal solution we found is an improvement
on the best known solution given by heuristics, e.g., gd95c, where the feasible
solution of the heuristic has a value of 508.

In some more cases we can still compute a better lower bound, namely for gd96b,
can 144, dwt 162 and impcol b.

But then with larger graphs, the number of variables grows very quickly and the
linear programs take very long to solve. For that reason the dij formulation still
provides a better lower bound for about half of the instances even when their
code hits the time limit.

5.3 Comparisons

We also study the impact of individual classes of inequalities. Several subsets of
the separators are used. See table 5.3 for the definition. The first setting, 1, only
uses the triangle equation, both those occurring in the graph and those in the
completion. This seems to be the most basic and by far most important class of
inequalities. The next setting, 2, additionally uses the odd circle cut inequality
separation. Based on 2 we create two more settings, 3 and 4, that add the rank
inequalities for subgraphs in G and facets from the polytopes PBTW (K4) and
PBTW (K5), respectively. Then there is setting 5 that builds on setting 3 but
also separates rank inequalities on the completion. Finally, the last setting “all”
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xijk with force xijk without force dij [3] dijk [24]

name lb time lb time lb time lb time

gd95c 506 109.7 506 101.4 443 68.3 559.00 limit
gd96b 1389.85 limit 1404.63 limit 1281 493.5 1619.73 limit
gd96c 519 2368.3 519 4162.0 402 218.1 525.31 limit
gd96d 1554.44 limit 1602.89 limit 2021 1642.2 2494.67 limit

bcspwr01 106 6.5 106 5.7 91 0.7 103.91 limit
bcspwr02 161 16.0 161 14.9 144 1.8 172.93 limit
bcspwr03 662 44641.5 662 52216.7 588 189.5 - -
bcspwr04 3004.98 limit 2948.30 limit 3700 limit - -
bcsstk01 1132 40852.8 1132 44838.3 972 38481.1 1151.62 limit

can 24 210 4.7 210 3.3 203 2.8 203.86 1080
can 61 1137 1371.9 1137 1125.1 1119 538.0 1137.00 limit
can 62 210 49.6 210 69.2 187 4.2 221.99 limit
can 73 965.00 limit 961.49 limit 971 2016.8 - -
can 96 2039.33 limit 2020.31 limit 2105 8280.6 - -
can 144 2776.44 limit 2841.97 limit 2304 1710.6 - -
can 161 3042.42 limit 3361.71 limit 5657 limit - -
can 187 3064.09 limit 3143.20 limit 3827 limit - -
can 229 2196 limit 3857.33 limit 7461 limit - -

dwt 59 289 40.9 289 39.4 258 55.4 - -
dwt 66 192 34.4 192 34.2 192 1.7 - -
dwt 72 167 55.3 167 38.4 150 6.7 - -
dwt 87 932 2542.6 932 2507.0 897 18430.7 - -
dwt 162 2356.38 84362.2 2361.90 81662.8 2032 limit - -
dwt 209 3492.57 limit 3748.87 limit 5905 limit - -
dwt 221 3086.59 81124.8 3061.20 56702.7 3603 limit - -
dwt 245 2696.90 limit 2727.34 limit 3422 limit - -

bwm200 496 538.2 496 538.6 495 2409.1 - -
fidap005 414 4.1 414 4.1 412 4.2 - -
fidapm05 1003 1516.9 1003 365.6 998 805.2 - -
lshp-265 3338.00 limit 3305.44 limit 5602 limit - -
nos4 1031 3990.0 1031 4671.37 976 59118.0 - -
pde225 1883.80 limit 1884.75 limit 2539 70519.0 - -
rdb200 2306.54 limit 2304.38 limit 3066 73463.6 - -
saylr1 2010.90 limit 2069.90 limit 2676 limit - -
steam3 1416 164.3 1416 164.4 1406 limit - -
tub100 246 67.8 246 131.0 245 71.5 - -

curtis54 454 69.6 454 101.5 - - 511.91 limit
ibm32 485 1241.3 485 1434.9 - - 462.36 30677
impcol b 1825.30 limit 1999.67 limit - - 2357.81 limit
pores 1 383 29.9 383 20.6 - - 351.02 15340
will57 335 56.0 335 50.3 - - 352.00 limit

Table 5.2: Best lower bounds with a time limit of 86400 seconds. Provably optimal
values are highlighted using a bold font. For dwt 162 and dwt 221, the time limit
could not be reached, because of insufficient memory.
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Table 5.3: Different subsets of separated inequalities.

1 2 3

name lb time lb time lb time

gd95c 506 281.3 506 98.4 506 97.0
gd96b 1163.63 limit 1144.62 limit 1403.95 limit
gd96c 519 4020.7 519 1639.1 519 1143.2
gd96d 1524.89 limit 1449.20 limit 1711.63 limit

4 5 all

name lb time lb time lb time

gd95c 506 111.2 506 100.2 506 87.8
gd96b 1163.30 limit 1379.45 limit 1401.43 limit
gd96c 519 2356.4 519 2979.1 519 1617.2
gd96d 1419.88 limit 1433.71 limit 1499.42 limit

Table 5.4: Comparison of different separators.
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combines all these classes of inequalities together.

The lower bounds and runtimes for all these settings used on the four smalles
gd* instances are shown in table 5.4. Again, we only use the four smaller gd*

instances with a time limit of 21600 seconds. The most obvious fact is that the two
smaller instances, gd95c and gd96c can be solved to optimality with all settings,
although not always in the same time. For these two, setting 1 gives the worst
results. However, for the two larger instances, gd96b and gd96d, the first setting
is actually better than the second, with the added odd circle cut inequalities.
Surprisingly, setting 3 gives the best results on the last two instances, even by a
wide margin. This shows the high importance of rank inequalities for the lower
bound. Adding some inequalities in settings 4 and 5 yields worse results than
setting 3, for all instances! It seems like some bad choices are made, when adding
separated cuts to the relaxation, slowing down the solving of the linear program.
Combining the two in the setting “all” remedies this loss.



Chapter 6

xijkl Approach

In chapter 3, we presented a model for the linear arrangement using betweenness
variables xijk. With these we could express the distance variables dik and inherit
all valid inequalities on these. But we could still add more inequalities, this way
improving the bound for the problem.

Let us now consider another iteration of this idea, with a similar type of variables
xijkl, indexed by four vertices of the graph G. In theory, this would give us an
even finer control on the arrangement. However, this model was computationally
inefficient, most likely because of the huge number of variables.

6.1 Variables

We introduce a variable xijkl for every edge il ∈ E and every pair of vertices
{j, k} ⊂ V , not necessarily distinct from i and j. For a given arrangement p,
xijkl = 1 if the following holds:

• j and k lie between il,

• j and k are consecutive, i.e., |p(j)− p(k)| = 1.

Obviously, if j lies between il and j is consecutive to k then k also has to lie
between il.

In addition, for every pair {j, k} ⊂ V with jk 6∈ E we have a variable xjjkk that
only considers whether j and k are consecutive in one arrangement. These do
not have a contribution to the objective function.

The following relation connects these new variables to the betweenness variables:

2xijl =
∑

k∈V \{j}

xijkl il ∈ E, j ∈ V \{i, l}. (6.1)
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Note that the two terms xiijl, xijll also occur in the sum in (6.1). If the vertex j
lies between il, then xijl = 1. Also, j is consecutive to exactly two other vertices
(possibly i and/or l) so exactly two of the summands on the right-hand side are
1. On the other hand, if xijl = 0, then none of the xijkl can be 1.

Let us just consider the variables of the type xiijj (regardless of ij ∈ E). These
variables have been used in formulations of the Traveling Salesman Problem
(TSP) already and the arrangement is fully determined by their values alone
[21].

But not all variables occur in the objective function

lap(G, p) =
∑
il∈E

∑
j<k∈V

xijkl. (6.2)

In this formulations there is no constant ter, like with the betweenness variables.

We can now look at some valid inequalities and formulate an integer linear pro-
gram.

6.2 Constraints

The following two classes of constraints consider only the TSP style variables and
ensure that an arrangement is formed (by a Hamiltonian path).

Neighbor Degree In the (implicit) Hamiltonian path, every vertex has one or
two neighbors:

1 ≤
∑

l∈V \{i}

xiill ≤ 2 i ∈ V (6.3)

Subtour Elimination The Hamiltonian path has to be connected, so we need
exactly n− 1 edges; but we also forbid the existence of shorter tours:∑

{i,l}⊂V

xiill = n− 1 (6.4)

∑
{i,l}⊂S

xiill ≤ |S| − 1 S ( V, 3 ≤ |S| ≤ n− 2 (6.5)

But we still need some constraints, to make sure that the arrangement encoded
by the TSP variables also yields the correct objective value.
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Path Constraints Let us consider an edge il ∈ E. Then the section of the
arrangement from p(i) to p(l) forms an i − l path. That is, i and l each have
exactly one consecutive vertex lying between il. All other vertices between il
have exactly two consecutive vertices between il. Formally, we get∑

j∈V
xiijl = 1 il ∈ E (6.6)

∑
j∈V

xijll = 1 il ∈ E (6.7)

∑
k∈V \{i,l,j}

xijkl ∈ {0, 2} il ∈ E, j ∈ V \{i, l} (6.8)

The parity constraint can again be linearized, like (3.23) on page 34. Thus,
instead of (6.8) we can add∑

k∈V \{i,l,j}

xijkl ≤ 2 il ∈ E, j ∈ V \{i, l} (6.9)

∑
k∈V \{i,l,j,h}

xijkl ≥ xijhl il ∈ E, {j, h} ⊂ V \{i, l} (6.10)

The inequalities listed so far are already sufficient:

Proposition 6.2.1. The constraints (6.3)-(6.10), together with the binary con-
dition provide an integer programming formulation for the linear arrangement
problem.

Proof. Clearly, these constraints are valid for all possible arrangements p.

But we also have to check that every solution x really corresponds to an arrange-
ment. Let us first consider only the TSP variables xiill, {i, l} ⊂ V . Let P be a
graph with V (P ) = V and E(P ) = {il | xiill = 1}. We know that P has to be
connected because according to (6.4), P has exactly n − 1 edges. These would
not fit in (6.5) if P had more than one connected component. We know that P
is a tree because we have only n − 1 edges. Furthermore every vertex in P has
degree at most 2 so P is a (Hamiltonian) path. Vertices that are connected in P
are consecutive in our arrangement.

Now we have to make sure that the other variables xijkl have the correct value,
contributing to the objective. Let il ∈ E. If i and l are consecutive then xiill = 1
already gives the correct length of |p(i)− p(l)|. Else some other vertices have to
lie between them. Suppose we have a partial arrangement (i, j1, . . . , jk, l). Then
according to (6.6) and (6.7) we know that for one vertex ji we have xiijil = 1,
thus i and ji are consecutive; analogously for l and some jl. But with (6.8) we
know that the vertices ji and jl must have another consecutive vertex between i
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and l and so on, forming a path from i to l. Because of the minimized objective,
this path will be the shortest possible, namely, of length k + 1. Of course, ji and
jl could coincide, in which case the length |p(i) − p(l)| = 2 = xiijl + xijll. So,
every edge il gets the correct length.

We could find some more valid inequalities that are useful for the problem.

Narrow Edge If i and l are consecutive for some edge il ∈ E then no other
vertex can lie between them. Therefore,

xijkl ≤ 1− xiill il ∈ E, {i, l} 6= {j, k} ⊂ V. (6.11)

Betweenness Similarly a pair of vertices {j, k} has to be consecutive for it to
be consecutive in between some edge, giving

xijkl ≤ xjjkk il ∈ E, {j, k} ⊂ V. (6.12)

Odd Cuts In analogy to section 3.6 on page 34, we can add inequalities like
(3.24) that ensure an even number of edges in cuts by pairs of consecutive vertices
{j, k} ⊂ V of circles C ⊆ E(G\{j, k}). We have∑

il∈C\J

xijkl ≥
∑
il∈J

xijkl − (|J | − 1) for all odd J ⊆ C, {j, k} ⊂ V. (6.13)

6.3 Implementation

Since we already have a complete integer programming formulation, we can just
enumerate all these inequalities and solve the problem with a general IP solver.
We could only solve very small instances (with up to 6 vertices) this way.

Then, we implemented a branch-and-cut algorithm using ABACUS that was
already mentioned in section 4.2 on page 46. The branching is done on variables,
preferably of the TSP type xiill, hoping to settle for a particular arrangement
quickly. Also, fixing some variables xiill to either 0 or 1 will at the same time fix
many more variables, according to (6.11) and (6.12). Still, the branch-and-bound
tree becomes very deep and we have a lot of variables (roughly n times as many
as with betweenness variables).



Chapter 7

Outlook

In this thesis we discussed a novel approach to solving the Minimum Linear
Arrangement Problem using betweenness variables. A branch-and-cut algorithm
was implemented to conduct computational experiments with benchmarks from
the literature. Especially for smaller graphs, the lower bound could be improved
and the optimality of our solutions could be proven. We will now suggest some
ideas for potential further research on the subject.

We already explained the separation on the completion of the graph, using (short-
est) paths. In our case the artificial variables are only introduced implicitly be-
cause we always substitute the sum of variables in a path for the missing edge.
But we could also use variables xijk for all 3-subsets {i, j, k} ⊂ V . This has two
main advantages. First, we only need to separate every inequality once, instead of
several times, each with a different path. Secondly, when using the new variables
explicitly, we can combine them with many different paths, so that the currently
shortest one is always binding. But, of course, we have to pay by adding still
more variables and the high number of variables seems to be our formulation’s
biggest limitation. For the distance variables dij , [3] experimented with this dense
formulation, but could only observe a generally higher runtime.

The rank inequalities have been shown to be of great importance for the improve-
ment of the lower bound. However, so far only a small number of classes of graphs
are used for their separation, namely bicliques (including stars and doublestars).
The optimal values lap(G) are known for many other classes of graphs G, and
can be computed efficiently for even more classes, e.g., tree graphs (maybe using
a minimal spanning tree for separation). All these could also be incorporated in
the separation.

We also saw that all inequalities for the cut polytope can be used for our prob-
lem. Only odd cuts of circles were separated so far, so there is still a potential
improvement, given the abundance of literature on the Max Cut Problem.

57



58 CHAPTER 7. OUTLOOK

In our branch-and-cut algorithm, branching is always done on variables. We did
some experiments with an alternative branching scheme that fixed two of the
vertices at the extreme positions in the arrangement. Unfortunately, the number
of subproblems

(
n
2

)
is very large and usually, this fixing did not help improving

the lower bound significantly. Still, some other idea might be appropriate.

Besides the betweenness variables, we also described a finer formulation of vari-
ables with 4 indices. Yet another formulation could use variables that represent
the product of betweenness variables, i.e., xijkl = xijlxikl. But the experiments
with medium sized graphs have shown that we probably can not increase the
number of variables any more without being restricted to very small instances.



Chapter 8

Appendix

The source code of our branch-and-cut algorithm is attached on a CD-ROM.
To build it, SCIP has to be installed first. The easiest way is to download and
install the ZIB Optimization Suite [26]. Extract our source into the examples

folder of the SCIP directory. Build the program with make depend and make.
The executable can then be started with bin/sciplap -f <problem.lap>.

All problem instances used in chapter 5 are available in the problems folder,
together with some constructed regular graphs.

We also provide the different parameter settings in the folder settings.
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