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Preface

For many years the rapid progress in the development of both computers
and computing (algorithms) has led to a more and more detailed scientiﬁc and engineering modeling of reality. Mathematicians are now facing
the task of solving very large ODE problems of high complexity. Accordingly, the subject numerical analysis must now be embedded into the larger
ﬁeld scientiﬁc computing. With this idea in mind, this book focuses on the
presentation of eﬃcient algorithms as well as on their mathematical theory. The book covers initial value problems (IVPs) for ordinary diﬀerential
equations (ODEs) and diﬀerential-algebraic equations (DAEs) as well as
boundary value problems (BVPs) for ODEs. It is a translation of the second edition of a rather successful German textbook.
The book is addressed to students of mathematics, science, and engineering. For a basic background in numerical analysis we conveniently refer to
our introductory textbook [58]. From the analysis of ODEs we use only elementary existence and uniqueness theorems and some of the simple solution
techniques such as “variation of constants” and “separation of variables.”
On rare occasions we go back to results from complex analysis such as the
maximum principle and the Riemann sphere. For future scientists and engineers some passages may be somewhat hard to digest; these students are
encouraged to skip the technical details and to concentrate on the mathematical substance. In order to keep the book accessible to as many readers
as possible, we deliberately shifted topics, that are of interest primarily to
mathematicians, to proofs or remarks.
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For mathematicians who may not readily have a well-rounded knowledge
of science we have included certain scientiﬁc material that we regard as
important in connection with ODEs. In line with this we begin with an
elementary introduction of some ODE models of time-dependent processes
from science and engineering.
A theme running throughout the entire book is the close match between
concepts and notation from numerical analysis and dynamical systems, for
example, with respect to the inheritance of properties of continuous ODEs
by their discretizations.
For initial value problems the concept of evolution expressing the uniqueness of a solution leads naturally to the condition concept of IVPs and
eventually to the asymptotic stability of ODEs. In strict analogy, one-step
methods can be characterized by the concept of a discrete evolution, which
in turn leads to the discrete condition and to the asymptotic stability of
recursions. Then a comparison of the continuous and discrete condition
numbers allows for a clear distinction between stiﬀ and nonstiﬀ IVPs. At
the same time, these concepts permit an interpretation of numerical ﬁndings obtained for Hamiltonian systems, an important topic that can only
be touched upon within the scope of this book.
The presentation of boundary value problems also begins with local uniqueness results for BVPs. They lead directly to the condition of BVPs and to
the discrete condition of the corresponding algorithms. By comparison with
IVPs, a distinction between timelike and spacelike BVPs appears to be natural, which then carries over to the associated algorithms. An important
source of timelike BVPs are problems of optimal control, a presentation of
which has here been added. This presentation follows largely the lines of a
course taught by R. Bulirsch ﬁrst in 1971 at the University of Cologne and
then, since 1973, in a further developed form at the Technical University
of Munich. The ﬁrst author had the pleasure of assisting several times in
this interesting course. Up to now its contents have not been available on
a textbook level.
The book contains a series of otherwise unpublished results by the authors. Wherever the contents had to be conﬁned we cite references for
further study. Throughout the text illustrative examples from applications
are included. Numerous exercises are given for further practice and an improved understanding of the material.
We deliberately entered into certain details of the algorithmic implementation. It was our goal to equip mathematicians as well as program users
with the background knowledge needed for the eﬃcient solution of scientiﬁc
problems that may be oﬀ the beaten track. Selected programs are explicitly
named in their context and listed in the index. At the end of the book we
include a collection of software packages together with web addresses from
which these programs may be downloaded.
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