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Abstract

This paper considers the optimal control of tuberculosis through education, di-
agnosis campaign and chemoprophylaxis of latently infected. A mathematical
model which includes important components such as undiagnosed infectious,
diagnosed infectious, latently infected and lost-sight infectious is formulated.
The model combines a frequency dependent and a density dependent force of
infection for TB transmission. Through optimal control theory and numeri-
cal simulations, a cost-effective balance of two different intervention methods
is obtained. Seeking to minimize the amount of money the government spends
when tuberculosis remain endemic in the Cameroonian population, Pontrya-
gin’s maximum principle is used to characterize the optimal control. The op-
timality system is derived and solved numerically using the forward-backward
sweep method (FBSM). Results provide a framework for designing cost-effective
strategies for diseases with multiple intervention methods. It comes out that
combining chemoprophylaxis and education, the burden of TB can be reduced
by 80% in 10 years
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1. Introduction

Tuberculosis (TB) is a preventable and curable disease caused by Mycobac-
terium tuberculosis (Mtb) that most often affects the lungs. To date, TB claims
the second largest number of victims due to a single infectious agent right after
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Human Immunodeficiency Virus and Acquired Immune Deficiency Syndrome
(HIV/AIDS) [39]. According to the WHO data published in April 2011 the TB
case detection rate (all forms) in Cameroon was last reported at 69% in 2010
and the TB deaths reached 3,647 or 1.54% of total deaths. The age adjusted
death rate of 21.89 per 100,000 of population ranks Cameroon 68th in the world
[39].

Adult mortality has a significant effect on national economies, through both
the direct loss of productivity among those of working age and by altering fer-
tility, incentives for risk-taking behavior, and investment in human and physical
capital [24]. TB is the most important cause of adult death due to infectious
disease after HIV/AIDS. TB has its greatest impact on adults between the ages
of 15 and 59 [38]. Therefore most economically productive persons in society,
parents on whom development and survival of children depend, are affected. TB
places an extraordinary burden on those afflicted by the disease, their families,
communities and on government budgets. In fact, the greatest burden of TB
falls on productive adults who, once infected, are weakened and often unable to
work. The burden of taking care of sick individuals usually falls to other family
members and, besides putting them at greater risk of infection, can lower their
productivity [24]. Diagnosed individuals with TB are often medically quar-
antined for a period of time, which can affect their financial well-being. The
infected population has an economic impact on their families and in turn their
countries’ national economies through their inability to contribute financially,
as they are often unable to be productive workers. Along with loss of produc-
tivity, the TB treatment charge can be for the Government significant. Average
household spending on TB can account for as much as 8 — 20 percent of annual
household income, varying by region [13, 35].

Some TB models in the literature have discussed control of the disease by
looking at the role of disease transmission parameters for time dependent con-
trol strategies. Time dependent control strategies have been applied for the
studies of HIV models [15, 22], two strain tuberculosis models [21], a TB model
with lost sight class to reduce the rate by which people become lost sight [14],
and a SARS model with quarantine [41]. Some authors [19, 33] discussed the
optimal control on a model with reinfection. Time dependent optimal controls
on chemoprophylaxis of both diagnosed and latently infected individual, and
disease relapses are considered in [1] to reduce the actively infected individ-
ual populations. In their recent article, Silva and Torres [37] studied the time
optimal control of TB in Angola using a model with early and persistent la-
tency. Approaches of studying control strategies produced valuable theoretical
results which suggest or design epidemic control programs. However, none of
the previous studies considered the key combined role of undiagnosed infectious
population and quiting of the treatment on TB propagation. The goal in this
paper is to minimize the number of people who are undiagnosed infectious, lost
sight, thus also the number of people who die due to the infection. The number
of TB new-cases, even if the success rate of treatment remains the same will
decrease implicitly. In this paper, we compute an optimal way to minimize the
cost of TB on a calibrated model taking into account the Cameroonian last



trend of the diseases and resulting parameters. The TB cost here means the
expenses to fight TB and save human life.

Two control strategies are considered. The first consists of education of the
population about TB and large scale diagnosis campaigns. Through education,
one can decrease the number of undiagnosed infectious people inside the pop-
ulation. Using the combined effect of education and free of charge treatment,
one can first reduce the number of people infected in the population, make re-
turn people who have quitted the treatment to the hospital and accelerate the
detection of newly infected people who would stay to be treated naturally or
through self-medication and traditional medicine. A proportion of them will
die without appropriate treatment. According to FAO, less than 73% of the
Cameroonian population goes to the hospital after first disease symptoms. Be-
cause of the inaccessibility of certain regions of the country, access to health
facilities is often difficult. Besides treatment facilities, some rural and even ur-
ban population prefer sometimes to use traditional medicine or self-medication
for which the efficiency has not been established yet for TB. An increase in the
treatment access should help to reduce the lost sight and undiagnosed classes.
The immediate consequence will be a reduction in the number of infectious and
then, on the number of diagnosed infectious.

The second TB control approach is the chemoprophylaxis treatment. Ac-
cording to the National Committee of Fight against TB (NCFT), the chemopro-
phylaxis of latently infected population is currently not practiced in Cameroon.
The number of latently infected individuals that may develop an active TB will
decrease if the chemoprophylaxis is practiced. The impact of both strategies
on TB dynamics will be discussed. We intend to determine optimal control
strategies that minimize not only undiagnosed infectious but also lost-sight and
diagnosed infectious individuals which are the source of TB spread. The optimal
controls are completely characterized and optimal solutions are depicted.

2. Modeling intervention methods

Mycobacterium tuberculosis (Mtb) spreads through the air from an infectious
person to a susceptible person. Two kinds of tests are used to determine if
a person has been infected with TB bacteria: the tuberculin skin test and TB
blood analysis. A positive TB skin test or TB blood test only tells that a person
has been infected with TB bacteria and does not tell whether the person has
latent TB infection or has progressed to TB disease [12]. Other tests, such as
a chest X-ray and a sample of sputum, are needed to see whether the person
has TB disease. Some TB treatment and prevention options are carried out
in some rural and urban hospitals in Cameroon. However, the treatment of
mild infections, classified as latent infections in our model, is not effective in
Cameroon. On the other hand, infective individuals classed as infectious in our
model, require a hard treatment of six months in the hospital. As preventive
measures, population can be diagnosed, and latent TB infections can be treated
to reduce the bacterial load in their body. This last approach effectively reduces
the risk that TB infection will progress to TB disease. Certain groups are at



very high risk of developing TB disease once infected. Every effort should be
made to begin appropriate treatment and to ensure completion of the entire
course of treatment for latent TB infection [12].

A finite (non-constant) total population at time ¢, denoted by N(¢), is sub-
divided into the following mutually exclusive sub-populations:

S susceptible : healthy people not yet exposed to TB
E latently infected: exposed to TB but not infectious

I diagnosed infectious: have active TB confirmed after a sputum examina-
tion in a hospital

J undiagnosed infectious: have not yet been to a hospital for diagnosis but
are active for confirmation by a sputum examination

L lost sight: people who have been diagnosed as having active TB, begun
their treatment and quitted before the end

R recovered: people cured after treatment in the hospital

In Africa, reliable TB tests [23] are often missing or too expensive. Hence, TB
diagnosis based on a single sputum examination can often only be classified as
“probable” or “presumed”, and cannot detect cases of less infectious forms of
TB [40]. Therefore, the model is based on the following assumptions, established
from behaviours of people in different epidemiological classes.

1. Mtb transmission from diagnosed infectious to susceptible population, due
to education on the infection is limited. it is therefore modeled using a
standard mass action or frequency-dependent force of infection.

2. Mtb transmission from undiagnosed infectious to susceptible population,
due to their level of education on the disease is modeled by a density-
dependent force of infection.

These arguments abide on the fact that diagnosed infectious people are in
most cases hospitalized for at least 2 months or are advised to lessen their infec-
tiousness in their residing neighbourhood. Their distribution in the population
is not necessarily homogeneous. Since undiagnosed infectious remain inside the
population, there is an unlimited possibility of contacts with the susceptible
population [3]. We therefore assume a density dependent force of infection for
hospital inmates [4].

All recruitment is into the susceptible class and occurs at an average scale A.
The fixed rate of non-disease related death is p, thus 1/p is the average lifetime.
Susceptible individuals acquire TB infection from individuals with active TB
and lost sight at a rate v(I,J, L) is given by

WILJLL) = i + o + s 1)

where 3;, i = 1,2, 3, are the effective contact rates of diagnosed, lost sight and
undiagnosed infectious sufficient to transmit infection to susceptible people. The



effective contact rates (; in a given population for tuberculosis are measured in
effective contacts per unit time. This may be expressed as the product of the
total contact rate per unit time (7;) by the risk of infection (¢;) given contact
between an infectious and a susceptible individual, 8; = n;¢;. This risk is called
the transmission risk. A proportion p of the latently-infected individuals develop
fast active TB and the remainder (1 —p) develop latent TB and enter the latent
class E. Among latently-infected individuals developing active TB, a fraction
f is assumed to undergo a fast progression directly to the diagnosed infectious
class I, while the remainder (1 — f) enters the undiagnosed infectious class .J.
We set

p1=pf and py =p(l—f).

Once latently infected with Mtb, an individual will remain so for life unless
reactivation occurs. Latently infected individuals are assumed to acquire some
immunity as a result of infection, which reduces the risk of subsequent infection
but does not fully prevent it.

Due to endogenous reactivation, a fraction 1 — r; of latently infected indi-
viduals who did not receive effective chemoprophylaxis become infectious with
a constant rate k, and reinfect after effective contact with individuals in the
active TB classes or lost sight at a rate

A = o1v(I, J, L),

where o is the factor reducing the risk of infection as a result of acquiring immu-
nity for latently infected individuals. Among latently infected individuals who
become infectious, the fraction A is diagnosed and treated under the ”Stop TB”
program, while the remaining 1 — h is not diagnosed and becomes undiagnosed
infectious J. We assume that after some time suffering from TB, some undiag-
nosed infectious decide to go to hospital with a rate 6. Also, we assume that
among diagnosed infectious who had begun their treatment therapy, a fraction
ro of I has taken all the dose and has made all the sputum examinations and
will be declared cured from the disease. Some diagnosed infectious who have
not finished their dose of drugs and sputum examinations or whose treatment
was unsuccessful, will not return to the hospital for the rest of sputum exam-
inations and check-up. They will enter the class of lost sight L at a constant
rate a. Lost sight can return to the hospital at a constant rate §. As suggested
by Mwrray et al. [29], recovered individuals can only have partial immunity.
Hence, they can undergo a TB reactivation or relapse with a constant rate ~.
The remainder can be reinfected (exogenously) after an effective contact with
individuals in the active TB classes and lost sight at a rate

A’I" = UQV(Ia JaL)a

where o5 is the factor reducing the risk of infection as a result of acquiring
partial immunity for recovered individuals. Due to their own immunity, tra-
ditional medicine, natural recovery and drugs bought in the street (practised
in sub-Saharan Africa), a fraction of lost sight and undiagnosed infectious can



spontaneously recover at constant rates p and w, respectively and enter the la-
tent class F and recovery class R respectively. A description of the parameters
is summarized in Table 1.

Controls are represented as functions of time and assigned reasonable upper
and lower bounds. In [27, 28], it has been shown that undiagnosed infectious
population plays a fundamental role on TB propagation through sensitivity
analysis. Therefore, the optimal control strategies aim to minimize the number
of undiagnosed infectious and lost sight in the population. First, u(t) represents
the effort on education which allows people to go to the hospital, to be diagnosed
early and treated from the disease (to reduce the number of individuals that
may be undiagnosed infectious). Second, v(t) measures the rate of treatment of
TB latent infections in each time period. The whole model flow diagram with

oov(I, J, L)

p+ds

(p1 + pou(t))v(I,|J, L)

3(1 + u(t))

(1= py — pgyw Y h(1 =71 — v(®)(k 3

2
) 61 + u(t))

pou(t)v (I, J, L) ¢
®+ do

Figure 1: Transfer diagram for a transmission dynamics of tuberculosis.

control is shown in Figure 1, and given as ODE system (2) below.

S = A—u(I,J,L)S — usS,
E (1 —p1 —po)v(I,J,L)S + pJ + oav(I, J,L)R
] — 01(1 -7 —’U(f))l/([, J, L)E—AlE,
I = (p1+pou(t)v(l,J,L)S + (1 +u(t))dL + (1 +u(t)dJ + R

+ h(l—=r1—v(t)(k+o1v(l,J,L)E — As(t)1,
j = p2(1 —wu(t)v(I,J,L)S+ (1 —=h)(1 -1 —v(t))(k +ov(I,J,L))E — AsJ,
L = o—u(t)l— AL,
R rol +wL — oov(I, J,L)R — AsR,

(2)
with

Ai(t)=p+k(l—ri —o(t), Ay=p+di +7r2+ a(l —ut)),
As()=p+de +0(1+u(t)) +p, As=p+ds+5(1+u(t)) and As =~ + p,

subject to the initial conditions

S(0)=So, E(0)=Ey, I1(0)=1I,, J(0)=Jo, L(0)=Lo R(0)=Ry.
(3)

Table 1 presents parameter values and descriptions. The control functions u(t)
and v(t) have to be bounded and Lebesgue integrable functions. wu(t) represents



supplementary time dependent efforts of education campaigns, applied during
a time interval [0, 7] to the whole population. The control function v(t) mea-
sures the time dependent efforts on the preventive treatment of latently infected
individuals to reduce the number of individuals that may be infectious. This
control will have an impact on the output flow of people from the latently in-
fected class to infectious classes. The coefficient 1 — u(t) is a decreasing factor
for fast route flow to undiagnosed population as result of education. This fac-
tor aims to reduce the number of people becoming fast undiagnosed infectious
and developing cavitation. The coefficient v(t) represents the effort that pre-
vents the inflow to the undiagnosed infectious classes to reduce the number of
undiagnosed individuals developing cavitation. Our control problem involves
the number of individuals with latent and active tuberculosis infections and the
cost of applying chemoprophylaxis education and treatment controls w(t) and
v(t) to be minimized subject to the differential equation (2). A description and
the estimated values of the parameters is summarized in Table 1 such that the
model fits with TB dynamics in Cameroon from 1994 —2013.

Note that in equation (2) the control u(t) moves infectious individuals from
classes J and L to class I and decreases the evolution to J and L classes.
However, the control v(t) reduces the progression rate from the latently infected
class to the infectious classes. Since treatment effectively decreases the number
of infectious individuals in the population, the control functions may provide
a model of the impact of education and chemoprophylaxis of both latent and
active infection.

Comparison to measurement data

Numerical simulations of model system (2) are carried out using a lin-
early implicit Euler scheme in Matlab, version R2009. The total population
of Cameroon in 1994 is given by N = 13,240,337 [31]. Using measurable data,
model (2) gives a very good fit to the Cameroonian data for the period 1994-2010
[39], as depicted in Figure 2. Estimated transmission parameters are performed
using a state of the art Gauss-Newton Method as presented in [27, 28] and
the deterministic model appears to capture all the qualitative properties of the
observed pattern. Hence, model (2) can be used to gain realistic insight into
tuberculosis transmission dynamics at least for a limited period.

3. Modeling the optimal control problem

The goal is to solve the following problem: given initial population sizes of
all six classes, Sy, Fy, Iy, Jo, Lo and Ry find the best strategy in terms of efforts
of education or chemoprophylaxis or both, that would minimize the number of
people who die from the infection while at the same time minimizing the cost of
the strategy. There are various ways of expressing such a goal mathematically.
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Figure 2: Evolution of model (2) showing the estimated state trajectories of susceptible,
latently infected, diagnosed infectious, undiagnosed infectious, lost sight, recovered and total
population classes. The dot plots represent the year-by-year trend and variability in yearly
case reports over the period 1994-2010.

Formulation

The total cost on a finite time horizon [0,7] consists of the cost induced
by the disease itself and the cost induced by education and chemoprophylaxis
efforts. We split the disease costs into costs induced by death due to TB,

[ Bt + o + astaar,
0

proportional to the total number of deaths, and those induced by treatment of
diagnosed infectious,

T
/ BoI(t)dt,
0

proportional to the number of patients and duration of treatment. Modelling the
control cost is a more delicate issue. Linear and quadratic costs are frequently



Parameters Symbol  Estimate /yr Source

Recruitment rate of susceptible A 679685 [27, 31]
Transmission rate B, B2 1,4 [27, 5]
Transmission rate B3 6.05681 - 10796 [27]
Fast route to infectious class P1 9.36432- 1079 [27]
Fast route to undiagnosed D2 2.43736 10792 [27]
infectious class

Reinfection parameter of latently o1 2.38390 - 107 [27]
infected individuals

Reinfection parameter o) 0.7 (p1 +p2) [27, 2]
of recovered individuals

Slow route to active TB k 3.31390- 1079 [27]
Natural mortality 1w 1/53.6 [27, 5, 31]
TB mortality of diagnosed infectious dy 0.139 [27, 5]
TB mortality of undiagnosed infectious — ds 0.413 [27]
TB mortality of lost sight ds 0.20 [27]
Chemoprophylaxis of latently r 0 [27, 32]
infected individuals

Detection rate of active TB h 0.828248 [27]
Recovery rate of diagnosed infectious 9 0.758821 [27, 32
Recovery rate of lost sight w 0.5 [27]
Recovery rate of undiagnosed infectious p 0.131140 [27]
Relapse of recovered individuals v 8.51257-10792  [27]
Diagnosed infectious route a 0.216682 [27]

to the lost sight class

Lost sight route 5 0.39 [27]

to the diagnosed infectious class

Diagnosed rate 0 0.495896 [27]

Table 1: Estimated numerical values of the TB model parameters as presented in [27, 28]

considered in the literature [9, 18, 20, 21, 36, 30], as well as no cost at all but a
limitation of resources [6]. As we consider rather long time horizons, limitation
of resources is neglected. We impose a control cost

/0 (bu(ut) + by (v)dt

and state qualitative properties of the functions b, and b,. As no control induces
no cost, we have b, ,(0) = 0. We assume that the different means of education
(TV spots, school education, doctors visiting remote villages etc.) and chemo-
prophylaxis for latently infected people are employed in an economically optimal
way. This implies that improving results, i.e. increasing u or v further, not only
leads to additional costs, but does so increasingly, because cheaper means of
control are already exploited. Thus, b, , is monotonely increasing and convex.



Finally, extending education and chemoprophylaxis to everyone even in the most
remote village will lead to unreasonably high cost. This is modelled as barrier
property by, — 00 as u,v — 1, which also eliminates the necessity of imposing
state constraints u,v < 1.

A plethora of monotone, convex barrier methods is available. Choosing a
particular one in a quantiatively well-justified way would require a detailed
understanding of the cost and effectivity of several different control means. In
lack of such models and data we choose prototypical monotone, convex barrier
functions

bu(u) = Cru — Calog(l —u), by(v) = Civ — Cylog(l —v)

without further justification.

Finally, optimization over a finite time horizon can be misleading, as the op-
timizer ignores the sustainability of the situation and hence any cost that might
arise after the final time. For this reason, we include an additional final time
term, which penalizes the deviation of the population yy (t) = (I(t), J(t), L(t))
from the disease-free equilibrium y* = (0,0,0):

Dslya(T) = y*|5-
The overall objective is now

J(u, 1)) == fOT{Bl (dlj(t) + dQJ(t) + dgL(t)) + BQI(t) + Clu(t) + Dl’U(t)
—  Calog(l — u(t)) — D2 log(l — v(t))}dt + Dslya (T') — y*|I3-

The set of admissible controls is defined as follows.
T = {u,ve LYO, D) (u(t),o(t) € 0,1] x [0,1] Ve 0,71} (4)
Thus, we seek an optimal control pair (u*,v*) such that

J(u*,v") :n%inJ(u,v). (5)

3.1. Emistence of an optimal control solution

Let us consider an optimal control problem having the form

T
J(u,v) = /0 g(tvy(t),U(t)vv(t))dHIIy(T)—y*HQ—>g}£ (6)
subject to

{ Y= f(t,y(t),u(t),v(t)),

y(to) = Yo-

where y = (S, E,I,J,L,R) and f is the right hand side of system (2). We
analyze sufficient conditions for the existence of a solution to the optimal control
problem (6).
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Theorem 3.1. There exists an optimal control pair (u*(t),v*(t)), and corre-
sponding solution S*, E*, I*, J*, L*, R* to the state initial value problem (2)
that minimizes J(u,v) over T.

Proof: We refer to the conditions in Theorem III.4.1 and its corresponding
corollary in [16]. The requirements there on the set of admissible controls and
on the set of end conditions are clearly met here. The following nontrivial
requirements from Fleming and Rishel’s theorem are listed and verified below:

A The set of all solutions to system (2) with corresponding control functions in
T (as given in equation (4)) is nonempty.

B The state system can be written as a linear function of the control variables
with coefficients dependent on time and the state variables.

C' The integrand ¢ in equation (6) is convex with respect to parameters u and
v and additionally fulfills

g(t7 S7 E,I, J,L’R7 u’”) 2 Cl | (u7 v) |T _CQ’
where ¢y > 0 and 7 > 1.

In order to establish condition A, we refer to Theorem 3.1 by Picard-Lindelof
[8, 10]. If the solutions of the state equations are a priori bounded and if the
state equations are continuous and Lipschitz-continuous in the state variables,
then there is a unique solution corresponding to every admissible control pair
in I

It is easy to see that the state system is continuous and bounded. It is also
straightforward to show the boundedness of the partial derivatives with respect
to the state variables in the state system, which establishes that the system is
Lipschitz-continuous with respect to the state variables (see [7], page 248). This
completes the proof, thus condition A holds.

Condition B is verified by observing the linear dependence of the state equa-
tions on controls u and v.

Finally, to verify condition C' we note that the integrand g of the objective
functional is clearly convex in the controls. To prove the bound on g we note that
by the definition of « and v, we have Cu? < Ciu < C1, and thus, Ciu? — C; <
Ciu — C1 < 0; therefore,

g(t,S,E, I, J,L,R,u,v) = Byi(diI(t)+daJ(t)+ dsL(t)) + B2I(t) + Chu(t) + Dyv(t)
Cylog(1 — u(t)) — Dalog(1l — v(t))

min(Cy, D1)(u+v) — Cy

min(Cy, Dy)(u? +v?) — Cy

vV v

This completes the proof. 1
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3.2. Characterization of optimal controls
Let us consider an optimal control problem having the form

T
Juv) = / ot y(8), u(®) () dt + [(T) =y || — min (7

subject to
{ g = fty),u),v()),
y(to) = yo,
and constraints

u(t)

(t)

Pontryagin’s Maximum principle [34] allows to utilize costate functions to trans-
form the optimization problem to the problem of determining the pointwise min-
imum relative to u* and v* of the Hamiltonian. The Hamiltonian is built from
the cost functional (4) and the controlling dynamics (2) derive the optimality
conditions:

H(t,S,E,I,J,L,R,u,v) = By (d1I(t) + doL(t) + d3J (t)) + B2I(t) + Cru(t)

0,
0.

ANV,

—Cylog(1 — u(t)) + Dro(t) — Dalog(l — v(t)) + M (A — (I, J, L)S — uS)

2 (1= p1 — p2)v(I, J,L)S + pJ + oov(I, J,L)R — 01(1 — 11 — v(t))w(I, J,L)E — A E)
+ 23 ((p1 4 pou(®) (I, J,L)S + (1 4+ u(t))0L + (1 + u(t))8.J +vR)

X3 (h(1 =711 — () (k + o1v(I, J, L)) E — Ay(t)])

h (p2(1 — u(®)w(I, J,L)S + (1 — h)(1 — 1 — v(t))(k + ovv(I, J, L))E — AzJ,)

+A5 (a1 —u(t))] — A4L) + X6 (rol + wL — o9v(I,J,L)R — A5R)
(8)
where the \;, i = 1,--- , 6 are the associated adjoints for the states .S, E, I, J, L
and R. The optimality system of equations is found by taking the appropriate
partial derivatives of the Hamiltonian (8) with respect to the associated state
variable.
The following theorem is a consequence of the maximum principle.

Theorem 3.2. Given an optimal control pair (u*,v*) and corresponding solu-
tions to the state system S*, E*, I*, J* L*, R*, that minimize the objective
functional (1), there exist adjoint variables A1, A2, A3, A1, s, and Ag, satisfying

ah
dt

pAL — ((ﬁlf-i- BzL)NN—_QS + BsJ)
(=M 4+ (1 —=p1 —p2)Aa + (p1 + pau(t)) Az + p2(1 — u(t))Aa) 9)
b (Bl + BQL)% (o1 (1 = 11 — 0(8)E (—Aa + hds + (1= B)Ag) + 09 R (A — Ao)]

X

12



s
dt

a
dt

ah
dt

dAs
dt

dXe
dt

+

(BT + ﬂzL)%(—)\l + (1 =p1 —p2)A2 + (p1 + p2u(t))As + p2(1 — u(t)) A1)

(BuT + B2L) g0 — o) + ks (10)

(1 =71 —v()) [((5114— 52”% + BaJ) o1+ k] (=A2 +hAz + (1 — h)\s)

- (SM — (Bl M)) (“h1 4 (1= p1 = p2)a + (b1 + pou()s + pa(l — u(t)Ae)

N2
(BlN — (]B\;QI + ﬁ2L)) [01(1 —ry — ’U(t))E (—)\2 + hA3z + (1 — h))\4) + oo R (/\2 — )\6)]
(,u + dl))\g - TQ(AG - )\3) - 04(1 - ’UJ)()\5 - Ag) - Bldl - B2 (11)
—Bido — R (—611;]_262‘[/ + 63) o2(Aa2 — Xg) (12)
s (—W;i“) " ﬂs) (=21 + (1= p1 = p2)da + (01 + pou()s + pa(1 — u(t)ha)
(W + ﬂg) Eoy(1— 11— v(t))(— s + hAs + (1 — h)A)

p(A2 = Ag) + (4 d2)Aa — (1 +u(t)) (A3 — A1)

B <852N — (B + B2L)
N2

) (=M1 + (L = p1 —p2)Aa + (p1 + p2u(t))As + p2(1 — u(t)) A1)

(ﬂQN - (]ﬂvlj + ﬂzL)) [01(1 —r1 —0(t))E (=A2 + hAs + (1 — h)As) + 02 R (A — Xg)]
(4 ds)As — 0(1 +u(t)) (A3 — As) —w(Ae — As) — Bids (13)
W(_/\l + (1 =p1 = p2)Xa + (p1 + p2u(t)) A3 + p2(1 — u(t))As)
((511+ﬁ2L)% +53J> o2(A2 — Ag) + phe — v( A3 — Ag) (14)

E(B11+ B2L)

o (L= 11— u() (<A + b+ (1= h)A)

with terminal conditions

AM(T) =0, Xo(T) =0, A\3(T) =2D3(I(T) — Io),

(15)

M(T) =2Ds(J(T) = Jo), As(T) =2D3(L(T) — Lo), A¢(T") = 0.

Furthermore, we may characterize the optimal pair by the piecewise continuous
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Sfunctions

Cs
* = O7 1+ )
“ Hax < C1 + ({1, J,L)Spz + 07)(As — A1) + (OL + ol ) (A3 — )\5)>
Dy
- 0.1 . (16
v Hax ( A D (1L I L) + B E(—ha + s + (1= h)/\4)) (16)

Proof: The result follows from a direct application of a version of Pontryagin’s
Maximum Principle for bounded controls [25]. The differential equations gov-
erning the adjoint variables are obtained by differentiation of the Hamiltonian
function (8), evaluated at the optimal control. Then the adjoint system can be
written as dictated by the Maximum Principle, by the equations

d\ oH dXa oH

5 = ae MM)=0, = —om M(T) =0,
% = —%—l;[, A3(T) = 2D5(I(T) — Io),

% _ _‘;_5[, M(T) = 2D3(J(T) = Jo),

% _ _g_i[, As(T) = 2D3(L(T) — Lo),

% = —g—g, As(T') =0,

evaluated at the optimal control pair (u*,v*) and corresponding states. This
results in the stated adjoint system (9)-(14).
Finally, the optimality conditions require that,
OH 0H
ou  ov
for the optimal pair (u*,v*), on the interior of the control set, and this con-

dition is simplified in equations (16) with special attention on control arguments
involving the bounds on the controls as defined with I' in equation (4). O

(17)

4. Numerical simulation of optimal controls

Optimal educational and chemoprophylaxis strategies are obtained by solv-
ing the optimality system, consisting of 12 ODEs from the state and adjoint
equations above. An iterative method is used for solving the optimality sys-
tem. The state system with an initial guess is solved forward in time and then
the adjoint system is solved backward using the transversality conditions. Note
that, since the model is not stiff, a number of numerical scheme for ODEs in
the literature may solve forward as well as backward the optimality problem
which is used here. From model (2), we generated the state values of different
epidemiological classes for the year 2015 using data in Tables 1 and .2. The
initial values are thus defined as

So = 4,950,585, Eo = 15,594,821, Ip = 21,392, Jo = 13,009,

Lo=3,723 Ry =139,455 and Ny = 20,722,985, (18)
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representing model predictions for years 2015. These initial population sizes
will be used throughout the rest of following paragraph.

For the sake of realism, we have chosen to implement the optimal control over
10 years on model (2), because we assume that it remains realistic enough to
reproduce the dynamics of TB in Cameroon over this period, also according to
new development strategy presented by the Cameroonian government. Another
approach for optimal control could be the infinite time arising case, to follow the
longterm optimal control of TB in Cameroon. However, since parameters can
change, it is suitable on stochastic systems. We have chosen a 10 years horizon
optimal control approach to describe the impact of educational campaign on TB
dynamics. However, most numerical simulation will be performed on 25 years,
to minimize the influence of the final time arising over the 10 first years.

Throughout the iterations, a lower bound ug = vg = 0 will be keep for the
control through a projection of v and v on the interval [0, u,,] X [0, v,,] where
Uy, = Uy, = 1.

Step size. An appropriate ODE integrator as well as an efficient optimal con-
trol update should exert some adaptive control over its own progress, making
appropriate changes in its step-size. Usually the purpose of this adaptive step-
size control is to achieve some predetermined accuracy in the solution with
minimum computational effort. Implementation of adaptive step-size control
requires that the stepping algorithm return information about its performance,
most important, an estimate of its truncation error. Obviously, the calculation
of this information will add to the computational overhead, but the investment
will generally be repaid. In this work, an adaptive step-size control implemented
in the software Dopri5 [11] will be used to solve forward the states equations
and backward the adjoint equations. The control at the end of each iteration
have been chosen to be updated through u¥ = u* when u* is the value from
the characterizations in equation (16). The same type of update is used for the
second control function v update (v¥ = v*). In contrast with the traditional
convex combination used frequently in the literature to implement the FBSM
[26, 25], this update appeared to be faster and lead to the same result. The
choice of the control updates is justify by the speed of convergence to the op-
timal solution which happened fast (after less than 3 minutes of computation).
Time points chosen by adaptive step-size control generally do not agree with
discretization points of the controls. An integrator with dense output is used
to solve the problem. It constructs an interpolation polynomial based on the
available solution such that accuracy is not destroyed.

Stopping criteria. The optimal control iterations continue until convergence
when the relative update between all state variables, the adjoint functions and
the control functions are less than a defined value TOL, i.e.

k—1
N |

min

<TOL
i (B4
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where x; is either a state variable, the adjoint function or the control. The
value TOL = 0.0001 is used in this numerical simulation. Parameter values are
defined in Table 1 and data in Table .2 will be divided by 10000 in order to
obtain a well scaled system.

4.1. Optimal educational strategy

Let us first focus on the optimal educational strategy for the population of
Cameroon. Numerical simulations are performed using the FBSM for D, =
D5 =0 when v = 0. Then, the optimal control problem is defined by

Jw0) = [y g(ty(t), u®)dt + [[y(T) =y ||* — min
subject to
{ Y= f(tvy(t>a u(t))v

y(to) = yo-
where y = (S, E,I,J, L, R),
g(t,y,u) = By(diI(t) + daJ(t) + d3L(t)) + BaI(t) + Cru(t) — Colog(1 — u(t))

and f the right hand side of system (2).

Figure 3 shows a time optimal educational schedule for T" = 10 years. Here
and on all following figures, S, E, I, J, L and R stand for susceptible, latently
infected, diagnosed infectious, undiagnosed infectious, lost sight and recovered
population when wu is the effort in educating and diagnosing the population.
It appears that the disease burden will indeed decrease due to the influence
of education u. Figure 3 (c¢) reveals an increase of the number of diagnosed
infectious for one year as result of the campaign. After one year, the number of
undiagnosed infectious drops and be less than the expected number after 3 years
without the control. As a result of the decrease of the number of infectious, the
susceptible population will increase and the recovered population will decrease
(Figure 3 (a) and (f)). The control function in Figure 3 (u) is continuous and
decreasing with respect to time.

Figure 4 illustrates the convergence of the FBSM throughout the iterations
when only education is applied in the population. It appears from the Figure
that at the end of the iterations, the norm of the Hamiltonian’s gradient goes
very close to 0.

4.2. Optimal chemoprophylazis strategy
Setting C; = Cy = 0 and u = 0 in system (2), the corresponding cost
function is defined by

T
JU(U) = /0 {Bl (dll(t) + ng(t) + d3L(t)) + BQI(t) + Dl’U(t) — Do log(l — ’U(t))}dt
+ Dslly(T) —y*|* (19)

Figure 5 presents the numerical results of a chemoprophylaxis optimal control
on the dynamics of TB in T = 10 years. It reveals that the population of
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Figure 3: Simulations of the TB model (2) showing the effect of optimal educational and
diagnosis campaign rates on the TB infection.
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Figure 4: Evolution of the norm of the Hamiltonian’s gradient throughout iterations corre-
sponding to the educational only optimal strategy.

infectious will drop for five years when the control strategy will be implemented,
but increase again after. The reverse effect will be observed for the susceptible
population. Results in Figure 5 show that chemoprophylaxis of latently infected
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Figure 5: Simulations of the TB model (2) showing the effect of optimal chemoprophylaxis and
treatment rates against constant education and treatment rates on the infected population.

population may delay the TB propagation, but cannot eradicate the disease.
The chemoprophylaxis strategy will decrease the number of infected population
by more than 40 percent during the 10 years of optimal control. The fact
is that chemoprophylaxis does not reduce the contact between infectious and
susceptible population, but only minimizes the evolution to the disease for the
latently infected population. In the presence of fast progression, this strategy
can not lead to a satisfactory way for reducing TB if applied without further
efforts.

Similarly to Figure 4, an analysis of the Hamiltonian can reveal the conver-
gence of the FBSM.

4.8. Optimal education and chemoprophylazis

Let us find now the optimal schedule for both education and chemoprophy-
laxis on the population using data from Cameroon. For the Figures presented
here, we assume that the weight factor C; associated with control u is smaller
than D; which is associated with control v. This assumption is based on fol-
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lowing facts: the cost associated with chemoprophylaxis v will include the cost
of screening and treatment programs, and the cost associated with u including
those of educating people about the TB diagnosis in the hospital or sending peo-
ple to watch the patients to finish their treatment. Treating an infectious TB
individual takes longer (by several months) than treating a latent TB individual
[21].

To minimize the total number of TB induced death, the optimal control
u decreases during the T' = 25 years and v is also decreasing from the upper
bound, while the steadily decreasing value for w is applied over the most of
the simulated time, T" = 25 years. The initial conditions used in this case are
extracted from numerical simulations of the model corresponding to year 2015.
Combining chemoprophylaxis and education, the burden of TB can be reduced
by 80% in 10 years.
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Figure 6: Time series of model (2) results from optimal education and diagnosis campaign and
chemoprophylaxis strategies (dashed lines) compared with of no education and chemoprophy-
laxis control strategies (plained lines). Without education and chemoprophylaxis, the number
of infectious increases little and the number of susceptible decreases little. In the presence of
education and chemoprophylaxis, the opposite effect is observed.
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The convergence of the FBSM throughout the iterations when both control
strategies are applied has been again verified through the Hamiltonian gradient’s
norm.

4.4. Impact of the objective functional parameters

The sensitivity of the optimal control with respect to constants such as C1,
Cs, D1 and D5 is a well known and recurrent question. In this paragraph, we
present the optimal control solutions for several values of Cy, Cs, Dy, and Ds.
Figure 7 illustrates how the optimal control strategies depend on the param-
eter C1,C5, D1, and D>, which are the coefficients of the logarithmic and the
linear part of the objective functional defined in equation (4). Coefficients Dy,
and Ds show the influence of the logarithmic non-linear term on other control
parameters. These parameters values may vary from place to place depending
on many factors including living conditions and culture. In Figure 7 and 8 the
controls u and v are plotted as a function of time for the 6 different values of
Cy = Cy € {1,21,41,61,81,101} and Dy = D9 € {1,21,41,61,81,101}. Other
parameters are fixed as in Tables 1 and .2. Figure 7 and 8 show that the coeffi-
cients play a decreasing role on the control while state values remain almost the
same as C7 = Cy and Dy = D5 increases. The values C1 = Cy and D1 = Do
have been chosen to express the particular case where the amount of money for
educational and chemoprophylaxis campaigns are available in different propor-
tion.

Figure 11 presents the dynamics of controls as function of non linearities
on the cost function. To analyse the impact of the logarithmic part on the
cost function, we assumed Cy = Dy — 0, which are the coefficients of the
logarithmic part of the objective functional defined in equation (4). In the
case C1 = Dy = 20 have been used and for different values of Cy = Dy €
(le —9,0.01). The result presented in figure 11 u; and v illustrates that the
non logarithmic expression prevent the control for reaching the maximum value
1. When Cy = Dy — 0, the obtained results tends to the bang-bang control.
When C; = D; — 0 (see, figure us and vy ), the control does not reach the
maximum value.

Figure 10 illustrates the convergence of the FBSM throughout the itera-
tions. It appears that the linear convergence of the FBSM is barely affected by
parameters changes.

4.5. Impact of the final time

The sensitivity of the optimal control solution with respect to the final time
T is also a well known and recurrent question. In this paragraph, we present the
optimal control solutions for several values of T'. Figure 11 illustrates how the
optimal control strategies depend on the final time T of the control strategies. It
comes out that the educational campaign is sensitive on with respect to the final
time arising optimal control, however, an analysis of the ten year optimal control
strategy is enough to ensure a low number of undiagnosed in the population. It
can be observed that for 7' = 15, a new campaign have to be implemented at the
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Figure 7: Evolution of model (2) from optimal education and chemoprophylaxis strategies,
dashed lines, compared with that of no education and chemoprophylaxis control strategies
(plained lines) for C1 = C2 € {1,21,41,61,81,101}. Other parameters are presented in
Tables 1 and .2. A large change on u and v with the constance values is observed.

9th years. The same pulse have been observed at the end of each control. This
can be explained by the end condition which ensure the number of undiagnosed
to be as closed as possible to zero. It can be observed that the chemoprophylaxis
strategy decreases to zero depending on the final time of the control. However,
the optimal solution of system (2) is not sensitive with respect to the final time.
This ensures the optimal solution to be reached regardless of the final time used
for the implementation.

5. Conclusion

The TB incidence rates have been declining since 2010 in Cameroon, namely
due to prevention and treatment policies that have been applied in the last
years through “DOTS” and “Stop TB” programs. The reduction of mortality
and incidence rates depend on the effort at country level to implement control
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Figure 8: Evolution of model (2) result from optimal education and chemoprophylaxis strate-
gies, dashed lines, compared with that of no education and chemoprophylaxis control strate-
gies (plained lines) for D1 = D> € {1,21,41,61,81,101}. Other parameters are presented in
Tables 1 and .2. One observes a large change on v and v with the constance values.

policies. One of the most successful TB control methods implemented in the
world is the DOTS strategy. However, in many sub-Saharan countries, the
number of estimated cases of TB infected persons is still very high compared
to the number of diagnosed cases. This made the DOTS program and the new
“Stop TB” program not fully implemented.

In this paper we presented a mathematical model for TB, which takes into
account population of undiagnosed and lost sight infectious, with the aim of
controlling TB propagation through these classes. Optimal time-dependent
prevention policies which consider also the execution cost, are proposed. We
implemented different numerical approaches and we observed that the pattern
of TB can be controlled if in addition of the current “Stop TB” strategy, an
educational and diagnosis campaign, and chemoprophylaxis of latently infected
individuals was performed on the population. The model take into account the
actual data on TB in Cameroon and the rate of success of the treatment. Our
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results show that the implementation of the combined effect of education and
diagnose campaign with chemoprophylaxis of latently infected may reduce by
80 % the TB burden in 10 years. The FBSM converges linearly and robustly.
Numerical simulation showed that change on model parameters does not in-
fluence the convergence of the FBSM. However, a change on the cost function
parameters and the discretization affects the control solution. A possible future
issue consists of quantifying the impact of cost-functional parameters on the
control function and to compare different direct and indirect methods for opti-
mal control. The same method can be applied to TB dynamics with seasonality
or considering a co-infection model of TB with HIV/AIDS and diabetes. From
these analysis, it may be possible to analyze combining strategies to different
kind of diseases.
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