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1 Introduction

1.1 Introduction

1.1.1 Example

A
AN}

T ={1,4,7,9} terminal nodes,
S ={2,3,5,6,8} Steiner nodes
V = SUT nodes

E ={12,17,18,...,89} edges
G = (V, E) undirected graph

d19 = d79 = 1 demand

u. = 1 capacities

P ={1234,789,7183,784,43698} predefined paths
1 ,e+# 36,56

Ce = costs,

2 ,e=36,56.
cp = 1 predefined path costs

a) Minimum Spanning Tree Problem (MST):
Connect V' at minimum cost.
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X1 tree with minimum cost C'(X1) =9



b) Steiner Tree Problem (STP):

Connect T at minimum cost.
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Y; Steiner tree with minimum cost C(Y7) =4

c) 2-Edge Connected Graph Problem (2EC(V)):
Connect V' at minimum cost such that one edge can fail.
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X2 2-edge connected graph with minimum cost ¢(Xs) = 11

d) 2-Edge Connected Subgraph Problem (2EC(T)):
Connect T' at minimum cost such that one edge can fail.
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Yy 2-edge connected subgraph with minimum cost ¢(Yy) =7



e) 2-Node Connected Graph Problem (2NC(V)):
Connect V' at minimum cost such that one node can fail.
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X3 2-node connected graph with minimum cost ¢(X3) = 11

f) 2-Node Connected Subgraph Problem (2NC(T)):
Connect T at minimum cost such that one node can fail.

| l ) Y —— 1N
I—
| |'\:. L
e R .
s
| |r-.'.":_-,
] ™ |

Y3 2-node connected subgraph with minimum cost ¢(Yy) = 11

g) Uncapacitated Network Design Problem (UNDP):
Route demand on shortest paths at minimum cost.
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optimal solution ¢(X4) =3,¢(Rs) =2+4+2=14



h) Capacitated Network Design Problem (UNDP):
Route demand on shortest paths at minimum cost w.r.t. edge capacities.

optimal solution ¢(X5) = 5,¢(R5) =5

i) Spanning Set Problem (SSP):
Connect V' at minimum cost by paths.
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Ps path system with optimal cost ¢(FPs) = 3

j) Steiner Connectivity Problem (SCP):
Connect T" at minimum cost by paths.
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P}, path system with optimal cost ¢(FP}) = 2



k) Uncapacitated Line Planning Problem (ULPP):
Route demand on shortest path at minimum cost by paths.
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optimal solution ¢(P7) = 2,c¢(Ry) =4

1) Capacitated Line Planning Problem (CLPP):
Route demand at minimum cost by paths w.r.t. path capacities.
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optimal solution ¢(FPs) = 3,¢(Rg) =4

1.1.2 Definition (Network Design Problem)

A network design problems involves a (supply) network of potential nodes, edges, ... with
associated costs, travel times, capacities, ... that can be installed such that a transporta-
tion demand between constraint nodes can be routed according to some routing scheme
subject to connectivity, robustness, ... requirements at minimum total construction and

routing costs.
1.1.3 Definition (Graph Theory Notation)

a) V finite set of nodes
E C {{{u,v} : u,v € V}} set of (undirected) edges.
A C {{(u,v) : u,v € V}} set of (directed) arcs.
w € {{(v,v) : v € V}} loop.
G = (V, E) undirected graph.
D = (V, A) directed graph.
H=(U,F),W CV,F C E subgraph of G

E
GW] = (W, {zy € 4 x,y € W}) subgraph of G induced by W C V



W) :={{u,v} € E:ueW,v¢ W} cut induced by W C V
{(u v) € A: uGWvgéW} outcut induced by W C V

(vo, Vo1, V1, -+ + s Vg1, Vk—1Vk, Vk) VovUk-path

if vivi1 € E and v; # v; for all ¢ # j except possibly vy = vg.
Cycle: vgvp-path, i.e. vgui-path with vg = vg, with at least 3 nodes
Hamiltonian cycle: cycle with k = |V| nodes

s,t connected :& There exists a st-path.

G connected < There exists a st-path for all s # t.

G[W] component < W maximal (by inclusion) such that s,t € W connected.

e € E bridge :< G\e: (V, E\{e}) has more components than G.
st k-node connected :< 3 k st-paths with disjoint inner vertices.
G k-node connected :< Vs, t € V : st k-node connected.

st k-edge connected < 3 k st-paths with disjoint edges.

G k-edge connected :& Vs, t € V i st k-edge connected.

G tree :< G is connected and contains no cycle.

G forest :< G contains no cycle.

D arborescence with root v :< Vit # v : 3! vt-path

D branching :< D disjoint union of arborescences

G bipartite : & V=X UY,EC{ay:x € X,y € Y}.

G complete - E={ay:z,y e Vix #y} eVe,yc Ve #y: ay € E.
FCEstcut & IWCV:seW,t ¢ W, F=4§W).

W CV st-node cut :< s,t ¢ W are not connected in G[V\W].

c € RF edge cost.

C(F) = ZeGF Ce
min ¢(p) shortest st-path problem
p st-path

min ¢(T) minimum spanning tree problem
T spanning tree

u € ng edge capacities

X € Qf, stflow :& Vo #s,t: X(0T(v)) = X (6 (v)).
V(X) = X(6T(s)) — X(67(s)) value of st-flow X

X feasible for u & X <u

max  V/(X) maximum flow problem

X feasible flow
min V(X) minimum cost flow problem
X feasible flow of value V

(dst) € QZOXV demand matrix (undirected symmetric case)

X € QVXVXE multi-commodity flow :< V s,t: X5 st-flow

X feasible for u,d &= Vs, teV: V(X =dy,Vee E: Y, X <u,

cT:r multi-commodity flow problem.

min
X feasible multi-commodity flow



1.1.4 Definition (Linear Programming Terminology)

. T .
min ¢* x linear program (LP
min program (LP)

¢ € R™ objective function

A € R™*" constraint matrix

b € R™ right hand side

I <x<u,l eR” ueR”lower and upper variable bounds
P(A,b) ;= {x € R": Ax < b} polyhedron

P(A,b) polytope :< P(A,b) bounded

x € P(A,b) vertex :& Py, 2 € P,A€)0,1[: 2 = Ay + (1 — \2)y

min ¢’z LP in standard form
Azx=b,x>0

P=(Ab) :={z e R": Az = b}
max y’b, dual of min 'z
yT A<LcT Ax=b,x>0

P(A,b) integer :< All vertices of P(A,b) are integer.

1.1.5 Theorem (Linear Programming)

a) P(A,b) nonempty and bounded < 3V € R™** : P(A,b) = conv(V).

b) P(A,b) nonempty and bounded < min ¢’z has an optimal vertex solution.

z€P(A,b)
c) P(A,b) nonempty and bounded & min ¢’z = max y’b.
Az=b,x>0 yTAScT

d) P=(A,b) nonempty with A having full row rank, v vertex of P=(A,b)
= There exists a basis B C {1,...,n} such that Ap = (a;;)i=1,...,m jeB regular,
vp = (vj)jeB = Aélb and vy = 0.

1.1.6 Definition (Integer Programming Terminology)

. T T . .
min ¢ ¢ + d'y mixed integer program (MIP
Ax+Dy=b;x,y>0;x€Z y 8o prog ( )

min c'z 4 d"y LP relaxation of this MIP
Axz+Dy=b;z,y>0
1.1.7 Observation (LP Relaxation)
min e +dly < min e +d'y
Azx+Dy=b;x,y>0;x€Z Az+Dy=b;x,y>0
1.1.8 Definition (Duality Gap, Total Unimodularity)

min le+dy— min 'z + dTy duality gap.
Ax+Dy=b;z,y>0;x€Z Ax+Dy=b;x,y>0

b) A € R™*" totally unimodular :< det A’ € {—1,0, 1} for all square submatrices of A.

1.1.9 Corollary
If (A,D) is totally unimodular,

the LP-relaxation of min c'z 4 d"y is integer.
Ax+Dy=b;x,y>0;x€Z™



1.1.10 Definition (Complexity Theory Notation)

a) I € II C{0,1}* instance (e.g. G)
. % .. 9 %
P:{0,1}* DI — { t0 , f11 } decision problem (e.g. "Is G connected?”)
=true =ralse
A:1I—{0,1},1 — A(I) Algorithm.
Algorithm A solves decision problem P :& VI € II(P) : A(I) = P(I)

I) := length/size of bit string I.

z) = [logy |z| +1]+1 forzeZ

B) = {p) +(q) for £ € Q.

x) =Y (x;) for z € Q"

A) == (a;) for A e Qm*"

G) := > (u) + (v) for a graph G which is stored as edge list

R <f
-

1 wvee
< w ) > if G is stored as node-node incidence matrix.
0 uvé¢e/VxV

= { vee ) > if G is stored as node-edge incidence matrix
0 v ¢ e/ VXE

¢) fa: N — N/n— maximum number of elementary operations (addition, subtrac-
tion, multiplication, division, comparison, assignment) that A needs on a random
access machine (RAM) to process and instance of problem P of size n
(runtime function)
s4 : N = N, n — maximum size of a number that A computes while processing a
instance of problem P of size n
A is polynomial :<
There exist polynomials p,q: fa(n) < p(n),sa(n) < q(n) for all n € N

d) Algorithm A solves decision problem P non-deterministically
= VI € P71(0): 3J € {0,1}: A can prove P(I) = 0 using J.
A is nondeterministically polynomial :< A(-, J(+)) is polynomial.

e) A:P— P'.I — A(I): P(I) = P'(A(I)) transformation from problem P to P’
A polynomial transformation :< A transformation which is polynomial
P set of problems that can be solved by a polynomial algorithm
NP set of problems that can be solved by a non-deterministic polynomial algorithm
NPC set of problems to which every NP problem can be polynomially transformed
P:me{0,1}* — Q optimization problem
P": (m, L) — P(I) < L decision problem associated with P
NPH set of optimization problems with an associated decision problem in NPC

f) Let f,¢g : N — N be functions.
g€ O(f):=3JceN:VneN:g(n) <cf(n) (gis of the order of f).

10



1.1.11 Definition (Satisfiability Problem)
Instance: Literals (boolean variables and their negations) x1, ..., xy,.
Clauses (disjunction of literals) Cy(x),...,Cp(z).

m
Question: Is there a satisfying truth assignment = — {0,1}™ such that A C;(x) =07
=1

1.1.12 Theorem (Cook [1971])
SAT € NPC.

1.1.12 Definition (Subset Sum)
Instance: aq,...,a, € N.

n
Question: Is there I C [n] such that a(I) = %:Iai = 21 G = @
(2 1=
1.1.13 Theorem (Karp [1971])
a) Hamiltonian cycle is NP-complete.
b) Clique > k is NP-complete.
c) Stable set > k is NP-complete.
d) Subset sum is NP-complete.
e) Finding a shortest Hamiltonian cycle is NP-hard.
f) Integer programming is NP-hard.

1.1.14 Example
a) Hamiltonian cycle is NP-complete.
b) Directed Hamiltonian cycle is NP-complete.

Proof. Lecture. O

1.1.15 Algorithm (ggT(a,b))
Input: a,b e N, b >a
Output: ggT(a,b)

Data structure: c € N

1. c<b

2. b<a

3. a4+ c modb

4. If a # 0: Goto 1.

5. Output b

1.1.16 Theorem
fogr(n) € O(n?)
Proof. Every line only contains elementary operations and is thus in O(1). b is at least

halved in every iteration. Hence, the number of loops in step 4 is k < logy b < (b) < n

with respect to the initial value of b.
= fygr(n) <n? € O(n?). O

11



2 Location Problems

2.1 Introduction

2.1.1 Motivation

Given a set V of points (in R™ or in a network N),

find a number of medians (in R™ or N, respectively),

i.e. new points that minimize the distance (e.g. l1,1l2,13,lx) to V.

a) Median point in the plane (Fermat [17th century]):
Given a triangle, find a median (point in the plane)
that minimizes the sum of the distances to the triangle vertices.

b) Location-allocation problem (Weber [20th century]):
As Fermat, but with n > 3 points, p > 1 facilities (medians) and
distance weights wg to account for costumer demands.

c¢) Absolute median problem (Hakimi [1960s]):
V = vertices of a graph,
medians = points on vertices and edges,
dist = distance in graph

2.1.2 Definition (Classification Scheme for Location Problems)
(Hamacher & Nickel [1998])
Input: new locations / domain / specifics / distances / objective, given points

e new locations: p=1 (one), n (many)

domain: N (network), R? (planar), R" (n € N)

specifics: R = ... (restricted positions), B = ... (barrier)

distances: e.g. sp (shortest path), l1, 12,13, I«

objective: > (of distances), max (of distances)
e given points: finite V' C domain (implicit)

Output: P = argmin objective
PC domain w.r.t. specifics
2.1.3 Example (Schobel & Schmidt [2009])
a) Desert well: 1/R?/ - /l3/ >
b) Manhattan fire brigade: 1/R?/R = buildings/l; / max
c) Warehouses: n/N/ - /sp/ >

12



2.2 Medians in the Plane

2.2.1 Definition (Median of numbers)

Let {z1,...,2m} C R be a set of m € N numbers.
argmin m {; m odd

Then med{z;}/", := {{ Bmin, 5 7))

[argmin%{xi}, argmin%H{xi}} m even

2.2.2 Example (Manhattan distances (Schébel & Schmidt [2009)]))
Let V = {(ai,b;)}%_; = {(0,6), (4,5), (10,5), (5,3),(9,2),(2,0)}. Then
m1nA/R2/ JL/ >
= mlnz% 1(lz = ail + |y — bi])
= min Y0 |z — a;i| + min 320, |y — by
[mlng{al} ming{a;}] x [ming{b; }, mins{b;}]
= med{a;} x med{b;}
= [4,5] x [3, 5]

2.2.3 Theorem (Explicit solution formula for 1/R?/ - /l;/ ")

Let V = {(ai, b;)}™,. Then argmin 1/R?/- /lI;/>" = med{a;} x med{b;}.
(z,y)€R?

Proof. Similar to Example 2.2.2.

2.2.4 Example (I3)
Vo= {(a b)Yy, VR - /) wi -
min > w;((z — a;)? + (y — b;)?) = min Y wi(z — a;)? + min Y w;(y — b;)? =

i=1 = =

d du 2 m Z: wWiaq
%sz(x—al) ZQZU)Z(J/’—CLZ)_0:>‘,L‘:/L_#z

- = 5

i=1

d - UC szbz
L3 wily—b)? =23 wily—bi) =0=2="5;

=1 i=1 v,

2.2.5 Theorem (Explicit solution formula for 1/R2?/ - /13/ > w;)
i=1
Let V = {(ahbi)};‘ip w; > 0 and Z w; > 0.

i=1
(> wiaq, Y wib;).
- i=1

w; =1

Then argmin 1/R?/ - /I3/ > w; =
(z,y)€R?

o

=1

Proof. The point x from Example 2.2.4 minimizes the objective because it is convex.

2.2.5 Example (l3)
V= {(ai, bi) }i2; = {Ul}z L 1R?/ - 1) 3
min __f(p) = Z V(@ —ai)?+ (y —bi)? = _in Z Ip — vill2

p=(z,y)ER? p= (:v,y x,y)€

13
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e fis convex (as a sum of convex functions)
e fis differentiable at p ¢ V and
5f of SN P
VIP) = (G 5y) ) = @ ol Z Pl = 2 T

o Vi) = 3 2l =0

y
=
g
[l
1M
53
S
]
55
S

m
o p1,p2:=T(p1),p3s :=T(p2),... > p* = argmin > e — wvill2
peR? =1

2.2.6 Theorem (Weiszfeld [1937])
Let V' = {v;}7*, be a set of points with dimV > 1 (i.e. no line contains all points).

Then there exists a unique point p* := med., {v;}{*, := argmin Z lp — vill2-
peR2 =1
p* is characterized as follows:

m .
) P EV S D e =0
1=

b)pr=ve | X
ie{l,..mM\k

p*—vi
o2 <1
c) Each sequence (p;);en with p; ¢ V and pj1 = T(p;) for all i € N converges to p*.

2.2.7 Lemma
Let p(A) = u + Aw, X € R be a line in R? and V ¢ p(R

m
Then g : R — R, A = w? Y % is strictly monotonously decreasing.
i=1""

Proof. wT% = |Jw||2 cos <(w, v; — p(A)) decreases
and decreases strictly for those v; that are not on the line. O
2.2.8 Lemma

There is at most one point satisfying 2.2.6 a).
Proof. Suppose p1, p2 € R? with p; # p2 do and consider p(A\) = p1 + A(p2 — p1):
m

pl (% _ _ pP2—v;
ol = 0= 2 Tl

=p1+0(p2—p1) =p1+1(p2—p1)
T < b1 v T < b2 v
— Uy — Ui
RV iy e il R SO Dy e P
1= 1=
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2.2.9 Lemma
If p* satisfies 2.2.6 a), there is no v; € V satisfying 2.2.6 b).

Proof. W.l.o.g. suppose v; does. Consider p(\) = v1+)\W with {v1,...,v,} € p(R

Then \ — ||p*_1;11H2 (Z o: i p ) is strictly monotonously decreasing.

(p* —vp)T v; — U1 (p* —vp)T vy —p* N r v1—DpF
—(p* =) ————5 ¢
> —uls Zuvz—vnb TS an 2 Tl O T o =
—_———
L A 0y a) -

O]

2.2.10 Lemma
At most one v; € V satisfies 2.2.6 b).

Proof. W.l.o.g. suppose v; and vy do and consider p(\) = v1 + A 2=

||Uz Ulll

vo—v ;— v —v ;—
Then {v3,...,vm} ¢ p(R) and {2 51||2(Z o) > e ;1”2(2 qui—zfna)

=1 > v; (v2—v1 v; —V1 _ HUQ - U1H2 U2 - Ul Z Vi — U1
|2, il 2 RS WSPHR) = oyl ool O T~ ol
—_——

=+1 20

T
(va—v1) v; — V2 (UQ — vl) U1 — V2 (v2—w1)
7 ezl (Z femal) <0 o "o Tor = vl el (Z Foiva) < 0

=1
= || > U2y > 1 4. O

llvi—v2l2

ie{L,.m\ {2}
2.2.11 Lemma
Z Ipj+1 — vill2 < Z lpj — vill2 for j =1,..,m with equality if and only if p; i = p;.

i=1 =1

Proof. Let w; :

Theorem 2.2.5
=

— fori=1,... m.
||p UZH

argmin Z wi||p — vZH% =

m
w Zwv =307 > i = T) = pin
peR? i=1 z ST Ay = el J j

m
= Z Ipj —villa=>  wi |pj —will3

=1 =1

-1
llpj— “zHZ

Y

.
Il
—

oo I —vill3 = Z oz Ul = willz + (I — vill2 = Ipy = vill2))?

I

-
I
N

o (Ipi—vill3+2lp;—vill2(Ipj1—villa— llpj —vill2) + (Ipj+1—vill2— [Ipj —vill2)?)

o — v 2
s = vile + 2 3 llpg = vill =2 2 llpy = vl + 3 Uil sl

—
Z = o =villz

S

I
NNk

.
I

15



m
S (Ipj+1 — vill2 — [Ipj — vill2)?

=23 |lpj —vill2 > 2 3 [Ipj+1 — vill2 + ° O
i=1 i=1 Ip; — will2
>0
2.2.12 Lemma
(pi) is bounded and hence has an accumulation point.
Proof. For i > 2 the p; as centers of gravity are located in the convex closure of V. [
2.2.13 Lemma
T'(p) = p for any accumulation point p ¢ V' of (p;).
Proof. Suppose T'(p) = p’ # p, then p’ is also an accumulation point of (p;),
as T is continuous, i.e. images of points near p are near p’.
m m
Lemma 2.2.11 yields Y |lp — vill2 > > [|p" — vill2,
i=1 i=1
m
but as ) ||p; — vil|2 is monotonous and bounded and thus converges for j — oo,
i=1

the function values of all accumulation points must be equal:
m m
> llp—willa =T(p) =T () = 2 I — vill2- 4 O
i=1 =1
2.2.14 Lemma
Any accumulation point p ¢ V' of (p;) satisfies 2.2.6 a).
Proof. Lemma 2.2.13 states p = T'(p).

.m IIP—vzilb 72”: IIPP—vUiiH2 m )
Hence p = & & = =0= > p=n =0 O

) 1 1 = p—vill2

=1 Tp—vill2 = Tp—vill2
2.2.14 Corollary
(p;j) admits at most one accumulation point p ¢ V.
Proof. Lemma 2.2.8 states that 2.2.6 a) is satisfied by at most one point. O
2.2.15 Lemma
If v; is an accumulation point of (p;), it is the only condensation point.
Proof. Without loss of generality let v; = v;.
Assume there are other accumulation points. They are only finitely many,
because they can only be vg, ..., v, or the unique point p satisfying 2.2.6 a) if it exists.

Choose € > 0 such that U.(v1) N {ve,...,vm,p} = 0.
Consider (ji)ren such that pj, € U-(v1), pj,+1 ¢ Ue(v1).

= ||pj, —vill2 = 0= ||pj, —uill2 = [Jlvi — w2 for I =2,...,m. (1)
Pjpqq —v1ll2 e koo
llpj), —v1ll2 s, —vill2

16



Without loss of generality let vy = 0. Then

IPipsn—vile _ 17wl _ ! 5 e IS
s, —vill2 lpjll2 m “Toillz — gy Q2
1 H—Z 5 e, —villz

im1 1Pj, — vill2
S

1 T 1
= +
T, T2 T2, Toj, —villa

! Kk .
i ll2 "7 0 and [|pj, — vill2 = [lvr — vill2 "= [Jvil2 yields

lpj,, , —v1ll2 I Z . 1Ip; *”z”zll k00 || <& .
+1 _ k (%3 —.
= — E g =1 v < 00 (2
Hpjk*v1”2 1+ i HP]kHQ ” = ||U2||2 H2 ( )\é
4 ey, —villz -

2.2.16 Lemma
If v; is an accumulation point of (pj), it satisfies 2.2.6 b).

Proof. Without loss of generality let v; = v; = 0.
Lemma 2.2.15 states that v; is the only accumulation point of (p;)

Hence p; j_—>)oo v1 = |lpj —vill2 j_—>>oo 0

(1) implies ||p; — vil|2 Uniyy Hv1 - leg forl=2,....m
: e IPipr—vil2 J_>°°
(2) implies = I Z HUzH v<1.
\—v—’
=I E Toiorz 12

2.2.17 Lemma

Suppose p; ¢ V for j € N.

Then (p;) converges to a point p* satisfying 2.2.6 a) or 2.2.6 b).
Moreover, p* does not depend on py.

Proof. (pj) has an accumulation point by Lemma 2.2.12.

If p* € V, it is unique by Lemma 2.2.16 and satisfies 2.2.6 b) by Lemma 2.2.17.
If p* ¢ V, it is unique by Lemma 2.2.15 and satisfies 2.2.6 a) by Lemma 2.2.14.
Let p); # p and suppose Jlggo pj; = p' # p*. We have one of the following cases:




2.2.18 Proposition
m
If pj ¢ V for all j € N, then p* := lim p; = argmin ) ||p — v;||2.

Proof. a) For x # p* and ¢ V let 1 = x, 290 = T(21), . ..

m Lemma 2.2.11 i m m
>llz_—villz > > llwe —will2 > ... > lim 3 lz; —villa = 3 [Ip* — vill2
=1 i=1 I77o0=1 =1

=x1

m m

b) For x # p* and z = v; (w.l.o.g. x = v1) suppose »_ ||z —wvill2 < > [[p* — vill2-
=1 = i=1

Let ¢ be the median of v; and p* and consider the triangles vy, p*,v; for i = 2,...,m.

< H”ﬁ”l‘b;”vﬁp*”z with equality if and only if v; € lin{vy, p*}

[[vi = cll2
m 22 lvi—vill2+ >0 llp*—villz m

= > lle—villa <= 5= < 2 ™ — villo-
i=2 i=2

¢ ¢ V contradicts the inequality in a) 4. For ¢ € V consider the median of ¢ and p’

and repeat this case distinction this leads to ¢* ¢ V' due to the finiteness of V. O

2.2.19 Remark

a) pj € V can be repaired, e.g. by choosing p; appropriately.

b) There are solution formulas for m = 3 and m = 4.

c) m = 5 cannot be solved by a formula involving only elementary algebraic operations

(+/_’ / 5 \/)

2.2.20 Theorem (Fermat Point or Torricelli Point, Napoleon’s Theorem)
Let ABC be a triangle with angles < %71‘

and C’, A’, B’ the outside vertices of equilateral triangles over AB, BC, AC.
Then A’A, B'B,C'C are concurrent (intersect) in

P = argmin1/R?/ . /ZQ/Z =med AABC
{A,B,C}

P is called Fermat or Toricelli or 1st isogonic point.
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Proof (Hofmann[1929]).
a)

Select an arbitrary P € AABC.

Rotate ABPA 60° around B into BP'C".

Then PA = P'C' = C'P' and ABPP’ is equilateral == PB = P'P

This yields PA+ PB+ PC =C'P'+ P'P+ PC > C'C

C’" as the image of A does not depend on P. BAC" is equilateral.

Construct another equilateral ABA'C and let Py = CC' N AA’.

AC'CB is a 60° rotation of AA’AB around B.

= The 60° rotation P of Py around B lies on CC".

= PA+ PB+ PC = C'P+ PjPy + P,C = C’'C' is minimum and for all P # B

it holds that Py ¢ CC’ or Py ¢ CC’ and thus PA+PB+PC = C'P'+P'P+PC > C'C,

hence Py = argmin PA 4+ PB + PC' is the unique minimum. Permutation of the nodes
PeA

yields that Py is located not only on AA" and CC’ but also on BB'.

b)
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Select an arbitrary P ¢ AABC.

(i) P in two regions (w.l.o.g. P €cnNa) = PA+ PB+ PC > BA+ BB+ BC.

(ii) P in one region (w.l.o.g. P €b). Let P’ = AC N PB.

= PA+PB+PC>PA+PB+PC O

2.2.21 Definition (k-th Minimum and Median of Numbers)

Let a; € R for i = 1,...,m, without loss of generality a1 < ... < a,.
m

a) Hll{l a; = ming{{a; }}[" | = ai,
mek m

b) media; := medg{{a;}}I"; = argmin > a; — p
=1 peER =1

2.2.22 Proposition
{a(%“} m odd

Let a1,...,am € R with a; < ... < ay,. Then med{{a;}} = {
lam,am +1] m even

Proof. Exercise. O
2.2.23 Example (1/R'/-/l;/Y)

{{ai}}2, = {{2,5,8,18,21,15,15,15,15,15,15,19, 19, 19, 21, 19, 20, 23, 25, 28, 5,13, 25, 28, 31} }
Sort {{a;}} as (2,5,5,8,13,15,15,15,15,15,15,18,19, 19, 19, 19, 20, 21, 21, 23, 25, 25, 28, 28, 31)
= med{{a;}}2_,5 = min13{{a;}}2_,5 =19

Running time is O(mlogm) dominated by the sorting. Is there a better algorithm?

2.2.24 Algorithm (Select (k,ai...,am))

Input: a € R, k€ {1,...,m}.

Output: ming{{a;}}";.

Data structures: (P;) € R%,p € R (ignoring integrability issues)

1. Calculate medians of groups of five elements: // run time in O(%)
For ] = 1, cey [%-I pj Select(?), A(j=1)55 s a(j_1)5+4)

2. Calculate the median of medians:
p < Select([ {51, p1,- - ,p[%ﬂ.

3. Split {{a;}}: //run time in O(m):
L+ {{a;:a; <p}}
E + {{a;:a; =p}}
G« {{a; : a; > p}}

4. Recursive call:

o If |L| > k: p < Select(k, L) //run time: see Thm. 2.2.25

e Elseif |L|+|E| < k: p < Select(k—|L|—|E|,G) //run time: see Thm. 2.2.25

5. Return p //run time in O(m)
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2.2.25 Theorem (Blum, Floyd, Praff, Rivest, Tarjan [1972])
Let T(m k) :=  sup foctct((hra1,- ) and Tm) = niix Tm, k)

<k7a17-~~aam>
Then T'(m) € O(m),
i.e. the k-th minimum of m numbers can be computed with Select in linear time.

Proof.
a) Wlo.glet p1 < -+ < ppyys. Then
"m 1
Ll +|E| 2 |LU B| = | U U{Injln{al 1)5 (i—ns+at}| = [§513 = fom

7j=1

3 out of 5 numbers are < due to median
= |G| =m — |L| - |E| < fpym
Analogously |G|+ |E| > |GUE| > &m = |L| =m — |G| — |[E| < {m.

b) T(m) =cm +T(%) + T ()

10
=cm+ T(%m) + T(l0 )

stack of bricks method o 9 v 1
< em Yy 2 o(55) = mom= 10cm € O(m).

c¢) In general (i.e. in particular for 51 m):
. 1
(i) |L!+|E! >|LOE[=([%]-1)-5-3
&m>?3 Analogously |G| + |E| > |G
743
= |L], \G|S ig(1—¢) = Tgem
(i) [2] §%+1§m(1+6)<:>1<ﬂ<:>§§m.
(i) T(m) =cm +T((1+€)2) + T(H3m)
= cm+T(2‘f026m) —|—T(7‘1*'036m)

— om. Z(2+2e+7+3e) Z § where § = ZH2eiTH3e — 945¢ with § <1 e < 1
=0

—cml_éeO( m) form > 2 > % =25,

3 3
0T 2

> 2
NE| > 35(

> 3m(l —e)
1—e).

5
= Solve problem for m < 25 (by sorting) in constant time.
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2.2.25 Example (Numbers from Example 2.2.23)

2.2.26 Theorem

k
Let T : Ng — Ny satisfy the recursion T'(m) = com + >_ T([¢;m])
i=1

k
with ¢; >0 for i =0,...,k and > ¢; < 1. Then T(m) € O(m).
i=1

Proof. Stack of bricks method and rounding. O

2.2.27 Algorithm (Quickselect (k,aq,...,am))
Input: a € R ke {1,...,m}

Output: ming{{a;}}7*,

Data structures: p € R™,[ (global)

1. Randomly select i € {1,...,m} and set p < a; // run time in O(1)

2. Relabel such that a1,...,0,1 <p=a;=...=a; =p < aji1,...,anm
// run time in O(m — 1)

3. Recursive call:

e Ifi=Fk p+qa;

o If i > k: p + Quickselect(k,aq,...,a;—1)

o If i < k: p < Quickselect(k —i,ai41,...,am)
4. Return p // run time in O(1)

2.2.28 Theorem ) )
Let T'(m, k) = E[fquickselect ((k; a1, . . ., am))] and T'(m) = maxj®, T'(m, k).
Then T'(m) € O(m), i.e. Quickselect runs in expected linear time.

P?"OO]E Let ¢ < m be the constant run time for steps 1 and 4 in one function call
and T'(7) < 44 for ¢ < m. Then the total run time fulfills

T(m):c—i—(m—l)—i-%milf(i)§2(m—1)+%w:4(m—1)§4m€O(m) O
i=0

22



2.3  Medians in Networks

This chapter considers the warehouse location problem on networks (1/N/ - /sp/>").

2.3.1 Example (Schobel & Schmidt [2009)])

Warehouse: \1,/ /N/-/sp/ >

€VUAUE
with shortest path distance defined for vertices as the shortest path on the network and

for edge/arc points by sp(Au+ (1 —N)v,w) := min{(1 — X)cyy + sp(u, w), Acyy + sp(v, w)}
N = (V,E U A) network, E undirected edges, A directed arcs
Ce, Cq € R4 edge weights.

0 1 oo 2 oo o©
oo 0 oo 3 o 3
2 oo 0 oo 2 2 .
Let (cuv)uevwev = 9 o oo 0 oo 4 with ¢y = 00 & wv ¢ EA{u,v} ¢ A.
oo oo 2 oo 0 4
oo oo 2 4 4 0

i) Let p = 4. Then ) .y sp(p,v) =2+3+6+0+8+4 =23.
ii) Let p be located on edge 56 with distances csp, = 3 = ¢p,5 and cep, = 1 = Cpy6):
Then ) oy sp(p,v) =5+6+3+5+3+1=23.

2.3.2 Theorem (Node solution (Hakimi [1964]))
There is v € V such that v € argmin1/N/ - /sp/ >,
i.e. the 1-median problem on a network has an optimal node solution.

Proof. Consider p = Av; + (1 — A)ve, A €]0, 1] for:

a) vz € A: Y sp(p,v) > X sp(va, ).
veV veV
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b) vive € E :

> sp(p,v) =Y min{(1— A)ey,v, + 5p(01, ), Acoyu, + sp(v2,v)}
vev vev then let veVy then let veVL
= Z Cvlvg + Sp(Uh + Z [Acvlvg + sp(v2a ’U)]
veVy veEVs
= Copy [(1 = N)[VA[+ AVR[] + D splv,0) + Y splva, v
veV] veEVs
w.lo.g. [Vi|<|Va
> Copuy |1 | VI 4+ 0| Vo] + Z sp(v1,v) + Z sp(ve, v)
veV] veEVs
PZENT [even + 5p(o1,0)] + Y sp(va,v) = Y splva,v)
IS% >sp(v2, ) veEVL veV

2.3.3 Algorithm (for 1/N/- /sp/>")
Input: N =(V,EUA),cyy € Ry,uv € EU A.
Output: p* = argmin1/N/ - /sp/>_.

1. Compute the shortest path matrix (sp(u,v))uev.vev,
e.g. by using the Floyd-Warshall algorithm.

2. Compute the row sums sp’ 1.

3. Output the index of the row sum minimum p = argmin sp” 1.

2.3.3 Example (Median of the Network from Example 2.3.1)

016 2 8 4\ /1 21
5053 73|[1 23
23046 2|1 17
T _
PPL=19 3608 4| 1] |23
56 370 4|1 25
45 2 4 40/ \1 19

= p* = argminsp’ 1 = 3, minsp’ 1 = 17

2.3.4 Example (Weighted Median of the Network from Example 2.3.1)
Consider 1/N/ - /sp/ > w; with volumes w; € R.
Let w; := (60,40, 10, 20, 60, 20).

01 6 2 8 4 60 700
505 3 7 3 40 890
spTw = 23 046 2 101 _ 720
23 6 0 8 4 20 860
56 3 7 0 4 60 790
4 5 2 4 40 20 780
= p* = argmin sp’ w = 1, min sp”w = 700
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2.4 Centers in Networks
This chapter considers the fire brigade location problem on networks (1/N/ - /sp/ max).

2.4.1 Example (Edge Solution)
Let G = {{v1,v2}, {viva}} and p* be the center of the edge vivs.
Then argmin1/N/ - /sp/ max = p*.

2.4.2 Observation
Center problems in networks do not necessarily have optimal node solutions.

2.4.3 Algorithm (for 1/N|V/ - /sp/ max)
Input: N = (V,EUA), ¢y € Ry for u,v € EU A.
Output: p* = argmin 1/N|V/ - /sp/ max (N|V: only node solutions allowed)

1. Compute the shortest path matrix (sp(u, v))ucvvev -
2. Compute the row maxima maxyecy sp(u,v).

3. Output the index of the minimum row maximum p* = argmin max sp(u, v)

wely VeV

2.4.3 Example (Network from Example 2.3.1)

016 2 8 4 8

5 05 3 7 3 7
sp= 230462 = maxyey sp(u,v) = 0
P=12 36 0 8 4 vev SP, 8

5 6 3 70 4 7

4 5 2 4 40 )
= p* = argmin max sp(u,v) = 6, min max sp(u,v) = 5

uel/ vEV ueV veV

2.4.4 Lemma (Preprocessing)
Let p = Avi + (1 — AN)vg, A €]0,1[,v1v2 € EU A. Then p ¢ argmin1/N/ - /sp/ max if

a) vivg € A and ¢y, 0, > 0.

b) vive € E and min{sp(vy,v), sp(ve,v)} > max sp(p,v)
ve
for some v € V and p € argmin1/N|V/ - /sp/ max C V.

Proof.

a) max sp(p,v) > maxyey sp(ve,v).

b) max sp(p,v) 2 sp(p,v) 2 min{sp(v1,v), sp(v2, v)} > max sp(p, v) O
ve veE

2.4.4 Example (Network from Example 2.3.1)

Let pe 14,14 € E and p := 6.

Then sp(p,5) > min{sp(1,5),sp(4,5)} = min{8,8} =8 > 5 = max sp(6,v)
ve

implies p ¢ argmin 1/N/ - /sp/ max.
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2.4.5 Observation (Undirected Edges)
Let p = Avg + (1 — N)wg, A €]0, 1[, v1v2 € E.

a) Sp(p) U) = mln{(l - )\)CU1U2 + Sp(Ul, U)v )‘Cvlvg + Sp(UZa U)}
is for each fixed v € V a piecewise affine, continuous function in A with < 2 pieces.

b) max sp(p,v) is a piecewise affine, continuous function in A with < 2|V| pieces.
ve

2.4.5 Example (Network from Example 2.3.1)

il A\ S

= argmin 1/N|V/ - /sp/ max = 6 = p* = argmin1/N/ - /sp/ max = v + Sve.
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2.7 Centers in the Plane

2.7.1 Proposition (Smallest Enclosing Circle)
Let V = {v;}*, C R%

a) There is a unique circle C' of smallest diameter enclosing V.
b) |[CNV|>2

c) | CNV |=2=diam C = dist (v1,v2) =diam CNV.
={v1,02}

Proof. Exercise.

2.7.2 Algorithm (Elzinga & Hearn [1971])
Input: vy, ..., v, € R2
Output: p* € argmin 1/R?/ - /Iy/ max.
Data structures: a,b,c,d,p* € R
1. Choose two points a,b € V. Set V < V\{a, b}.

2. Set C < circle with diameter ab and center p* = %a + %b.

o If convC D V: Goto 5.
e Else: Choose ¢ from V\ convC. Set V + V\{c}.

3. If Aabc has a right or obtuse angle:

e Relabel a,b and c so that ¢ is at right or obtuse angle.
e Drop c.
e Goto 2.

4. Set C <+ smallest enclosing circle of Aabe.
Set p* + center of C.

e If convC D V: Goto 5.

e Else:
Choose d from V'\ conv C. Set V + V\{d}.
Relabel a,b, ¢ so that ||a — d||2 > ||b — d||2 and ||a — d]|2 > ||c — d]|2.
Construct a line Lgy+« through a and p*.
Relabel b and ¢ so that b and d are on the same side of L.
Set b < d. Goto 3.

5. Output p*.
2.7.3 Example
V= {(57 4)7 (57 6), (57 5)7 (87 4)7 (47 2)7 (10, 4)}
~—— N~

=a =b
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2.7.4 Theorem
Algorithm 2.7.2 is correct.

Proof. The algorithm produces circles C defined by 2 points in step 2 and by 3 points in
step 4. We show that C has strictly increasing diameter. Then the algorithm terminates
finitely with C' O conv V, as there is only a finite number of 2-point and 3-point circles.

a) Let C be defined by 2 points a and b. Consider the three regions Ry, R, R3 defined
by a line through a and a line through b both orthogonal to ab.

(i) max ZAabc > § < c€ R1UR3, wlo.g c€ Ry.
The next circle is defined by ac and ac > ab holds.

(ii) max ZAabe < 7.
The next circle is defined by Aabc, is distinct from the current circle
and by Proposition 2.7.1 has a larger diameter.
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b) Let C be defined by 3 points forming an acute triangle abe.
Let x be the opposite of a on C.

= b€ ar,c € za (Aabz is right)

= d € R with R defined as the intersection of

the c-side of the perpendicular ac bisector and the b-side of Lq; = L=
Split R by L., into regions Ry and Rs.

(1) d € Ry:
Then the triangle acx is right.
Hence the triangle acd is obtuse and ||a — d||2 > ||la — z||2.
The next circle has a larger diameter and comes within case a).
(ii) d € Ra:
Then the triangle acd is acute at all of the three vertices a, ¢ and d,
whose corresponding vertices are denoted «, v and §:
a: ad > cd = (ad)? + (ac)? > (cd)? coeine rule (ad)? + (ac)? — 2(ad)(ac) cos a
=cosa>0&a< g
c¢: This follows directly from the location of d in Rs.
d: Let g and h be the 1ntersect10ns of cd and ad with C.

’y_agOé_hC:>(5—7T ag+hc:ﬂ__a642rgh<2

Let C’ be the cycle through the triangle acd.

Then its center p’ is situated on the perpendicular ac-bisector.

pd > pe,p'd =pc=p'd<pd, pec > pc
~—

~—~
radius of C’ radius of C
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2.7.5 Algorithm (Smallest Enclosing Circle)

Input: vq,...,v,, € R?

Output: C(vy,...,v,) // smallest circle enclosing vy, ..., v,
Data structures: i € N, circles C; for i =1,...,m — 2.

1. If m = 1: Output C(v1) = {v1}. Stop.

2. Set i <— 2. Choose v1,v9 € V randomly. Set C; < C(v1,v3).
3. If i = m: Output C,,. Stop.

4. Set i < i+ 1. Choose v; € V\{v1,...,v;_1} randomly.

o If v, € convC;_1: Set C; «+ C;_;.

e Else: Set C; «+ C(vy,...,v;)
// smallest enclosing circle of vy,...,v;—; with v; on the boundary.

Goto 3.

Function C!(v1,...,v;)

Input: vq,...,v; € R?

Output: C'(vy,...,v;) // smallest circle enclosing v1, ..., v;_1 with v; on the boundary
Data structures: j € N, circles C} forj=1,...,i—1

1. If i = 1: Output C*(v1) = {v1}. Stop.

2. Set j < 1. Choose v; € V\{v;} randomly. Set C']:-l — C(vy,v9).
3. If j =i —1: Output Cil_l. Stop.

4. Set j < j+ 1. Choose v; € V\{v1,...,vj_1,v;} randomly.

e If v; € conv 0}71: Set C} — 0}71-

e Else: Set le — C?(v1, ..., 05,0;)

smallest enclosing circle of vy, ...,v;_1 with v; and v; on the boundary.
J J
Goto 3.
Function C%(vy,...,v;,v;)

Input: vy,...,v;,v;, €ER? //m=j+1
Output: C?(vy,...,v;,v;) = C(vy,...,0;,0;)
Data structures: circles C%, C’IQ%, C?

1. Subdivide {v1,...,vj_1} into LUR along the perpendicular v;v;-bisector.

2. Set C% « max C(v,vj,v;), C% «+ maé(C(U,vj,vi) and C? < max{C%,C%}.
Ve ve

3. Output C2.
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2.7.6 Observation

a) The center of a circle through two points p and ¢ lies on the perpendicular pg-bisector

(either left or right).
b) Let v1,...,Um,p,q € R2.

Then C%(vy, ... = C (v C (v .
en C*(v1,...,Um, P, q) maX{vi na (vz,p,q),vi e (vi,p, )}

leftmost centered circle leftmost centered circle

2.7.6 Proposition
Let p1,...,p; € R? with p; ¢ convC(py,...,pi—1). Then

a) pi € 0C(p1,--.,pi)
b) YP' C {p1,...,pi—1} : pi € 6C(P’,p;)

¢) p;j ¢ convCl(p1,...,pj—1,pi) = convC(p1,...,pj—1,0i) = pj. pi € 6C(p1,...

Proof.

a) clear

b) clear

c) follows from a) and b).

2.7.7 Theorem

Let T2%(m), T (m), T(m) be the expected run time

of computing C%(v1,...,vm),Ct(v1,...,vm),C(v1,...,vm), respectively.
Then T'(m) = T*(m) = T?(m) = O(m).

Proof.

a) T?(m) = O(m) because j — 1 = m — 2 circles are constructed

7p]7pz)

and among these the circle with maximum diameter is selected and returned.
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b) For T*(m) consider the treatment of v; for j =1,...,i — 1.
Constructing le out of C’]lfl

is cheap (in O(1)) if v; € C’}_l and expensive (in O(j)) otherwise.
P[C} expensive] = P[Y V' C {v1,...,v;}, V[ =7 —1:C(V') # ]
< max{%,% = %

The expected time for iteration j is le € jJ;QO(l) + %O(j) = O(1).

= T'(m) = Y7, T} € O(m).

c¢) For T'(m) consider the treatment of v; for i = 1,...,m.
Constructing C; out of C;_1

is cheap (in O(1)) if v; € C;—1 and expensive (in O(i)) otherwise.
P[C; expensive]| = PV V' C {vy,...,v;},|V/|=i—-1:C(V') # Cj]
< max{2,3} =3

The expected time for iteration i is 7; € =20(1) + 20(i) = O(1).
= T(m) = Y0, T; € O(m).
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2.8 Stop Location Problems in Networks

2.8.1 Definition (Bus Stop Location Problem (BSLP) (Schébel [2007]))

S C R? breakpoints, T C R? existing stops

N := (SUT, E) planar bus network

V C R? demand points

r € Ry covering radius

cov,(U) :={v € V : ||v,U|| < r} cover of U C R?, cov,(u) = cov,({u}) cover of u € R?
ASY(U) := (Xcov, (u)())veviucy covering matrix associated with U C R?

2.8.1 Example (Bus Stop Location Problem (BSLP) (Schobel [2007]))
Let S = {2,3,6,8,10,11}, T := {1,4,5,7,9}, 7 := 2,V := {1,2,3,4,5,6,7,8,9}.

5]

11 0010O0O0O0O00O0
010010O0O0O0O0°TO
00110O0O0O0O0QO0TO0
000O0O011O0O0O0O0°O0
Then A% (U) = (Xeov, (u) (¥) Joevuesur = [0 0 0 0 0 1.0 0 1 1 0
000O0OO0O1O0O0OT1T1O®O0
000O0OO0OO0OT1TO0OTO0TQO0OF®O0
000O0OO0OOT1O0OO0OTQO0OT®O
0000O0OO0OO0OT1O0O0®O
Minimum cardinality p = |U| = 5 is attained at U = {3,5,6,7, 8}
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2.8.2 Definition (Discrete Bus Stop Location Problems)

DSL): p=|U|/S/cov,(U) = V/ly/p planning from scratch

a

b) (DSLy): p=|U|/T/cov,(U) = V/l2/p closing stops

) (
) (

c) (DSLy): p=1|U|/S/cov,(UUT)=V/ly/p opening stops
) (

d) (DSL3): p=|U|/SUT/cov,(U) =V/la/p closing and opening stops.

2.8.3 Observation
(DSLy),(DSLs),(DSL3) are special cases of (DSL).

Proof. Exercise. O

2.8.4 Definition (Continuous Bus Stop Location Problem)
(CSL): p=|U|/N/cov,(U) = V/la/p planning from scratch

2.8.5 Remark (Alternative Objective Functions)
One can also consider:

a) p=|U|/{V,N}/covy(u)/la/ > w, construction costs
uelU

b) p=|U|/{V,N}/covy(u)/sp/ > w;j travel time (more difficult)
ijeEV XV
2.8.6 Proposition (Set Covering Model for the DSL)
(DSL): p=|U|/{V,N}/cov,(U) =V/la/p
can be formulated as a set covering problem as follows:

(DSL) min 17 = (DSL) min > xy
ues
(1) ALY(s)z >1 (7) . > ( ):L‘u >1 YoeV
ueS  vecove(u
(i) r €{0,1}° (1) z, €{0,1} YuesS

2.8.7 Corollary (Complexity of (DSL))
(DSL) is NP-hard (and even PX-hard).

Proof. The Set Covering Problem is NP-hard (Exercise). O

2.8.8 Definition (Set Covering Problem)
Let A € {0,1}™*" and ¢ € RZ,. Then a set covering problem is given by
(DSL) min 'z
(1) Az >1
(i7) z €{0,1}"

2.8.9 Algorithm (Greedy Algorithm for the Set Covering Problem)
Input: c € R%;, A€ {0,1}™*" with Az > 1

Output: cover J,

Data structures: 4; C {1,...m} forj=1,...,n
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0. Set J, < 0 and Aj < supp(A.;) for j=1,...,n

1.

2.

o If A; =0 for j=1,...,n: Output J,. Stop.

e Else: Set k + argmax "2—;'

Set Jy + J,U{k} and A;  A;\Ay for j =1,...,n. Goto 1.

2.8.10 Remark

argmax oo = argming, 5 |If‘7j_|
i.e. Algorithm 2.8.9 adds in each iteration a column k to the cover-to-be
that minimizes the costs per yet uncovered rows.

2.8.11 Example

a)

1100000
. 0110011]|(n 1
min ) z; with respectto |1 0 0 1 1 0 0 >
=1 001 110 1[\g 1
1110110

Tteration 0: Set J, < 0.

Iteration 1: Choose k € {1,2,3,5}, e.g. k < 1, and set J, < {1}
Iteration 2: Choose k € {3,7}, e.g. k < 3, and set J, < {1,3}
Iteration 3: Output J,.

c(Jopt) = 2, because there is no column that covers every row,
but the two columns {1,3} do.

A;j ={j} and cj:%forje{l,...,m}, Ams1 ={1,...,m} and ¢ppy1 =: a > 1,

1 1

ie.c=(1 4 ... L a)and A= :
11
Tteration 0: Set J, < 0.
Iteration 1: Set k «+— argmax{+, T,..., T, 2} =m and J, + {m}
1 2 m

Iteration 2: Set k «+— argmax{l,...,m —1,2-2} =m —1 and J, = {m — 1,m}
Iteration m: k +— argmax{1,1} =1,J, + {1,...,m}

Iteration m+1: Output J, = {1,...,m}.

—_

o) = 3% < Him)a = H(m)e(fm+ 1}) = H(m)e(Jop)
=
=:H(m)
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2.8.12 Theorem (Harmonic Approximation Ratio for the Set Covering Problem)
Algorithm 2.8.9 produces a solution J, such that
co(Jo) < 30 H(|Ajl)e; < H( max  [A)e(Sopr) < H(m)e(Jopt)
F€Jopt je{l,...m}
m
where H(m) := ) % is the m-th harmonic number.
i=1

Proof. Consider the following chain of inequalities:

$a,
=X
min > H( [4;] )ejz;
j=1
n
aijrj =1 Vie{1,..,m}
j=1
zj €{0,1} Vje{l,..,n}
. n m
min ), H(, aij)ejx;
LP relaxation Jj=1 1=1
> n '
B Sagr; >1 Vie{l,..m}
j=1
z; >0 Vje{l, .. n}
n
max > Yi
i=1
LP duality n ' (1) m '
= Zaijyi < H(Z aij)cj Vj e {1,...,77,}
i=1 i=1
(2) _
yi =20 Vie{1,..,m}
3) min 'z
> c(Jy) > Az >1
r €{0,1}"

If (3) holds, the claim follows by setting z = X -

Denote

a) A7 :=set A; at the beginning of iteration r

b) wf = |A%]

c) J] := set J, at the beginning of iteration r
(without loss of generality assume J, = {1,...,7})

d) yi:= 572 for i € A} (can be considered as the price to cover row i)

e) t := number of iterations in which J, grows.
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Then .
(i) f—: > % forr=1,..,tand j=1,...n

t
(ii) e(Jy) = Z:lcj
We claim that y as defined in d) satisfies (1), (2), (3):

(1): clear
m t t t

(2): 2yi= 2 (2 wi)= > wigy =) ¢ =c(Ji)
i=1 r=1 (€ AT r=1 r=1

) 5 ani = SCY w= -ty

=1, +1 =
r=lieA;nAr=An\AT* r=1

With s := rntalx{w;T : w} > 0} we obtain for j =1,...,n:
r—=

m s i S a7 —ap" 1 s
Yoagyi = > (wh —wit) g <o Y St — < Y (Hw)) — H(wi ™)) < ¢;H(w})
=1 r=1 r r=1 J r—1 -

2.8.13 Example (Instance from Example 2.8.11 a)
2=c({L,3}) = c(Js) < H(?’)C(JOP‘G) =(1+ % + %)C(J0pt> = %C(Jor)t) = C(Jor)t) >2

37



3 The Uncapacitated Facility Location Problem

3.1 The General Uncapacitated Facility Location Problem

3.1.1 Definition (Uncapacitated Facility Location Problem (UFL))
I C V potential facilities

J CV customers (clients)

ACIxJ,G=(V,EUA) network

fi € R>q,i € I setup costs

d;j € R>p,ij € A transportation costs ¢ — j

Uncapacitated Facility Location Problem (UFL): min ) f;+ > = min d;;
I*CI ;7 jy i€l* ijeA

G = (I U J, A) associated bipartite graph

3.1.1 Example (Schobel & Schmidt [2009])

oI I={1,2,5,6)
5/" ‘\_\}_ ?/| J=1{1,2,4,5}

Jk . | * f=(fi)ier =(5,5,5,5)
NS \
@ H\\—\@:‘? d = (dij)ier,jes =

ool o
W WO
© 0o ~1 ™
NSO

3.1.2 Proposition (IP Formulation for the UFL, Balinski [1965])
yi € {0,1},4 € I facility setup variables
zi; € {0,1},ij € A client assignment variables

(UFL) min Zf,yz + Z dijxij

icl ijcA
i€l
(44) Yi —zi; >0 VijeA
(ii7) Yi €Zy Viel
(iv) Tiyj € Zy VYije A

a) (UFL) has an optimal 0/1-solution.

b) (UFL) < (UFL)(i), (i), (4it),z;; > 0Vij € A
i.e. the client assignment variables are automatically integral.

Proof. Exercise.
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3.1.3 Proposition (Set Covering Model for the UFL)
JG):={jeJ :ije A}

J={J) :iel,0 CJ CJ@)}

cagy = fi+ > dij

jeJ’
(SCP) min 4 Z C(i,J’)Z(i,J’)
(i,JVeT
(4) > 2(i,07) >1 VjelJ
(3,JNeT : jeJ’
(ZZ) 24,0 € {O, 1} V(l, Jl) eJ

There is an one-to-one correspondence
between optimal solutions of (SCP) and (UFL).

Proof. Exercise.

3.1.4 Corollary
a) The greedy algorithm for UFL is H(max |J(4)|)-approximate.
7

b) UFL is APX-hard.

Proof. a) follows from Theorem 2.6.8.

b) SCP is APX-hard. Given (SCP)minclz, Mz > 1,2 € {0,1}"
with M € {0,1}™*™ and ¢ € {0,1}",

construct in polynomial time an UF' L with

I={1,...,n},J={1,... o m},A={ijelIxJ : myj=1}and f=c¢; fori=1,...

Then (UFL) < (SCP) and the equivalence is approximation-preserving.

3.1.5 Observation (Relation to the p-median problem)
Let f; =0 for all i € {1,...,n}. Then

a) (UFL) < [I|/1] - [dij] 32

b) (UFL),(v) %yz' <pep/lf-/dij/ 3.
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3.2 The Metric Uncapacitated Facility Location Problem

3.2.1 Definition (Metric Uncapacitated Facility Location Problem (MUFL))
A Metric Uncapacitated Facility Location Problem (MUFL)
is an Uncapacitated Facility Location Problem (UFL) with

a) I,J CR¥ k€N (I and J are embedded in R¥)
b) A =1 x J (all assignments are possible)

c¢) dij = ||1, 7] (distances with respect to some norm)
3.2.2 Algorithm (LP Rounding)
Input: (MUFL)I,J € R*, f; € Rog Vi € I, dy; = ||i,j|| € RVij € I x J
Output: (z,y) feasible for (MUFL).
0. LP Solving: (Z,7) < argmin (MUFL)rp where
(MUFL)LP min Efzyz + Z dz‘jfUz'j

i€l ijeA
i€l
(ZZ) Yi —Tij >0 VijelIxJ
(1) Yi >0 Viel
(iv) Tij >0 VijelxJ

1. Filtering:
Dj < % dijTij Vj € J // total fractional distance

iel
Nj«{iel: Zij >0 A dij <2D;} Vj € J // neighborhood
~— —_————
fractionally assigned near

0 . & N,

o PENG eI
i —
2z;; else

/ / -
<+ maxx:.Viel
Yi jeJ ¥

.- I_'I.-':' : ' . B : fﬁ:l.;{“ '.'
Pl ety
! L :-”“\\ ¢t -J-\';:II L
S I .i-".}!. ¢ i :
B D
! . ! | i f{ !|" -.'II
i I '-r.:'ﬁnl 'II 1 | 1 .
}-‘-_/-I- 1 - o "} | -{: ‘r}._l__‘:'ll
: i ¥ i b el sl RN S l‘.l
i i M | I : l\'\\
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2. Rounding:

2a. J* « 0, (2%,940) + (2/,y)), k + 1
2b. j* <= argmin;c p\ j- D;
¥ argminieNj* fi

ENj« < {j € J\J* : Njx N N; # 0} 5 J*//extended neighborhood of j*

1 i1 =1"
yi <0 i€ Ny \{i*} // select i*, drop Nj-\{i*}
yf_l else
1 i =1%j € ENjx
0 € N \{i*},j€J
xfj - ’L j \{1 b // network for clients in ENj« to ¢*
0 i ¢ Nj,j € ENj
:cfj_l else
J*«— J"U ENJ*
k< k+1

If J* # J: Goto 2b.
2c. Output (zF, y*).

3.2.3 Claim (w.r.t. Step 1)
VjeJ: > @j > i, in particular N; # 0.
el

3.2.4 Observation (w.r.t. Step 1)
(2',y") is feasible for (MUFL)pp.

3.2.5 Observation (w.r.t. Step 1)
(«', 1) satisfies

a) xfij >0= dij < 2Dj

b) («',y) <2(z,7)

3.2.6 Claim (w.r.t. Step 2)
Dj«<Dj

<
a) j' € ENj» = d-jy <2-2Dje +2D; < 6Dy
b) fie < > i fi

PEN ;%

7T >l
2T;;
~—_———
>1
" " —
c) > fi + > dijaf < 6(X fiyi +
il iGEIXJ i€l
—— N—— —
b) 3.2.5b) )
SZ fzy; < 2 Z fiyi <6 Z D]‘=6 Z Z fi]’dijgﬁ Z fijdi]’
el el jeJ jeJiel ijelx.J

3.2.7 Theorem (Shmoys, Tardos & Aardal [1997])
Algorithm 3.2.3 is 6-approximate.
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3.2.8 Lemma (Generalization of Claim 3.2.4)
For 8 >0 let NJ(B) ={iel : Tij > 0A dij < BDJ}
Then > 5 >1- %

1€N;(B)

Proof. Let F}(,@) = {Z €l : x> 0,d; > ,BDJ}
and 8; 1= Zfij > 1.

i€l
Suppose ' > T > %7 Then
’LEFj(ﬁ)
Dj =) digTij = > digTij+ > dijTi
i€l ieF;(8) i€N;(6)
> > dyZiy > BD; Y Ty > 5DJ%J > Dj4
’iGFj (ﬁ) ’iGFj (ﬁ)
= 855 = Z Tij + Z Ty
i€F;(8) N (8)
——
<3
7 Sj 1) 1
= Z TijZSj—JZSj(l—*Zl—*
1€N;(B) A A A

3.2.9 Definition (Dual of (MUFL)Lp)

(MUFL)Lp wmin Y fiyi + Y. dijxi

i€l ijEIxJ

(’L) inj >1 VjEJ — O

i€l

(i1) Yi —z;; >0 VijelIxJ — B

(i4i) vi >0 Viel

(iv) Tij >0 VijelxdJ
(MUFL)pp max ) «j

jeJ
(2) > By <[fi Vi€i Vi
JjeJ

(’LZ) Q; _Bij < dij Vijel xJ <+ Tij

(i) o >0 VjelJ

(iv) /Bij >0 VigelxJ

Interpretation of the dual program (MUFL)pp:

a;: total cost paid by j to get assigned to an open facility

Bij: cost paid by j to open facility i

By complementary slackness optimal solutions satisfy:

y; > 0= Y Bij = fi: To open a facility i, f; needs to be paid by the clients.
JjeJ

Tij >0:>Ozj—6ij:dij:>ajZdij—l-,Bij:

If j is connected to i, j pays the assignment cost and its share for opening i.

a; > 0= ) xj; =1 (not interesting)
el

Bij > 0=z —y; = 0 = x;; = y;: Client j only pays its share of f; if it uses facility i.
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3.2.10 Algorithm (Primal-dual approximation algorithm for (MU F L) (Jain & Vazirani [2001]))
Input: (MUFL) I,J €RF, f, € Rog Vi€ I, dyj = ||i,j|| € RVije I xJ
Output: (z,y) feasible for (MUFL)
Definitions used in the algorithm:
-T:={iel : ) Bij = fi} temporarily opened facilities
jeJ

- j neighbors i :& «a; > d;;
- j contributes to i :¢& 3;; > 0

1. Initial Construction:

la. Set z,y,a, 8 « 0.
1b. While there exists a client not neighboring a facility in 7"

e Raise a; uniformly for all such j.

e If j becomes a neighbor of some i ¢ T,
increase 3;; at the same rate to maintain dual feasibility.

e If j becomes a neighbor of some i € T, freeze «;.

2. Cleaning:

While there exists a client contributing to at least two facilities in 7'(5):

e Pick such a facility i.
o Set T« T\{h € T\{i} : 3j € J:Bij >0ABn >0},

i.e. close all other facilities contributed by at least one client
which also contributes i.

3. Final Assignment:
For all : € T Set y; = 1.
For all j € J:
e If j contributes to an ¢ € T' (unique after Step 2): Set x;; = 1.

e Else if j does not contribute to an ¢ € T' but neighbors some i € T
Set x;; = 1 for one such i.

e Else (j has no neighbors in T):
Let i be the facility in T closest to j. Set z;; = 1.

Output (z,y).
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3.2.11 Lemma
If at the end of Step 2 there is a client j with no neighbors in T,
there exists ¢ € T such that d;; < 3a;.

Proof.

Claim 1: Given such j, there exist facilities h and i and a client k such that

T

e we stopped increasing a; when j neighbored some h € T'.

e h was removed from T in Phase 2
because some client was contributing both to h
and to some i that remained in T.

Claim 2: d;; < 3¢

Proof by triangle inequality:
e d;; < a; because h and j are neighbors.
e k contributes to h. = Gy > 0= ay > dpi

e k contributes toi. = B > 0= ay > d;;.

When «; stops growing, h is in T. k contributed to h
= k already neighbors h.

= oy, does not grow after aj stops. = a; 2> oy

= a; > ag = dpg, dig, = dij < dpj + dpgk + di; < 3¢

3.2.12 Theorem
Algorithm 3.2.10 is 3-approximative.

Proof. For every facility i let A(¢) := {neighbors j of i : z;; =1}
= A(i) and A(¢') are disjoint for two distinct facilities i and i’.
Let Z := J\ J A(i) the set of clients with no neighbors in T.

€T
x;;=1& i closest facility to j . Lemma 3.2.9
> 2 digzig = Yo Y dijwig < > mind;; < > 3ay
i€T jeZ jezier jez €T jEZ
= > fit D digzig =3 > Bij+ X dimii <Y > aj+ > 30; <33 ay
i€T jeg €T jEA(D) jeJ i€T jEA(3) jez jeJ

<30PTpp <30PTLp
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3.3 Local Search for the Metric p-Median Problem

3.3.1 Definition (Neighborhood, Swap for the Metric p-Median Problem)
Given V = J € R¥, consider the metric p-median problem p/I/-/| |/ 3.

a) S:={SC1I : |S|=p} (set of feasible solutions for the p-median problem)

b) ¢(S) := > ||S, 4l = >_ min |4, j|| (cost of a solution)
j€J jEJ €8

c) I'(S):={5" €S : |S'AS| =2} (neighborhood of a solution)
d)i—id :{SeS:ie8,i¢S}—8,5— S\{i}U{i} (swap)
e) S € S local optimum :< VS’ € T'(S) : ¢(S) < ¢(5)

3.3.2 Remark
p/I/- /|- /> < (MUFL) Y y; = p with f =0 constant
el
3.3.3 Algorithm (Local Search for the Metric p-Median Problem)
Input: p/I/-/||-||/>,V=J5€S8
Output: S € S local optimum
While S’ € T'(S) with ¢(S") < ¢(S) exists: Set S «+ 5.
Output S.

3.3.4 Remark (Arya, Gary, Mulagala, Pandit [2001])

Let S be a local optimum and S* be a global optimum of the metric p-median problem.
Then the following holds:

a) ¢(S) < 3¢(S%)

b) For all S € § exists S’ € T'(S) with decrease per swap ¢(S) — ¢(S’) > w

c¢) This yields a 3 + O(1)-approximate polynomial time local search algorithm.

3.3.5 Theorem (5-Approximation Ratio for Local Search)
Let S be a global optimum of the metric p-median problem.
Then Algorithm 3.3.3 yields a local optimum S such that ¢(S) < 5¢(S*).

Proof. Define a map 7 : S* — S, i* — argmin ||i,*||
i€S
that maps each facility in S* to the closest facility in S.

| T I |
\Jii)?_;‘ (ERR o
ol Ll e b e =1
G A ' o % Ll
| i L I [ | |
| / / il .|- _ | i X : i f
LR IRE | A
AN '|| LA i/"’ ¢i| !
Vil 1O T C [ | V! : ol
WA AR :\m‘-"; MBS AR "\L“| N |5



For k =0,11let Ry, :={i € S : n(i*) = i for exactly k facilities i* € S*}.
Construct a set P of k swaps, one for each i* € 5%, as follows:

a) i€ Ry =i—nt{i)eP

b) [Ro| + [S\(Ro U Ry)| = |S"\n~"(Ry)]
N———

<318 \n~ (R
= 2| Ro| > |S"\n ™" (Ra))
i € Ry =i — i* € P for at most 2 arbitrarily chosen i* € S*\n=!(R;)

Remark:

a) i € Ry is close to n71(i) and all other i* € S* are far away
= i — 1~ 1(i) can be handled by assigning all of i’s clients to n~1(i).

b) i € S\(Ro U Ry) is close to a several facilities in 771(i).
=i — i* € n71(4) and assigning all of i’s clients to i* can cost much.
We consider only swaps (i — ¢*) € P with i € Ry U Ry.

Claim 1: For i € S,i*,i* € S* and (i — i*) € P it holds n(i*') # i.

Let

p:J—> 57— argmin g IS, 7ll,

o J =8, argmin g Hg*,jH

be functions mapping j to the closest facility in S and S*, respectively, and
N@G)=p 1(i),ieS

N*(i) = ¢*71(i),i € S*

be the sets of clients assigned to i € S and i € S*, respectively.

Claim 2: For each swap ¢ — ¢* € P it holds
S local optimum

c(S\fi}u{irh) —e(S) < > (IS4l =184+ > 2057l

JENT(i) JEN()
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Consider the following assignment ¢’ : J — S\{i} U {i*}:

i Jj € N*(i)
¢'(G) =7 =nle"(7)) J€N(E\N*(")
[20)) J € J\(N (i) N N*(i%))

From claim 1 follows i # ', so ¢’ is well defined. Further
S\l —oS)
= Z;](HS\{Z} ud{i}al) = I1S, 4l

je

= X (dl=1sah+ X sl = 1a sl

JEN*(i*) B FEN()\N*(i*)
< > (Esal =S+ X Al = 1l4dl
JEN*(i*) B JEN (i) \N*(i*)
< (Il =0Ssalh+ > sl + e, &l 14, 411)
JENT (i) ~—~— FEN()\N*(i*) —

=I5 ] <[l

B <[li*" 4l

< > (1Sl = 11S. 4l + > 28l
JEN*(i*) B FEN()\N*(i*)
< > Sl =11S.alh + X 2)18%, 4]l (Claim 2)
JEN*(i*) JEN(i)

In the summation of the inequality of Claim 2 over all (i — i*) € P

every i € S appears twice and every i* € S* appears once: B

0< > 2 Usml=1Sah+2> > 205%il =5c¢(5*) —(S)
*E€S* jJEN*(i*) i€S jeN (1)

= ¢(S) < 5e(S™).
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3.4 The Assignment Problem

3.4.1 Example (Assignment Problem or Perfect Bipartite Matching Problem)
G = (UUV, E) complete bipartite graph with |U| = |V (equal sized shores)
MCE:|Mnd(w)| =1VYw e UUV perfect matching
(¢ij)iev,jev cost matrix with ¢;; > 0 costs
U; = min ¢;; TOW minima

Jjev
(ng)ieU,jeV := (¢ij — u)icvjev reduced cost matrix with respect to u
E:={ecE : ¢ =0}, G:=(UUV,E) equality graph
vj = Illélél cij = I}él{}l(cw — u;) column minima
(Cij)iev,jev = (cij — u; — vj)icv,jev reduced cost matrix with respect to u and v
mine(M) = ) ¢; minimum cost perfect matching

ijeM
2 5 3 4 2
19 27 1 e T
Let (Cij)— 3 789 , U = 3 F
9 4 15 1
0 3 1 2
0716
(C;j):(cij_ui): 04 5 6 ,w:(O 3 0 2)
8§ 3 0 4

0010 2
> _ 0 4 1 4 1
o J_(cij):(céj—vj): 015 4 , Uy = 3 ,’Ui:(o 3 0 2)
8 0 0 2 1
BANS"Z aw 00 10 2
\\ | dual updste o _ 8 111 é i = i = (-1 3 0 2)
: N\, 80 0 2 1
N 1 010 2
o imal update _ 0 3 0 3 2
\/ T e = g g g mm |y u= (8002
9 0 0 2 1
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3.4.2 Definition (Assignment Problem or Perfect Bipartite Matching Problem)
Input: G = (UUV,E) with |U| =|V|,E=U x V,¢;; e RVij € E
Output: M C E perfect matching of minimum cost ¢(M) = > ¢;;
ijeM
3.4.3 Definition (Assignment Terminology)
Let G = (UUV,E) with |U| = |V|, E=U x V and ¢;; € R for all ij € E.

a) Let F C E:
UF)={ieU :3j€V :ijeF}
V(F):={ieV : 3j€eU : ijeF}

b) Let u € RV, v € RV ij € E:
Cij = Cij(u,v) = ¢;j — u; — vj reduced cost with respect to u and v
E:={ije E:¢;=0},G:= (UUV,E) equality graph
c¢) Let u € RY v € RV, M C E matching, P C E path, ug € U(P)\U(M)
¢M  eM ¢M ¢M
P alternating ugvg-path & P = ﬂa;)?, m, ﬂ;@, e UV
P augmenting ugvg-path < P = ug ... v, alternating with vy € V\V (M)

d) Let u € RY, v € RY, M C E matching, T C E tree, r € U(T)\U (M)
T alternating tree :< all paths in T are alternating

e) u e RY, v € RV dual feasible ST =cij —u; — v > 08 u; +v; <y

3.4.4 Proposition (IP Formulation of the Assignment Problem)

The assignment problem can be formulated as an IP as follows:
(AP) min Z CijTij

ijer
Z Tij = 1 VieU
jev
Z Tij = 1 VieV
€U
zi; €{0,1} VijeE
< min o
AG)r =1
r €{0,1}F

3.4.5 Proposition (Total Unimodularity of A(G))
A(G) is totally unimodular.

Proof. Exercise.

3.4.6 Corollary (LP Formulation of the Assignment Problem)
The LP relaxation of the assignment problem has 0/1 extreme solutions.
Hence, the assignment problem can be formulated as the following LP and its dual:
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(LP) min Z CijTij

ijeE
inj =1 VieU — U;
JjeEV
Zl‘i]’ =1 VjeV — Vj
€U

r; >0 Vijekl
& (DP) max Y u; +y vj
i i
U +v; < Cij Vij € B

3.4.7 Corollary (Dual Solution of the Assignment Problem)
Let u € RV, v € RV be dual feasible.
Then ) u; + > v; < ¢(M) for all matchings M.

€U JjeEV

Proof. ¢(M) = 3 cij= Y Ciji) = 2. Ui + 05 = 2 Ui + Y U
ijeM €U €U €U JeV
3.4.8 Proposition (Alternating Paths)
Let M C E be a matching. Then the following are equivalent:
M is maximal with respect to inclusion.
& There is no augmenting path in G.
& There is no augmenting path in a maximal forest of alternating trees in G.

Proof. Exercise.

3.4.9 Algorithm (Hungarian Method (Kuhn [1955] & Munkres [1957]))
Input: G = (UUV,E) with |U| =|V|, E=U xV,¢;; e RVije E
Output: M € argmin(LP), (u,v) € argmax(DP) = c¢(M) = > ui+ Y vj

€U JEV
Data structures: G,¢

1. Set u = (minc¢;;)icy and v < (min(c;; — u;))jev-
u (Ij?él‘l}cw)zeU na v (Igéll}l(cw ul))]EV

2. Choose a maximum matching M in G.
3. If |IM| = |UJ|: Output M and (u,v). Stop.

4. Choose an unmatched node r € U(T).
Calculate the maximal alternating r-tree 7" in G.

4a. If there is an augmenting rj-path P in T"
Primal update: Set M <« M\(P N M) U (P\M). Goto 3.

4b. Dual update:

Calculate € < min Cij — U; — Vj.
iF€U(T)x (VAV(T))

Set u; «— u; + ¢ for all i € U(T).
Set v; <= v; — ¢ for all j € V(T). Goto 4.
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3.4.10 Theorem (Runtime of the Hungarian Method (Kuhn [1960]))
Algorithm 3.4.9 is correct.

Proof. We obtain the correctness from the following claims:

a)
b)

c)

Claim: Without loss of generality ¢;; is integer for each edge ij € E.

Claim: M grows by exactly one edge in step 4a.
Proof. The definition of an augmenting path P yields |P N M| =|P N M|+ 1.

Claim: |U(T)| > |[V(T)] in step 4b.

Proof. Every alternating path in T is non-augmenting and therefore terminates at
a node from U(T'). Because T consists of alternating paths starting in U(T'), for
each node in V(T) there is a matching edge in T to a node in U(T")\{r}. On the
other hand, each node in U(T")\{r} is matched to exactly one node in V(T"). This
yields a bijection U(T)\{r} <> V(T') and r € U(T) implies |U(T)| = |V(T)| + 1.

Claim: ¢ > 1

Proof. Let T be a maximal alternating tree T in E, i € U(T) and j € V\V(T).
Then ij ¢ M because of [M Nd(i)| <1

and ij ¢ E, because otherwise ij € E\M could be added to T.

Hence U(T) x (V\V(T)) C E\E and € = min cij > min_ ¢; > 0.

GEUMX(W\V(T) 7~ ijeE\E

Claim: (u,v) is dual feasible in each step of the algorithm.

Proof. By definition of u and v, (¢;j—u;)—v; > (¢;j—min ¢;;) —min(c;;—mine;;) > 0
JEV icU jEV

holds for each pair ij € U x V immediately after initialization.

Primal update does not change u and v. If (u,v) is dual feasible, then (u/,v’)

obtained after a dual update step remains feasible for all edges of each type: -

ij € U(T) ><V(T):>cij—u§—v§~:cij—(ui—ks)—(vj—s):cij—ui—vj >0 -

1j € U(T)X(V\V(T)) = Cij—ug—U; = cij—(ui+€)—vj = Q-j—minc@-j — U — Uy >0
HEU(T)x (V\V(T))

-ij € (U\U(T)) x V(T):>cij—u;—v;- =cij—u—(vj—¢€)>c¢j—u—v; >0-

ij € (UNU(T)) x (VAV(T)) = cij — wj —vj = cij —u; —v; > 0

Claim: If Algorithm 3.4.9 terminates in step 3, M is optimal.
Proof. E(M):O@ Z Cij = Z cij—ui—vj:0
ijeM ijeEM
S D = > ui+ Y, v; < c¢(M') for an arbitrary perfect matching M’
ijeEM icU jev

g) Claim: Algorithm 3.4.9 terminates finitely.
Proof. This follows from b) and d).
O
3.4.11 Proposition (Runtime of the Hungarian Method)
Algorithm 3.4.9 runs in O(|V[?) time.
Proof. Exercise. O
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3.5 Lagrangian Relaxation
3.5.1 Remark (Compound Optimization Problem)
Consider (P) minc’z, Dz =d, Azx=b,z>0.
—_— —}
complicated (C) tractable (T')

How to reduce (P) (C),(T) to (P) (T')? / How to get rid of (C)?
3.5.2 Definition (Lagrangian Relaxation)
Let D € R™*™, X CR" closed and (P)minc’z, Dz = d,z € X. Then

~—

e.g. Az<b,xc{0,1}"

(T AT _
a) (Lpz=d) max ;1&1)1{1(0 x — A (Dz —d))
is the Lagrangian relaxation of (P) with respect to Dx = d.
b) f:R™ R A f(A) = mi}I{l(CTﬂf — \(Dz — d))
re
is the Lagrangian function of (P) with respect to Dz = d.

c) f(A):= mi}r{1(ch — AT(Dx — d)) is the subproblem of (Lp,—q).
re

3.5.3 Theorem (Elementary Properties of the Lagrangian Relaxation (Geoffrion))
Let v(P) := mincl'z, Dz = d,x € X with v(P) € RU {+00}.

2) max f(A) < v(P)

b) Let X = {Az = b,z > 0} with X N {Dx = d} # (). Then max f(\) = v(P).
In particular, feasible LPs and their Lagrange relaxations
have the same optimal objective values.

c¢) Let X be finite (X = {x1,..., 2} # 0) or a polytope (X = conv{xy,...,xr} #0).
Then f is
(i) concave,
(ii) piecewise affine,
(iii) bounded from above.

Proof. a) f(A) =min(c’z — \T(Dz — d)) < min ("'z —A\T(Dz — d)) = v(P)

zeX zeX N—
Dx=d =0
min ¢’z
Ar =b —pu
b) (P) Dz = A
z >0

duality max plb +ATd
o A 40D < =
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T
_ T max p'b
—(){161%%)\ d)+< ,uTA <cI'—\'D —>x>

min (¢! — ATD)z

duality (max Md) + Az =b <+ p
AER z >0
min (¢! = ATD)z
= max Az =b | +2d
AER 5 >0
— : T,. T D — —
max ;rél)r(l(c x— N (Dx —d) Joax fN)
k
— i (T 2T Y — i (7T T (e
c) f(A) —;Iél)r(l(c x— N (Dzx —d)) nin (ccx;— N (Dz;—d)) <v(P) <
affine in A XN{Dzx=d}#0

3.5.4 Definition (Subgradient, Subdifferential)
Let f: R™ — R be concave and )y € R™.

a) Subgradient of f at A\g: u € R™ such that ¥ A € R™ : f(\) < f(Xo) +ul (A — o).
b) Subdifferential of f at A\g: 0f(Ao) = {u € R™ : u subgradient of f at Ao}

3.5.5 Proposition (Differentiable Case)
Let f: R™ — R be concave and differentiable at A\g € R™. Then §f(Xo) = {f" (o)}

Proof. Exercise. O

3.5.6 Proposition (Polyhedral Case)

Let X be finite (X = {z1,..., 2z} # ) or a polytope (X = conv{z,..., x5} # 0
and f the Lagrangian function of minc’z, Dz = d,x € X with respect to Dz = d.
Then §f(N\og) = conv{—(Dz; —d) : x; € argmin f(A\g)} for all Ay € R™.

Proof. Let A\, Ao € R™, x(\o) := argmin f(\g) and uy := —(Dzy, — d) for xx € x(Ao).
D) Let xj € z(\g), i.e. x; minimizes f(Ag). Then
o) +ul (A =20) = mi)f(l(CTﬂﬁ — Ay (Dz —d)) = (Dzj — d)T (A = Ao)
TE

=cla; — N (Dzj —d) — (Dzj — d)T' (A = Xo) = cT'x; — AT (Dz; — d)

k
> IIE{l cl'z; — N'(Dx; — d) = f(\)
This also holds for any convex combinations of some wy

because the corresponding convex combination of some xj also minimizes f(\g).
C) min clz; — AN (Dx; —d) — f(X\o) >0

zi¢x(Ao)
= Je>0VANCU(Ng): z(A) C x(No).
Let u ¢ conv{u; : x; € x(A\o)}.

separating hyperplane theorem
B Ir € R™ :Va; € (o) s ulm <ul'm
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=>f( ) )\Q+€7T)

I
= min (c’z; — (Ao +em)T(Dx; —d))
zi€x(Ao)

= min (c'z; — N (Dz; — d) + erlw;)
z;€x(Ao)

= f(\o)+ min enlu;
f< 0) z;€x(Ao)

> f(Xo) +emlu
= f(Xo) + UT()\O +em—Xo) = f(Xo) + uT()\ — o) 4 ]

3.5.7 Algorithm (Subgradient Method)
Input: f:R™ — R concave, \g € R™ starting point, (o), with a; > 0 step lengths
Output: sequence (A,)g2, with A\, € R™

1. k<0
Uy < U € 5f()\0)

2. Mgr1 < Ap + agpug
Upt1 < u € 6f (Apy1)

3. Goto 2.

3.5.8 Theorem (Convergence of the Subgradient Method)
Let f : R™ — R be concave and

a) f*:=max f < o0

b) SLeRVuedf:|uls <L

o0 o0
¢) > a2 < oo is convergent and Y. ay is divergent.
k=1 k=1

Then lim maxf( j) = f*.

k—oo j=0

Proof. Let \* € argmax f.
k1 = A3 = 1Ak + agug — A3 = A — X+ agugll
= [ Ak = A5 + 200 uf (A — ) +a [lulf3

%,_/

<fw)—f*
k
<|[Ao — X*[l5 - Z 205 (f* = F(O) + X2 o llusll3
7=0 \/;/
<L

k
= M = A3 +2 3 a; (f = f() < [[ho = X5+ Z o
T’ J=0 N\ —— j=0
= >fr— maxf()\)

* k * |12 2 2
= = max f() < (Ao — A H2+Zajf: 22% .0 O
=const. J=0
<const. —00
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3.5.9 Example (Capacitated Facility Location Problem (CFLP))

(CFLP) min % fivi
(D)
(B) Yi
(©) il —
(Nz)  0<
(Ny) 0< Yi
(1) Yi

+ 2 dizy
ij€E
D> Tij
el
L) wiTi
JEJjER
ZCij

>1

>0
>0

<1
<1
€Z

The Lagrangian relaxation with respect to (C)

(Lc) max min 3, fiyi
)\ERZO i€l
(D)
(B) Yi
(Nz) 0<
(Ny) 0< Yi
(1) Yi

+ E dijxij
iJeEA
> Tij
el
xi]‘

-2

i€l
> 1

>0
<1
<1
€Z

VjiedJ
Vij € E
Viel

Vij e E
Viel
Viel

Vjed
Vij € A
Vij e E
Viel
Vije A

is equivalent to (MU F L) with a modified objective.

(L¢) is feasible < s;y; — > wjzi; > 0= X; =0.
Jje€J
ijxij<0:>)\¢—>oo.

(Lc) is infeasible < s;y; —

=

Let T = {1,2},J = {1,2,3},
(si) =

Wl A :
L] 'y {'. [

A rl_\f'\'g iy
e o A

Optimal solution: (z7;)

(

Optimal LP solution: (z7;) = (

11
0 0

<§) ,(fi) = (é)  (dij) = <(1) 2 g

DO 0|
[SUINC NI
O =
v

2

with cos

1
%) (7)) = (%) with cost 3.

> ; (wj)

demand constraints

variable upper bounds
capacity constraints

non-negativity constraint for x
non-negativity constraint for y
integrality constraint for y

> W;iT;)

jeJ

Ni(siyi —
demand constraints

variable upper bounds
non-negativity constraint for x
non-negativity constraint for y
integrality constraint for y

=(1 2 3)

16
b3

3

Lagrangian function: f(\) = d’z + fTy — A\ C1 — AaCy
with C1 = s1y1 — Z W;jx1;5 and Cy = s9yg — Z W25

=)

=
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i=1 i=2 i=3 j=1 j=2|d"z +fTy —MC1 —XCy =f()\
r1 1 1 1 1 0 0 +1 =A1(=2) =X2(0) =1+2)
xro 1 1 2 1 1 2 +4 —)\1(1) —/\2(3) =6— A — 3\
I3 1 2 1 1 1 4 +4 —)\1(0) —>\2(4) =8 — 4)\2
X4 1 2 2 1 1 6 +4 —)\1(3) —/\2(1) =10—-3)\1 — X2
5 2 1 1 1 1 1 +4 —A1(—=1) —=X2(B) =5+ XA —5X\
T 2 1 2 1 1 3 +4 —)\1(2) —/\2(2) =T7—2X 1 — 2\
7 2 2 1 1 1 5 +4 —-A1(1) —X2(3) =9—XA —3X\
g 2 2 2 0 1 7 +3 —A1(0) —X2(0) =10
T9 2 2 2 1 1 7 +4 —)\1(4) —/\2(0) =11 —-4)\
T19 1 1 1 1 1 0 +4 —)\1(—2) —)\2(6) =142\ —6XAs
Vap:Cy <0= max f(A) has Ay =0
AeRZ

Considering the functions f(A1) := f(A1,0) yields A} = 3 with f(A}) = f(3) = 4.

3.5.10 Definition (Capacitated Facility Location Problem (CFLP) - extended)
Let I, J be finite sets, f € RI, s e RL,, w € R dij € RIXJ,

>0 >0
iel ijeE
(D) x;; >1 VjeJ demand constraints
i€l : ijeE
(B) Yi —x;; >0 Vij € EF variable upper bounds
(C) siyi — >, wjxy; >0 Viel  capacity constraints
jeJijelr
(T) > sy - > wj >0 total demand constraint
icl jeJ
(N:) 0< xziy; <1 Vije E non-negativity constraint for x
(Ny) 0< Vi <1 Viel non-negativity constraint for y
(1) Vi €7 Vij € A integrality constraint for y
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For R,L.C S:={D,B,C,N,I,T}, RNL=0,RUL=S\(RUL)

let ZR .= Z (RUL), ie. (ZE) arises from (Z) by dropping the constraints from R
and a Lagrangian relaxation with respect to the constraints in L.

Nz € R, L; Ny € R,L

have no computational gain.

DeR CeR

would remove essential properties.

The LP relaxation and its Lagrangian relaxations have the same optimal values,
ie. e R=VYX €{D,B,C,N,T}: z%=Z%

We will consider all other possible relaxations:

BeR,L,RUL; TeR,LRUL; De L, RUL; CeLl,RUL
yield 3 -3 -2 -2 = 36 relaxations.

IeR; Be R RUL; TeRRUL

yield 2 - 2 = 4 relaxations.

3.5.11 Observation

Let S; := (Ajz < b;),i =1,...,k be inequality systems,

P(Sl .. Sk) = {Alx < bl,...,AkJE < bk} and

conv(Sy...Sgl) :=conv{z € Z, Ayx < by,..., Az < bi}. Then

b) conv(S1S521) C P(S1) Nconv(SeI) C P(S152)
Proof. a) by definition. b) is also clear.
3.5.12 Theorem (Lagrangian Relaxations of the CFLP (Sridharan et al. [1991])
The following equalities and inequalities between Lagrangian relaxations hold:

a) 2Pl <721 < ZL < Zo<Z

=3

7t <7p<Zc

c) ZBL < ZB < Zp

(oW

Z=2p=28=02r=2"=2Zrp=28=25=27"8

¢

—

Zg = ch

ZL5 = Zre

o2

)
)
)
)
) Zp = Zpc = Zgp = Zpc = Zppc = Z5
)
)
)

h) 2! =Z" = Zrp = Z5 = Zrpe = Z5 . = Zpre = Z%

_ _ 7T _ _ 7T _ 7B _ BT
—ZBTDC—ZBDC—ZBTC—ZBD—ZTD—ZD

i) 281 =Z"Pl = ch = ZgB = ZZQDC’ = Zgg
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Proof.

b

a) ZBl <zl =711 = Z711 < 7L < Zo < Z

b) 21 =z < Zp L Zpe < Zo

c)
d)

e)

780 = 781 < 782 78 < 7,
Claim: conv(NDCI) = conv(T'BNDCI)
Proof. (C)AN(I)= (B)

2(©)

(D)
(DYAN(C) = (T) = Xosiyi = X wiwg = 2o (wj Do xij) = ) w;
iel ijeE jeJ el :ijeE =
(i) Zp = Zpc = Zpc = Zp = Zpc:
The first equation Zp = Zgpc implies the other three equations.
Zp =mind x + fTy, (z,y) € P(D) Nconv(BCINT)
Zppc = mind" 'z + f1y, (z,y) € P(DBC)  Nconv(INT)
—_——

851 %) b Dy\AP(BC)

Claim: P(BC)Nconv(INT) = conv(BCINT)

Proof. (D) by Observation 3.5.11 b).

(©): Let (7,7) be an extreme point of P(BC) N conv(INT).

(z,7) € {0,1}'*/ = (7,7) € conv(BCINT).

Otherwise y € conv(INT) =7y = %yl + %yg; y1,y2 € conv(INT),y1 # yo.
———

integer polytope

0 7, =0

Setxfj:: ok % forkzl,2:f:%x1+%x2
Tijy. Ui 70

= (zk,yx) € P(BC)Nconv(INT) for k= 1,2 = (T,7y) not extreme 4

(ii) Zp = Z&:
Claim: conv(BCINT)N P(D) = conv(CINT)N P(D)
Proof. (C)N (I)N(N) = (B)

Claim: P(C)nNconv(DINT) = P(CD)Nconv(INT)

Proof. The claim is equivalent to conv(DINT) = P(D) N conv(INT)
(DINT) separates into constraints for x (DN) and y (INT).

The convexification only appears to y.

Claim: P(C)Nconv(DNBI)= P(TC)Nconv(DNBI)
Proof. The claim is equivalent to conv(DNBI) = P(T) N conv(DNBI).
This follows from (C), (D) = (T).
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h) Claim: Zz!= 277!
Proof. (C)N (D)= (T)

Claim: Z5" =7ZF,=27P
Proof.
P(D)Nconv(CNI) = P(TD)Nconv(CNI) = P(TD)Nconv(CNIB)
—~— —~—
(DINC)=(T) (CNNIND)=(B)
Claim: Zpp = Z!
Proof. P(TD) N conv(BCNI) = P(TDBCN) = P(TD) N P(BCN)
= conv(BCNI) = P(BCN).
As in €)(i), but without T, we obtain
conv(BCNI) = P(BC) N conv(NI) = P(BC) N P(N) = P(BCN).

Claim: ZBTC = ZI
Proof. P(BTC) N conv(DNI) = P(BTCDN)
BV SR pD) A conv(NI) = P(D) N P(N).

All other bounds are stronger than Z! and weaker than Z7p or Zgrc.

i) Claim: ZB! = zT58!
Proof. (C) N (D) = (T)

Claim: zZP7 =278,
Proof. P(T'CDN) = P(TC)Nconv(DNI)= P(TC)N P(DN)

The same argument yields the other equalities.
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