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Abstract. A beautiful result of Bricker and Scheiderer on the stability index of basic
closed semi-algebraic sets implies, as a very special case, that every d-dimensional poly-
hedron admits a representation as the set of solutions of at most d(d + 1)/2 polynomial
inequalities, Even in this polyhedral case, however, no constructive proof is known, even if
the quadratic upper bound is replaced by any bound depending only on the dimension.

Here we give, for simple polytopes, an explicit construction of polynomials describing
such a polytope. The number of used polynomials is exponential in the dimension, but in
the two- and three-dimensional case we get the expected number d(d + 1)/2.

1. Introduction

By a surprising and striking result of Brocker and Scheiderer (see [Sc], [Br], [BCR], and
[Mal]) every basic closed semi-algebraic set of the form

S={xeR% fi(x)=0,...,fi(x) >0},

where f; € Rlx1,...,x4], 1 < i <[, are polynomials, can be represented by at most
d(d +1)/2 polynomials, i.e., there exist polynomials py, ..., pa@+1y2 € Rlx1, ..., x4]
such that

S={x eR% p1(x) 2 0,..., pa+n(x) > 0).
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Moreover, in the case of basic open semi-algebraic sets, i.e., > is replaced by strict
inequality, one can even bound the maximal number of needed polynomials by the
dimension 4 instead of d(d + 1)/2.

No explicit constructions, however, of such systems of polynomials are known, even
in the very special case of d-dimensional convex polyhedra and even if the quadratic
upper bound is replaced by any bound depending only on the dimension. In Example 2.10
of {Br] or in Example 4.7 of [ABR] a description of a regular convex m-gon in the plane
by two polynomials is given. This result was generalized to arbitrary convex polygons
and three polynomial inequalities by vom Hofe [vH]. Bernig [Be] proved that, for d == 2,
every convex polygon can even be represented by two polynomial inequalities. The main
purpose of this note is to give some basic properties of polynomials describing polyhedra
as well as an explicit construction of (exponentially many) polynomials describing simple
d-polytopes of any dimension d. |,

In order to state the result we fix some notation. A polyhedron P < R? is the
intersection of finitely many closed halfspaces, i.e., we can represent it as

P={xeR:d .x<b,1<i<m), (1.1)

for some a' € R?, b; € R. Here a - x denotes the standard inner product on R¢, If P is
bounded, then it is called a polytope. In general we are only working with d-dimensional
polyhedra P C RY, and, for short, we denote these polyhedra as d-polyhedra. A d-
polyhedron P is called simple if every k-dimensional face, 0 < k < d — 1, belongs to
exactly d — k facets of P. In the case of polytopes, this is equivalent to the statements
that every vertex lies in precisely d facets, or every vertex figure is a simplex (see p. 65
of [Zi]). Since for unbounded polyhedra the above definition of simple polyhedra is not
invariant with respect to projective transformation, we call a polyhedron P a strongly
simple polyhedron if it is projectively equivalent to a simple polytope, i.e., for a *“P-
permissible” projective transformation f: R¢ — R the closure of f(P), denoted by
cl(f(P)), is a simple polytope. For more information about polyhedra, polytopes, and
their combinatorial structure we refer to [MS] and [Zi].
For polynomials p; € R[xj, ..., x4], 1 <i <!, we denote by

Ppr,....;) = {x e RY: p1(x) 2 0,....;i(x) = 0}

the associated closed semi-algebraic set and we define

Definition 1.1. A P-representation of a d-polyhedron P  R? consists of { polyno-
mials p1, ..., P € Rlxy, ..., x4] such that

P=Pp1....»)

For d-polytopes there are two other well known and important representations (see,
e.g., [GK] and [Zi]): The representation of P by m vectors ' € R? and scalars b; as
givenin (1.1) is called the H-representation of P. Of course, any H-represerntation may
be regarded as a special P-representation of P with linear polynomials (linear forms).
As a dual counterpart we have the V-representation of a d-polytope P consisting of n
points v’ € R? such that P is the convex hull of these points, i.e., P = conv{vl,..., v"}.
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Both V- and ‘H-representations are quite powerful and useful representations of poly-
topes. They admit the computation of the complete combinatorial structure (face-lattice)
of the polytope (see [GK] and [Se¢]) and linear programming problems can be solved in
polynomial time with respect to the input sizes of these representations. Many interesting
combinatorial optimization problems, however, cannot be effectively solved via these
representations because the size of both representations is exponential in the “natural”
input size of the combinatorial problem instances. This holds, e.g., for the polytopes
associated with the traveling salesman problem or the max cut problem, see [GLS] for
details.

On the other hand, the result of Brocker and Scheiderer tells us that there always exists
a P-representation by polynomially many (with respect to the dimension) polynomials,
and, therefore, a representation or “good” approximation of a polytope by few polynomial
inequalities could lead to a new approach to “hard” combinatorial optimization problems
via nonlinear programming tools. In the last section we discuss this connection in more
detail as well as the possible outcomes of such an approach.

For a different approach of approximating “discrete problems” by semi-algebraic
sets see [BV], and for related problems involving polynomlals and optimization see,
e.g., [Ba], [BG], [La], and the references within.

Unfortunately, at the moment our knowledge about polynomials representing or ap-
proximating polytopes is rather limited. For arbitrary polytopes we even do not know
how to convert—yvia an algorithm—an H-representation into a P-representation where
the number of polynomials depends only on the dimension. For simple polytopes we
have the following result.

Theorem 1.2. Let P C R? be a d-dimensional simple polytope given by an H-
representation. Then 1(d) < d* polynomials p; € R[xi, ..., x4] can be constructed
such that

P = 73(131, cees pu(d)).
In particular, we can take 1(2) = 3 and 1. (3) = 6.

Since every two-dimensional polygon is simple, Theorem 1.2 includes the result of
vom Hofe [vH].

It is not hard to see that if a polyhedron is given as the set of solutions of polynomial
inequalities, then the sum of the total degrees of these polynomials is at least the number
of facets (see Proposition 2.1(1)). In fact, the total degrees of the polynomials used in
Theorem 1.2 depend on the number of k-faces, k = 0,...,d — 1, of the polytope as
well as on some metric properties of the polytope. For upper bounds on the degrees in
the general semi-algebraic setting we refer to [BM].

All the polynomials that we use in Theorem 1.2 are of a rather special structure,
namely, if P = {x € R%: @' - x < b;, 1 <i < m}, then they can be expressed as

m
> co [ b~ a1,
aeN" a=0 i=1

where ¢, are certain non-negative numbers and, of course, only finitely many of them are
positive. One possible explanation for this special type is given by a result of Handelman
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{
[Han] which says that every polynomial that is strictly positive on a polytope P is of that
type. His proof is non-constructive, for a more explicit version see [PR].
It seems to be an interesting question to ask for the minimal number of polynomials
needed to describe a d-polyhedron or d-polytope. Therefore we define

Definition 1.3. For a d-ﬁolyhedron P < R4, let mp(P) be the minimal number of
polynomials needed in a P-representation of P and let

mp(d) = max{mp(P): P C R is a d-polyhedron},
mp(d) := max{mp(P): P C R¥isad-polytope}.

We set mp(RY) = 0, and for a polyhedron P C Rd with dim(P) < d we mean by
mp(P) the minimal number of polynormals in dlm(P) variables, which are needed in
order to describe an embedding of B in R4m(®),

Observe that mp (P) is invariant with respect to regular affine transformations of P,
Moreover, it is easy to see that mp(P) > d forevery d-polytope P (see Corollary 2.2(i)),
and together with the result of Brocker and Scheiderer we obtain

d <mp(d) <mp(d) <dd+1)/2.

In Proposition 2.5 we show mip(d) < mp(d)+ 1. Probably, the truth is mp(d) = mp(d).

There are some trivial examples of polytopes for which d polynonnalé are sufficient.
For instance, the cube C¢ = {x € R?: —1 < x; < 1} can be written as C¢ = {x ¢
R? —(x;)®> + 1 > 0}. Another example is an arbitrary d-simplex T, To see this, we
may assume without loss of generality that T¢ = {x € R%: x; > 0 X1+ +xg < 1)
Then it is easy to check that

T¢={xeR: x;(l—x -+ —x4) 20,1 <i <d}.

Actually, the given representations of a cube and a simplex are special cases of a general
construction of polynomial inequalities for prisms and pyramids (see Proposition 2.3),
which in particular imply that every three-dimensional prism or pyramid can be described
by three polynomials (see Corollary 2.4). However, we are not aware of a representation
of aregular crosspolytope C¢ = {x € R?: |xi| +++- + |x4| < 1} byd polynormals or
of any constructive good upper bound on mp(C?).

In this context it seems to be worth mentioning that a classical result of Minkowski
[Mi}] implies that a polytope can be approximated “arbitrarily closely” by only one
polynomial inequality, where, of course, the degree of this polynomial is “arbitrarily
large.” In Section 2 we construct such a polynomial, which will be used in the scope
of the proof of Theorem 1.2. Furthermore, in Section 2 we state some simple and basic
properties of polynomials describing a polyhedron. In Section 3 we give the construction
of the polynomials used in Theorem 1.2 and the proof of this theorem, A generalization
of the theorem to strongly simple polyhedra is given in Section 4 (see Corollary 4.1).
Finally, in Section 5 we discuss possible outcomes of research on the P-representation
of polyhedra associated with hard combinatorial optimization problems.
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(

2. Polynomials and Polyhedra

Let
P={xeR:d x<b,1<i<m} 2.1)

be a d-dimensional polyhedron. We always assume that the representation (2.1) is irre-
dundant, ie, PN{x e R% a' - x = b;}isafacetof P,1 <i <m.In particular, we
have that b; = h(a'), where h(-) denotes the support function of P, i.e.,

h(u) = sup{u - x: x € P}.

For anon-negative linear combination of vectors 3, pittt, pi € Rsp, we have h(3_; piu')
< ¥, pih(u'). The next proposition collects some simple properties of polynomials
describing polyhedra.

Proposition 2.1. Let P = {x € R o’ - x < b;, 1 < i < m) be a d-polyhedron and
letpr, ..., € Rlxy, ..., x4] such that P = P(py, ..., p1).

() Each facet defining linear polynomial b; — a' - x,i € {1,...,m}, is a factor of
one of the p;.

(i) Let F be a k-dimensional face of P. Then there exist d — k polynomials pj,, . . .,
Pjus> SGY, such that these polynomials vanish on the affine hull of F, i.e.,

aff F C {x € R%: pjy(x) =+ = p;,, (x) =0}

Proof. (i) Let F; = PN{x € R% qa'.x = b;}. By assumption, F; is a facet of P.
First we note that for each y € F; one of the polynomials p; has to vanish. Otherwise, if
pj(y) > Oforall 1 < j <[ we get by the continuity of polynomials that we can move y
in any direction without leaving P, which contradicts the property that y belongs to the
boundary. Thus we know that the polynomial

!
fory = [ Tos 0
j==1

J=

vanishes on F;. Hence it vanishes on every segment joining two points of F; and, there-
fore, it has to be 0 on aff(F;) = {x € R%: b, —a’ - x = 0}. Thus b; — a’ - x is a factor
of f(x). Furthermore, since b; — a' - x is irreducible, it has to be a factor of one of the p;
(see, e.2., p. 148 of [CLO]). _
(ii) 'We use induction with respect to the dimension & of the face F and we start with -

k = d — 1. In this case the statement follows immediately from (i). Soletk < d —1and
let G be a (k + 1)-face containing F. By induction we can assume that aff(G) C {x €
R?: py(x) = pa(x) = -+ = py_g—1(x) = 0} and so

G = aff(G) N P = {x € aff(G): pa_x(x) >0, ..., b(x) = O.

With respect to the (k + 1)-dimensional polytope G in the space aff(G) the face F is
a facet and so we can conclude that one of the polynomials ps—y, ..., p; vanishes on
aff(F). |
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As an immediate consequence of Proposition 2.1(ii) we note

Corollary 2.2.
(i) Let F be a non-empty face of a d-polyhedron P C R4, Then
mp(P) =2 mp(F) +d — dim(F).

In particular, mp(P) = d for d-polytopes.
(i) mpd+1) = mpd)+1landmp(d+ 1) > mp(d) + 1.

Proof. Let P = P(py,..., ). By Proposition 2.1(ii) we may assume that aff(F) C
{x e R py(x) = -+ = py—dimr) (%) = 0}. Thus

F=aff(F)N P = {x € aff(F): pydgimm+1(x) > 0, ..., py(x) > 0}

and so mp (F) < mp(P) — (d — dim(F)). If P is a polytope, then we may choose for
F avertex and getmp (P) = d.

For (ii) let Q be a d-polytope with mp(Q) = mp(d). Now we take any (d + 1)-
polytope that has Q as a facet and then we can conclude from (i) thatm (P) > mp (d)+1.
Of course, the polyhedral case can be treated analogously. O

The next statement gives some information on mp (P) for d-prisms and d-pyramids.
A d-polytope P is called a d-pyramid (d-prism) with basis Q, where Q isa (d — 1)-
polytope, if there exists a v € R such that P = conv({Q, v} (P = Q + conv{0, v} =
{g+rv:ge Q,0<A <1}

Proposition 2.3. Let P be a d-prism or a d-pyramid with basis Q. Then

mp(P) =mp(Q) +1.

Proof. Since in both cases the (d — 1)-polytope Q is a facet of P we get from Corol-
lary 2.2(i) : :
mp(P) 2 mp(Q) + 1. (2.2)

In order to show the reverse inequality we start with a d-dimensional pyramid P =
conv{Q, v} and without loss of generality we assume that

d-1
(i Qc {x R xy=0and ) (x)* < 1}, (i) v=0,...,0,DT. (2.3)

i=1

Let! = mp(Q) and py,...,p; € R[xy, ..., x5-1] such that Q = P(py,..., ). Fur-
thermore, we denote by p the maximum of the total degrees of the polynomials p;,
1 <j <l andlet

~ X X .
pj(x)=(1—xd)P-pj(1_lxd,...,lj;d), 1<j=i,

PGy = xg(1 —xg = xg((x1) + -+ + (x4=1)%)).

(2.4)
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Observe that p;(x) € R[xy, ..., x4], 1 < j <. Next we claim that
P=P@1,....p.p). (2.5)
To see this we first note that for0 < A <1,
PnixeR: xg=2=1~-0NQ+A(0,...,0,1)7, (2.6)
A simple calculation shows that, for0 < A < 1,
PN {xeR¥ x; =2} _
= {1, Xae, VT ERY B0, 20, ) 20,125 S0 (27)

Next we observe that, for x € P, we have 0 < x; < 1. By (2.6) and assumption (2.3(i))
we conclude that

24 (a-1)? < (1= x4)? forall x e P.

Hence p(x) > 0 for x € P and together with (2.7) we get P\{(0,...,0,1)T} C
P(p1, ..., i, p) and consequently P C P(py, ..., 1, p)-

For the reverse inclusion we notice that p(x) > 0 implies 0 < x; < 1 and with (2.7)
we obtain

P@E1 oo, po P\ (x eRY: x4y =1} C P,

Since for x; = 1 the inequality p(x) > 0 becomes (x;)?+- - -+ (x4-1)* < 0 we conclude
that

P, ... N{xeR: x; =1} ={(0,...,0, )T}

Hence we also have P(py, ..., P, p) C P.Thus (2.5)is shownand so we have mp (P) <
mp(Q)+ 1. Together with (2.2) the statement of the proposition is verified for pyramids.

If P = Q + conv{0, v} is a d-prism over the basis Q and if we assume again that
v=(0,...,0,D)7T, Q0 C{x e R% x; =0},and Q = P(p1, ..., Pmp(g)) then it is easy
to check that

P={xeR% pj(x;,...,x4-1) 20,1 < j <mp(Q), xz(1 — xz) = O}. O

Since every two-dimensional polygon can be described by two polynomials (see [Be]),
Proposition 2.3 gives ~

Corollary 2.4. Let P be a three-dimensional prism or pyramid. Then
m'p(P ) =3,

Next we study the relation between mp(d) and mp (d). Obviously, we have mp (d) <
mp(d). In order to bound i p (d) in terms of mp (d), we apply a standard technique from
Discrete Geometry, which “makes an unbounded pointed polyhedron bounded,” namely,
projective transformations.
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Proposition 2.5. Letd > 2. Then

mp(d) < mp(d) < mp(d) + 1.

Proof. In order to prove the upper bound on 71p(d) let P be a d-polyhedron such that
mp(d) = mp(P).Let G be anon-empty face of minimal dimension of P, and we assume
that 0 € G. Suppose that dim(G) > 0. Then the intersection of P with the orthogonal
complement of lin(G), the linear hull of G, is a lower-dimensional polyhedron Q, say.
Since P = Q + lin(G) = {g + g: q € Q, g € lin(G)} any P-representation of Q can
easily be converted to a P-representation of P with the same number of polynomials.
With the help of Corollary 2.2(ii) we get the contradiction

mp(d) = mp(P) =mp(Q) < mp(dim(Q)) < mp(d).

Therefore, we can assume that the origin is a vertex of P. Thus, we can find a vector
c € RYwithc-x > Oforall x € P\{0}. Let f: RY — R4 be the projective map

X
f(x)ﬂc_xH-

Then we can describe f(P) by a set of inequalities of the form f(P) = {x € R4: Ax <
b, c-x < 1}, for a certain matrix A € R™*¢ and avector b € R™. The inequality c-x < 1
corresponds to the points at infinity.

We conclude that the set (the closure of f(P)) .

A(F(P) ={xeR¥: Ax <b,c-x <1} (2.8)

is a d-dimensional polytope. Hence we get can find a P-representation of cl(f(P)) by
polynomials p;, i € I, say, with #I < mp(d). So we may write

FP)={xeR:px) =>0iclc x <1}
Thus
P={xeRN\{xeR: c-x=~1}: p(fx)=0,iel,c- f(x) <1}
Since ¢ - f(x) < 1isequivalenttoc-x + 1 > O we rr;ay multiply all rational functions

p; (f (x)) by suitable powers of ¢ - x 4+ 1 and obtain some polynomials ; (x). say, such
that

P={xeR%: p(x)=0,iel,c-x+1>0}

Since ¢ - x > O for all x € P we may replace the last inequality in this representation by
¢+ x > 0 and since #I < mp(d) the proposition is shown. O

In the next lemma a strictly convex polynomial p is constructed such that the convex
body K = {x € R?%: p(x) < 1} is not “too far away” from P. Here the distance between
convex bodies K, K will be measured by the Hausdorff distance dist(K1, K3), i.e.,

dist(K;, K3) := max{max min |[|x — y||, max min ||x — y||},
xeK; yeky xeK; yeK;

[ R
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where || - || denotes the Euclidean norm. Furthermore, for a bounded set § C R?, the
diameter is denoted by diam(S), i.e.,

diam($) := max{|lx — y|: x,y € S}.

In order to construct this strictly convex polynomial we follow an approach of Hammer
[Ham), but since we need a slightly different approximation we give the short proof. For
similar results see [Fi] and [We].

Lemma2.6. Let P ={x ¢ R% a' .x < b;,1 <i < m)} be ad-dimensional polytope.
Forl <i <mlet

24" - x — h(a') + h(—a')
h(a') + h(—a') ’
Lete > 0, p > In(m)/21In(1 + 2¢/((d + 1) diam(P)))),

0;(x) 1=

mo1
pe(x) = D —[0()I¥ and K, = {x € R po(x) < 1),
i=1
Then we have P C K, and dist(P, K;) < &.

Proof. Since |v;(x)| < 1 forall x € P we certainly have P C K,. Without loss of
generality let the origin be the center of gravity of P and let & = &/ diam(P). First we
checkthat K, C P ={x R @ - x < (1 +A)b;i,1 <i <m). Lety ¢ P,. Then we
may assume a! -y > (1 + A)h(a?) which implies

1
s >1+di,:l’

p1(y) > 1+2)~m =

where the last inequality follows from the choice of the origin as the center of grav-
ity (see p. 52 of [BF)). By the lower bound on p we conclude (1/ m)o1 ()% > 1
and thus p,(y) > 1, which shows y ¢ K,. Finally we observe that dist(P, F,) < A
diam(P) = e. | . O

3. Proof of Theorem 1.2

In the following let
P={xeR:d .x<b,1<i=<m}

be a convex d-dimensional simple polytope with m facets. We further assume that we
know all k-faces of the polytope as well as the facets containing a given face. This
information can be obtained from the H-representation above by several (exponential -
time and space) algorithms (see [Se]).

We remark that every k-face of P is contained in exactly d — k facets. The set of
all k-dimensional faces is denoted by 5, 0 < k < d — 1. For a k-face F of P, let
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[Flhi, ..., [Flaet, [F1i < -+ < [Flik, be all indices of vectors ¢’ such thata’ - x = b;,
forall x € aff(F). In other words, these are the ordered indices of all facets containing F.
Next, for a k-face F and a positive integral vector w € N9=*, we define

d—k
a(F,w) = Z wja[F]". . 3.1)
j=1

Observe that a(F, w) is a support vector of F, i.e.,
F=Pn{xeR’ a(F,w) x = h@(F,w)).

Moreover, since F is contained in all the facets corresponding to the vectors alfV we
note that

. d—k
h(a(F, w)) = Y _ wih(@). (3.2)
=1
With w € N“* and the set F;, of all k-faces we associate the polynomial
Pew() = [] h(@(F, w)) — a(F, w) - x]. (3.3)
FeF, )

So, for afixed w the polynomial g, (x) is the product of all those supporting hyperplanes
of all k-faces of P which can be written as in (3.1). Since we are only interested in finitely
many different support vectors of the type a(F, w) at a given face F we define certain
sets of integral vectors:

Wit = {(D)}, Wi :={@", ..., 2T 0<l <k -2}, 2<k=<d.
In particular we have W,_y = {(1, 1)} and
W, = -k - 1)**, (3.4)

The meaning of these sets W is explained in the next lemma.

Lemma 3.1. Let P be a simple d-dimensional polytope. Let k > 1, F, G € F;, with
FNG #8,andletw e Wy, y € R? such that

ha(F,w)) —a(F,w)-y <0 and hla(G,w)) —a(G,w) -y =<0, (3.5)
Then there exists a W € Wiim(Fne)y Such that

ha(FNG, @) —a(FNG, )y <0.

Proof. In view of (3.2) we conclude from (3.5) that

d—k

w; (@) — alFV . y) < 0,
Jj=1
d—k

wj(h(a[G]J') — olC y) <0,

(3.6

J=1
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Letl; = {[F1y, ..., [Fla-t} b = {[Gl;: h(a!®)—al%.y < 0}, Iy = {[G;: h(a!%V)—
al®l .y > 0),andlet I =1 UL U Is.

Further, we need a map t that gives, for a k-face F and a number ¢ € {[F]y, ...,
[ Fla-k}, the position of ¢ with respect to the ordered list [F];, ..., [F]y—¢. In particular
we have t(F, [F];) = j. Now we merge the two normal vectors a(F, w), a(G, w) in
the following way: Let

a = ) 2max{werp, we@plal + ) o
jennh jehnl,

+ Z WG, + Z We(r, )@’ .

Je(hURN Jen\(2uf)
On account of (3.6) we have
h(@g) —a-y<0.

Since the polytope is simple, the assumption F NG # @ implies that the vectors {a’: j €
I} are the vectors of all facets containing the face F N G and by construction we may

writea = 3, _, W;.a/ for some numbers W;, = 2% with 0 <l <d-k-1.
jel i j

Thus we have a = a(F N G, w) for a certain vector W € Waim(rne)- |

We note that from the proof of Lemma 3.1 it follows that it suffices to define the set
Wd_.3 as

J

Wd—3 = {(1’ 1! 2)T: (1r2, I)T: (2’ 1’ ]-)T}' (3'7)

Lemma 3.1 says that if two linear factors of a polynomial py, ,, k € {1,...,d — 1},
w € W,, are non-positive and at least one is negative, then there exists a linear factor of
a polynomial of the type pj 3. k<lk,®e W, which has to be negative, too. Therefore,
with these sets W, we associate the following sets of polynomials:

B = {pr,w(x): w € Wi, k=0,...,d -1 (3.8)

PBi—-1, Py consist of only one polynomial, #,-3 = 3 and for 0 < k < d — 3 we have
(see (3.4)) . :

#P = (d —k — 1)%7*, (3.9
We need one more polynomial. To this end we set, for two vectors a, b € RY\{0},
U@ b)={xeR: a-x>h(@) andb x > h(d)}.
U(a, b) is a closed set and so we can define
g(a,b) = min{l|lx — y||: x € P,y € U(a, b)}.

Since P C {x e R%: a-x < h(a), b-x < h(b)} and both planes {x € R?: a-x = h(a)),
{x € R%: b x = h(b)} are supporting hyperplanes we have

e@b)=0 <= xeR:ag-x=h@adb - x=hd)NFo#0. (3.10)
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ForO <k <d—1weset
&r = minfe(@(F, w), a(F, w)) > 0: F# F € F, w € W} (3.11)
We note that for different vertices v, ¥ € Fy, w € Wy, we always have (see (3.10))
e(a(v, w),a(v, w)) > 0. (3.12)

Finally let € satisfy
0<Z<minfe: 0<k<d—1}. (3.13)
With respect to € let p; (x) be the polynomial according to Lemma 2.6 and let

VI(P) = (x e R W(x) 20,1 <k <d —1,pa(x) < 1},
Vi(P) = {x € R Pox) > 0}

Here for a set of polynomials 3, say, P3(x) > O means p(x) > 0 for all p(x) € P. )
Before giving the last piece of the proof of Theorem 1.2 we remark that in order
to find a number £ satisfying (3.13) we have to calculate several distances &(a, b). In
general, £(a, b) can be calculated (or sufficiently well approximated) by several linear-
programming-based methods (see [MSW]). In particular, depending on the input size
of the polytope and the vectors a, b one can give a lower bound on this distance if it is
positive. Thus for a given polytope we can calculate such an & and hence the polynomial

p:(x).

Proof of Theorem 1.2. On account of (3.9) and (3.7) the theorem will follow from the
identity

P =V(P) N Ws(P). (3.14)

Obviously, by the definition of all these polynomials via support vectors and by Lemma 2.6
we know that P is contained in the set on the right-hand side. In order to prove the reverse
inclusion we first claim

Claim 3.2. Lery ¢ P,buty € Vi(P). Then there exists a vertex v of P andaw € W
such that h(a(v, w)) —a(v,w) -y < 0.

Since y ¢ P at least one of the inequalities a’ - x < &;,i € {1, ..., m},is violated and
so we may define k as the smallest dimension such that there exists a face F € F; and a
w € Wy with h(a(F, w)) — a(F,w) -y < 0. Suppose k > 0. Since y € V;(P) we have
Pr.w(¥) = 0and so there must exist another k-face G with k(a(G, w)) —a(G, w)-y < 0.
Hence we have

yeUa(F,w),a(G,w)).

Ife(a(F, w), a(G, w)) > 0, then we get from the definition of £ and the approximating
property of the polynomial p;(x) (see Lemma 2.6) that pz(y) > 1. Thus we can assume
that e(a(F, w), a(G, w)) = 0 and from (3.10) we get F N G # @. Therefore we may
apply Lemima 3.1 and we get a contradiction of the minimality of k. This shows Claim 3.2.
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Now let y ¢ P. We want to show that y is not contained in the set V(P) N V,(P).
Suppose that y € V(P)NV,(P). By Claim 3.2 we may assume that there exists a vertex
v € Foand a w € Wy such that h(a(v, w)) —a(v, w) - y < 0. However, y € V,(P)
implies po,» (¥) > 0and thus thete exists another vertex v with A(a (D, w)) —a (9, w)-y <
0. Therefore we have

y € W(a(v, w), a(v, w)).

Next we observe that e(a(v, w), a(v, w)) > 0 (see (3.12)) and by the definition of & we
conclude p;z(y) > 1, which gives the contradiction y ¢ Vi (P). |

4. Remarks

First we want to generalize Theorem 1.2 to the class of strongly simple polyhedra. As
in the case of polytopes, an H-representation of a polyhedron P is a description of P by
linear inequalities of the form (1.1).

Corollary 4.1. Let P C R? be a d-dimensional strongly simple polyhedron given by an
H-representation. Then u(d) < d"‘ polynomials p; € Rlxy, ..., x4] can be constructed
such that

P={xeR: px)=0, 1<i=<pudl

Proof. 'The proofis just a combination of the proofs of Proposition 2.5 and Theorem 1.2.
As in the proof of Proposition 2.5 we first note that we can assume that P has a vertex.
Next we apply a projective transformation f(x) = x/(¢ - x + 1) such that ci(f(P))
becomes a polytope. By the definition of strongly simple polyhedra, cl(f(P)) is a d-
dimensional simple polytope. Hence, from Theorem 1.2, we get a representation of the

type
fPy={xeR px)>0,iel,c-x<1)

with certain polynomials p; (x), i € I, #I < u(d). Now we can proceed as in the proof
of Proposition 2.5 in order to get a P-representation of P with u(d) + 1 polynomials.
A closer look on the number ' (d) shows that u(d) < d? ford > 2 (see (3.9)) and so
the assertion is proved. W

‘We remark that the proofs of Theorem 1.2 and of Corollary 4.1 can be adapted such that
for arbitrary polyhedra a representation by polynomials is obtained where the number of
polynomials depends exponentially on the dimension and the maximal degree of a vertex
of the polytope. In other words, degeneracy in the sense of linear programming leads to
additional difficulties. Since, however, the main problem is to find a representation of a
polytope by a few polynomials we omit a proof of this statement.

In the two-dimensional case the meaning of the polynomials p; (x), po(x), and pz(x)
can be easily illustrated. Suppose the polygon is the 7-gon depicted in these pictures.
Then the shaded regions on the left-hand side of Fig. 1 shows all points in the plane
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{x e R%: py(x) = 0} {x € R%: po(x) > 0}
Fig. 1

that satisfy the inequality p; (x) > 0, whereas the shaded regions on the right-hand side
correspond to the points po(x) = 0. If we intersect the shaded regions of both pictures
we get the points satisfying both inequalities (see Fig. 2).

We see that all the shaded points that do not belong to the polygon are “far away”
from the polygon and thus we can cut them off with the inequality p; (x) < 1.

Nowlet P = {x € R*: a'-x < b;, 1 < i < m) be asimple three-dimensional convex
polytope. With the notation from Section 3 we get the following polynomials (see (3.7)):

p2(x) = [ b —a' - x),
i=1

p(x) = H [(Brmy, + byey,) — (@Fh + alfl2y . x],
FeFy

Po.a1n®) = [TIOu, + by, +2buy,) — @ + a4 250%) . x),

veFy

{x e R%: pi(x) = 0 and po(x) > 0}
Fig. 2

i-g,«@,_,w it
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Po.a2n®) = [ ]Iy + 26wy, + bpy) — @ + 222 4+ o) - 4],

veFp
Po.1,n(x) = H [(2bg), + by, + by,) — &% + a7 + aby . &),
veFp
™ | T2a x — b +h(—a) ]
p(-:(x) = ;E[ bi +h(_a1’) y

where & has to be chosen such that (3.13) is satisfied, and p is given by Lemma 2.6. Let
us consider a “real” three-dimensional polytope P = {x € R?: Ax < b}, with

[0 3 2) (5)
0 -3 2 6

2 0 3 5

2 0 -3 4

3 2 0 5

| -3 2 0 5
| A= o 5 2" "T]s
0 3 =2 5
] —2 0 -3 6
-2 0 3 5
; 3 -2 0 4
\ 3 2 0 \6/

P is a simple polytope with 12 facets, all of them pentagons, 30 edges, 20 vertices, and
it may be described as a “skew” dodecahedron (see Fig. 3).
With respect to the facets we get the polynomial

p2(x) = (5 —3x3 — 2x3)(6 + 3x; — 2x3)(5 — 2x3 — 3x3)(4 — 2x1 + 3x3)
X (5 = 3x; — 2x2) (5 + 3x1 — 2%2) (6 + 3x2 + 2x3) (5 — 3x2 + 2x3)
X (6 4 2x1 + 3x3)(5 + 2x1 — 3x3) (4 + 3x1 + 2x,) (6 — 3x1 + 2x3).

Fig. 3 (produced using polymake [GJ] and javaview [PKPE})
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For the 30 edges we obtain

p1(x) = (10 —2x; — 3x3 — 5x3)(10 + 2xy — 3xz — 5x3)(10 + 3x; + —5x2 — 2x3)
X (10 — 6x7) (10 — 3x; — 5xp — 2x3) (11 — 2x; + 3x3 — 5x3)
X (12 = 3xy + 5x2 — 2x3)(12 + 6x2) (10 + 3x; + 5xq — 2x3)
X (11 +2xy + 3x2 — 5x3)(10 — 6x3) (11 — 5xy + 2x2 — 3x3)
x (10 — 5x; + —2x3 — 3x3)(9 — 5x1 — 2x2 + 3x3)(10 — 5x1 + 2x5 + 3x3)
x (10 — 2xy + 3x2 + 5x3) (10 + 6x3)(9 — 2x; — 3x2 + 5x3)

% (10 — 3xy — 5x2 + 2x3) (11 ~ 6x1)(10 + 5x; — 2xz — 3x3) (9 + 6x1)

X (114 5x1 = 2x7 + 3x3)(10 + 3x1 — 5x5 + 2x3)(12 — 3x1 + 5x2 + 2x3)
X (1242x; + 3x2 + 5x3)(10 + 3x1 + 5x2 + 2x3) (11 + 2x; + —3x2 + 5x3)
X (10 + 5x; + 2% + 3%3)(9 + 5x1 + 2%, — 3x3).

With respect to the 20 vertices we get three polynomials depending on the weights
we WO = {(1’ ls 2)a (1, 29 1)’ (27 17 1)}:

Po,1,1,2(x) = (20 — 8x; — Tx2 — 5x3)(20 + 2x; — 3x — 11x3)
X (20 = 3x1 + —1lxy + 2x3)(20 + 3x7 — 11x3 + 2x3)
X (20 4+ Tx; — 5x3 — 8x3) (21 + 2x; + 3x3 — 11x3)
X (23 —8x1 + Txp — 5x3)(20 + 6x1 + 10x2)(24 — 6x; + 10x3)
X (19 +8x; + Txo + —5x3)(22 — 11x7 + 2x7 — 3x3)
x (19 — 5){1 —8x2 + Tx3)(21 + —11x; + 2x, + 3x3)
X (22 +2x1 + 3x2 + 11x3)(22 — 8x1 + Tx2 + 5x3)
X (21 + 2x1 — 3xp + 11x3)(22 + Tx; — 5x2 + 8x3)
x (19 +/1 Ixg 4 2x0 + 3x3)(18 + 11xy + 2x3 — 3x3)
x (20 + 8x1 + Tx2 + 5x3),
Pot2n(®) = (20 = Tx; — Sxz — 8x3)(20 — 2x; — 3x2 — 11x3)(20 — 6x; + —10x2)
X (20 + 631 — 10%5)(20 + 8x; — Txp — 5x3)(21 — 2x1 + 3%, — L1x3)
x (22 — Txy + 5% — 8x3)(22 + 3x1 + 11xy + 2x3) |
X (24 — 3x1 + 1lx; +2x3)(20 + Tx1 + 5x2 + —8x3)
X (21 — 11x; — 2xp — 3x3)(19 — 8x1 — Tx3 + 5x3)
x (20 + —11x; — 2x2 + 3x3) (22 + 6x + 10x3)(22—5x; +8x9+7x3)
X (20 — 6x2 + 10x3)(21 + S5x; — 8x5 + Tx3)(21 + 10x; + 6x3)
x (19 + 10x; — 6x3)(22 + 7x; + 5x2 + 8x3),




The Representation of Polyhedra by Polynomial Inequalities 501

po.2.1,n{x) = (20— 5x; — 8x3 — 7x3)(20 — 6x2 — 10x3)(20 — 3x; — 11x; — 2x3)
X (204 3x; — 11xy — 2x3)(R0 + 5x; — 8xy — Tx3)(22 + 6x, — 10x3)
X (23=5x;4+8x2—Tx3)(2243x; + 1107~ 2x3) (24 — 3%+ 1 1x, —2x3)
x (21 4+ 5x; + 8xp — Tx3) (21 — 10x; — 6x3)(18 — 7x; — 5%, + 8x3)
X (19 — 10x; + 6x3) (20 — 2x1 + 3xp + 11x3)(20 — 7xy + 5x5 + 8x3)
X (19—2x; —3x+1123)(2148x; — Tx+5x3) (2041 1x; — 2%+ 3%3)
X (194 11x; — 2x — 3x3)(22 + 5x1 + 8xy + Tx3).

Next we have to determine an £ as defined in (3.13). To this end we have estimated
all the needed distances &; (see (3.11)) by a rather ad hoc method and found

1 3 3
82>m, 81>36’ 80>m.

Hence we may set £ = 166 and since diam(P) < 4 we may choose for the exponent
p of Lemma 2.6 p = 332. With these values we get from Lemma 2.6 the following
polynomial pz (x):

) = L [Grtant] O 1 [=6mp4xs =17 1 [4xi+6x+17%
pelx) = 1 11 12 11 12 11
1 [4x;—6x3+1 664+ 1 T6r+4x,—17%% 1 [—6x)+41,+17%
TR 9 12 9 12 1
N 1 —6x2—4x3—1'664+ 1 [6xy — 43 +17%%
12 | 11 | 12 | 11
N 1 -—4x1-—6x2—1'664+i —dxy + 6x;3 — 175
12 | 11 | 12 | 9
+ 1 —6x1-—4x2+l'664+i 6x; ~ 4xy~1 664
12 | 9 | 121 11 '
5. Qutlook

Why should anyone care about the representation of polyhedra by exponentially many
polynomial inequalities, given that one knows that quadratically many suffice? Our
answer is that the latter result is of pure existential nature, while we can construct such
inequalities. We admit that the representations we found do not form an achievement of
concrete practical value. That is why we did not state them in an algorithmic fashion.
We see our paper just as a small step towards a development of real algebraic geometry
in a constructive direction. There are a number of possible routes. We want to mention
briefly what we are interested in and what might be achievable.

© It would be nice to have efficient (in a sense that can be made precise) algorithms
that provide, e.g., for polytopes P given in the form of a V- or H-representation, a P-
representation P = P(py, ..., p;) with a number / of polynomials that is polynomially
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bounded in the dimension of the polytope. It may also be useful to be able to construct
a small number of “simple” polynomials pi, ..., px such that P(py, ..., pi) approxi-
mates P well. Of course, one can study similar problems concerning the representation
of arbitrary semi-algebraic sets. For example, given a semi-algebraic set &, can it be
represented by a system of polynomials with total degree at most k, say? Can such a
system be constructed efficiently? How well can S be approximated by polynomials of
degree k? For polyhedra P we know that there exists a representation by polynomials
of total degree 1, but what can we say about the minimum number of polynomials of
degree k representing P? '

Toindicate possible outcomes that may result from such a change of representation, we
look at the very successful polyhedral approach to combinatorial optimization. The basic
idea here is to represent combinatorial objects (such as the tours of a traveling salesman,
the independent sets of a matroid, or the stable sets in a graph) as the vertices of a
polytope. This way one arrives at an (implicit) V-representation of classes of polytopes
such as traveling salesman or stable set polytopes. If one can find complete or tight
partial representations of polytopes of this type by linear equations and inequalities (i.e.,
H-representations), linear programming (LP) techniques can be employed to solve the
associated combinatorial optimization problem, see [GLS].

This approach provides general machinery to establish the polynomial time solvability
of combinatorial problems theoretically. In particular, it is often employed to identify
easy special cases of generally hard problems. One such example is the stable set problem
that is A/P-hard for general graphs but solvable in polynomial time for perfect (and other
classes of) graphs, see Chapter 9 of [GLS].

The LPapproach provides more. Evenin the case where only partial H-representations
of the polyhedra associated with combinatorial problems are known, LP techniques (such
as cutting planes and column generation) have resulted in very successful exact or approx-
imate solution methods. One prime example for this methodology is the traveling sales-
man problem, see [ABCC] and the corresponding web page at http: //www.math.
princeton.edu/tsp/, which includes an annotated bibliography with remarks about
the historical development of this area.

Progress of this type may also be possible via the “P-representation approach.” We
discuss this by means of the stable set problem.

Although complexity theory suggests that it is inconceivable that one can find an
explicit P-representation of all members of the class of stable set polytopes, i.e., the
convex hull of all incidence vectors of stable sets, it might be possible to find, for every
graph G, a “small” number /(G) of not too “ugly”” polynomials such that P(py, ..., pi))
approximates the stable set polytope STAB(G) well, and such that P(py, ..., pi@)
equals STAB(G) for a special class of graphs.

It is also conceivable that, for such particular systems pi, ..., pyg of polynomi-
als, special nonlinear programming algorithms can be designed that solve optimization
problems over P(py, ..., pic)) efficient in practice or theory.

We do know, of course, that these indications of possible future results are mere
speculation. Visions of this type, however, were the starting point of the results pre-
sented in this paper. We do hope that there will be progress in some of the directions
mentioned.
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