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Abstract. We combine experiments, theory and numerical simulation to investigate the dynamics of a
binary suspension of paramagnetic colloidal particles dispersed in water and transported above a stripe-
patterned magnetic garnet film. The substrate generates a one-dimensional periodic energy landscape
above its surface. The application of an elliptically polarized rotating magnetic field causes the landscape
to translate, inducing direct transport of paramagnetic particles placed above the film. The ellipticity of
the applied field can be used to control and tune the interparticle interactions, from net repulsive to net
attractive. When considering particles of two distinct sizes, we find that, depending on their elevation
above the surface of the magnetic substrate, the particles feel effectively different potentials, resulting in
different mobilities. We exploit this feature to induce selective chaining for certain values of the applied
field parameters. In particular, when driving two types of particles, we force only one type to condense into
travelling parallel chains. These chains confine the movement of the other non-chaining particles within
narrow colloidal channels. This phenomenon is explained by considering the balance of pairwise magnetic

forces between the particles and their individual coupling with the travelling landscape.

1 Introduction

Recent years have witnessed an increasing interest in de-
veloping novel techniques which make use of uniform mag-
netic field modulated by a periodic substrate in order to
induce the controlled motion of colloidal microspheres in
water [1-8]. In contrast to optical or electric field micro-
manipulation, magnetic fields have the advantages that
they neither alter the fluid medium nor affect biological
systems, although their use is limited to polarizable par-
ticles [9,10]. Magnetophoresis, i.e. the controlled trans-
port of particles via an external field gradient, is a well-
established method with several applications in biomedi-
cal research and clinical diagnostics [11,12]. However, pre-
cise control of particle position and speed in a single chip
is difficult to obtain with a field gradient since the ampli-
tude varies spatially over an extended area.

Magnetic fields that are heterogeneous on the particle
scale can guarantee a precise and selective manipulation
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of both individual and large collection of colloidal micro-
spheres. Such fields can be obtained by using magnetic
patterned substrates which contain, for example, permal-
loy islands [3], cobalt microcylinders [4], domain wall con-
duits [6], magnetic wires [7], or even exchange bias sys-
tems [8]. Another method consists in using ferrite garnet
films (FGFs), i.e. epitaxially grown single crystalline films
where magnetic domains organize into patterns of stripes
with a spatial periodicity of few microns. These domains
generate a one-dimensional periodic potential which can
be used to trap [13], assemble [14] or transport [15] param-
agnetic colloidal particles deposited above the film. In the
latter case, it was found that an external rotating mag-
netic field is able to create a moving landscape, similar to
a travelling wave potential, which can transport the parti-
cles at a well-defined speed [16]. In particular, depending
on the driving frequency, two dynamic states are possi-
ble: i) at low frequencies, the particles are synchronized
with the external field and are therefore transported with
the speed of the travelling landscape; ii) beyond a critical
value f., the particles desynchronize with the translating
potential, showing a complex sliding dynamics character-
ized by a global decrease of their average speed. How-
ever, theoretical arguments [17] reveal that the transition
between both states is strongly sensitive to the particle
elevation above the substrate, opening the possibility to
separate magnetic particles based on their relative size.
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Fig. 1. (a) Schematic showing a binary mixture of paramagnetic colloidal particles transported above a travelling periodic
energy landscape. The latter is induced by an external magnetic field rotating in the (z, z) plane. (b) Polarization microscope
image showing the stripe-patterned FGF (of spatial periodicity A = 2.6 um) with a diluted sample of large (L) particles (diameter
d“ = 2.8 um). Scale bar is 20 ym. (c) Trajectory of one large particle driven across the FGF by an applied circularly polarized
(8 = 0) field with amplitude Hy = 400 A/m and at two frequencies f = 5Hz (blue, phase-locked regime) and f = 10 Hz (green,
sliding regime). (d) Particle velocity (&™) /vm normalized by the speed vm = Af of translation of the landscape as a function of
driving frequency f for a large paramagnetic colloidal particle subjected to a rotating field with amplitude Hy = 400 A/m and
ellipticity 8 = 0. Continuous line denotes the nonlinear fit following eq. (8) in the text, while scattered points (filled circles) are

experimental data. Inset shows the dependence of the critical frequency fY as a function of the field amplitude Ho.

This feature was already demonstrated in different works
using similar [18,19], or different [20] magnetic substrates.
However, the role of interparticle interaction in this pro-
cess and their relative effect on the collective dynamics for
a bidisperse colloidal system has not been explored so far.

In this article, we study the dynamics and interac-
tions between paramagnetic colloidal particles transported
above a travelling wave potential. We focus on a binary
mixture where different elevation above the magnetic sub-
strate modifies the particle collective behaviour under an
applied field. In particular, an elliptically polarized mag-
netic field is used to induce strong attraction between one
type of particles, triggering the formation of long chains
travelling at constant speed along the corrugated poten-
tial. However, this chaining effect does not occur for the
other colloidal species, which slides close to the moving
chains. We explain this peculiar behaviour by using simple

theoretical arguments, and confirm the observed dynamics
via numerical simulations.

2 Experimental system

The substrate potential is generated by using an FGF
of thickness ~ 4 um grown by dipping liquid phase epi-
thaxy [21]. The FGF is characterized by a stripe pattern
of ferromagnetic domains having alternating magnetiza-
tion with a spatial periodicity given by A = 2.6 + 0.2 pum,
fig. 1(b). These domains are separated by Bloch walls
(BWs), i.e. transition regions where the magnetization
vector rotates by 180 degrees out of the film plane, and
the stray field of the film is maximal. Because of this ar-
rangement of the magnetic domains, under no external
field the FGF generates on its surface a static spatially
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periodic potential, which is characterized by a step-like
profile directly at the surface of the FGF and a smoothed
sinusoidal-like profile far away from the surface. We trans-
port above the FGF two types of paramagnetic colloidal
particles, having diameters d> = 1.0 um (Dynabeads my-
one, Dynal) and d" = 2.8 um (Dynabeads M-270, Dynal),
and effective magnetic volume susceptibility x° ~ 1 [22]
and x" ~ 0.4 [23], respectively. Hereafter, the superscripts
“S” and “L” are used to refer to the small and large par-
ticles. Both types of particles are composed of a cross-
linked polystyrene matrix doped with superparamagnetic
iron oxide grains and coated with COOH surface groups.
The particles are diluted with deionized water (milli-Q,
Millipore) and deposited above the FGF, where they sed-
iment due to density mismatch. Once close to the surface
of the FGF, the particles are attracted to the BWs which
confines their motion in two dimensions. In order to de-
crease the strong attraction of the BWs and avoid par-
ticle sticking, the FGF is coated with a 1 pm thick layer
of a photoresist (AZ-1512 Microchem, Newton, MA) us-
ing spin coating and UV-photo crosslinking [24]. Thus the
effective particle elevation above the surface of the FGF
(i.e. the shortest distance from the surface of the FGF to
the center of particle) is 25 = 1.5 um and z* = 2.4 ym for
the small and large particle, respectively.

The particle dynamics are observed by using a polar-
ization optical microscope (Eclipse Ni, Nikon) which is
equipped with a 100 x 1.3 NA microscope objective and a
0.45 TV lens. The microscope has a CCD camera (Basler
Scout scA640-74) which is capable of recording real-time
video clips of the particles up to 75 frames/s in a total
field of view of 140 x 105 um?. We extract the particle tra-
jectories from these recorded data using a custom-made
tracking software based on the Crock and Grier origi-
nal code [25]. The external field is applied by using a
custom-made magnetic coil system mounted on the stage
of the optical microscope and connected to two indepen-
dent power amplifiers (BOP 20 10-M, KEPCO) driven by
an arbitrary waveform generator (TGA1244, TTi).

3 Theoretical model

Consider a mixture of spherical paramagnetic particles
numbered by I = 1,2,3,.... Because the particles are
bidisperse, they are characterized by diameters d; =
{d®,d"} and the effective volume susceptibilities y; =
x5, x"}, as described in sect. 2. A paramagnetic spheri-
cal particle [ positioned at r; and subjected to an exter-
nal field H acquires a dipole moment m; = V;x;H; [26],
where V; = 7d} /6 is the volume of the particle and the
field is taken at the position of particle, H; = H(r,t).
This dipole interacts with the external magnetic field and
with other induced dipoles, say dipole I’ at a position ry,
whose interaction potentials can be written as

1 1
Us(ry,t) = _ileNOH2(rl7t) = —§V¢XW0H12, (1)

Usa(ru,t) = 22 [(H; - Hy) — 3(H; - ) (Hy - 0], (2)

T
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respectively. Here, p1g = 47 x 107" Hm ™! is the magnetic
permeability of the free space, vir = xixViVirpo/(87),
vy =1 — 1y, v = [re], and Fyeo= g /ey

For our system, the magnetic field H is the total field
above the FGF, given by the superposition H = H*"> +
H?° of the stray field of the substrate, H"?, and the field
of modulation, H**. To a good accuracy, the substrate
field H*"P can be approximated as [17]

, 4 M
H*"P(r) = —2e %% (cos kx, 0, — sin kx) , (3)
T
where Mg denotes its saturation magnetization and k =
27/ is the wave number. The superimposed ac field ro-
tates in the (x, z) plane and has elliptic polarization:

H*(t) = (Hoy coswt, 0, —Hy, sinwt), (4)

where w = 27 f is the angular frequency. The amplitude of
modulation Hy and the ellipticity parameter § € [—1,1]
are introduced as [27] Hy = /(HZ, + HZ,)/2 and 3 =
(HZ, — HZ,)/(HZ, + HE,). The partial case of 8 =0 cor-
responds to the case of circular polarization, Hy, = Hy,.

The dynamics of particles is considered overdamped
and two-dimensional, at a fixed elevation above the FGF,
resulting in the following Langevin equations:

dr
Czd—tl =Fy(r;,t) + ;Fd(r”/,t) +20ksT &(t), (5)
where (; = 3mwnd; is the viscous friction coefficient (7

is the dynamic viscosity of the solvent), Fy(r;,t) =
Fy(x;,t)é, (&, is the unit vector of the x axis), Fy(x;,t) =
—0y,Us (1, 1) is the force exerted on particle [ by the exter-
nal field, and Fqq(r;r,t) = —0,Uaa(ryy,t) is the dipolar
force from particle I’. The last term in eq. (5), in which
kgT is the thermal energy, is the stochastic force taking
account of thermal fluctuations modelled by the Gaus-
sian white noise with the mean and covariance given by
(& (t)) = 0 and (& (t)& (t')) =10, 6(t — '), respectively.
Here, I is the second-order identity tensor.

To account for the finite size of particles, we also in-
clude hard-core repulsive potential, as we did in ref. [28].

4 Discussion

4.1 Individual particle propulsion for circular
polarization

In the case of circular polarization, 8 = 0, the potential
that describes the single particle motion, Us as in eq. (1),
evaluated based on expressions (3) and (4) corresponds to
a sinusoidal wave propagating with the speed vy, (f) = \f
across the stripes of the FGF, Us(z;,t) o cos[k(x; — vmt)].
As a result, vy, is the maximum speed that the particles
acquire when following the potential at low frequencies.
This phase-locked motion is characterized by a constant
propulsion speed, as confirmed by an almost linear particle
trajectory shown by the blue line in fig. 1(c). At high
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frequencies, particles decouple from the potential, moving
in an asynchronous way with on average smaller speeds.
Now the particles are in a sliding regime, displaying a
series of oscillations along their motion, see the green curve
in fig. 1(c). Both regimes of motion can be characterized
in terms of the average propulsion speed, (i;), as shown
in fig. 1(c) for a single particle of size d“.

It can be shown that the deterministic (7' = 0) aver-
aged speed of the particles can be derived as [17]

<> - 1’ if f<fcl(0)a
M T T RO o 1> fal0),

where SMHo Y,
_ stToHOVIXT k2, 7
Cl)\Q € ( )

is the critical frequency, as denoted by the subscript “c”.
The subscript “I” indicates that the critical frequency is
generally particle dependent since particles of different
sizes are characterized by different values of the param-
eters Vi, xi, (i, and z;.

In contrast to a sharp transition displayed by the de-
terministic prediction, eq. (6), the account of thermal fluc-
tuations (T' > 0) smoothens the crossover from the phase-
locked to the sliding motion close to the critical point.
Thus the effect of thermal noise on the average particle
speed is described by

fcl(ﬁ = 0)

sinh(may)

7 (8)

i) g_g =V -
a0 =t [ e T (0P
where I, (z) is the modified Bessel function of the first
kind of an imaginary order, and we have introduced di-
mensionless parameters

RS

G fer(0)N?
ap = ’
27TkBT

g = 2etA 9
el = kT 9)

Equation (8) is used to fit the experimental data for the
average speed (i;) for the large particles with d;, = d“
at Hy = 400 A/m against the theoretical predictions, see
fig. 1(d). We find that at this amplitude of the applied
field, the critical frequency is given by fX(0) = 7.7Hz,
which allow us to estimate the saturation magnetization
My =~ 24600 A/m, used as a fitting parameter. Note that
the linear dependence of the critical frequency on the
amplitude of modulation can be seen from the inset of
fig. 1(d), which is in accordance with the theoretical pre-
diction given by eq. (7).

We next show in fig. 2 the normalized mean speeds
as a function of frequency for particles with diameters d“
and d° and subjected to a rotating magnetic field with
amplitude Hyp = 400 A/m. As expected, given the differ-
ent values of the particle parameters, the smaller particles
(d%) require a much higher frequency barrier to desyn-
chronize with the travelling potential and enter the sliding
regime. The corresponding curve (empty circles in fig. 2)
can be well fitted by eq. (8) using the same value of M,
as in fig. 1(d). We find the critical frequency for the small
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100

Fig. 2. Normalized particle velocity (&)/vm (where v, = Af)
as a function of the driving frequency f for a large (2.8 ym,
empty squares) and small (1.0 um, empty circles) paramagnetic
colloidal particle subjected to a rotating field with amplitude
Hy = 400 A/m and ellipticity 8 = 0. The continuous red lines
are fits according to eq. (8), and Af. = 5 — fI' = 12.6 Hz de-
notes the difference between the critical frequencies of the large
(L) and the small (S) particle. Inset shows a microscope image
of both kinds of particles above the FGF. The vertical stripes
are not visible due to the absence of polarization elements.

particles to be f5 = 20.3 Hz, which is so high that the av-
erage speed of the large particles has already decreased by
90%, (#) = 0.1vy,. This feature enables us to separate the
paramagnetic particles based on the significant difference
in their relative speeds, when driving both types of par-
ticles at a frequency above fl = 7.7Hz. For frequencies
higher than 100 Hz the particles eventually slow down un-
til they are practically unable to follow the quickly moving
landscape. In contrast, below f“ = 7.7Hz, both types of
particles can be transported at the same constant speed,
Um, staying completely localized along a series of equipo-
tential lines of the travelling potential, equally spaced and
aligned along the stripes, as shown in the small inset in
fig. 2.

4.2 Interacting particles for elliptic polarization.
Reduced model

When transported by the travelling potential, the para-
magnetic colloidal particles also interact with each other
because of magnetic dipolar forces. It has recently been
shown [28] that these forces can be tuned by varying the
ellipticity 8 of the rotating field. A pair of similar parti-
cles moving one behind another above the FGF display
either repulsive or attractive interactions for an ellipticity
parameter § < (. or 8 > [, respectively. Here 8. = —1/3
denotes the transition between both types of behaviour.
For ellipticity [ significantly larger than (., strong dipo-
lar interactions force the particles to rapidly self-assemble
into travelling chains. The interpretation of chaining for
the general case of elliptically polarized field, 5 # 0, be-
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comes straightforward in terms of reduced equations of
motion.

In this case, the propulsion of particles can effec-
tively be described by a time-independent single-particle
potential U (z;) = ({i#;)x;, which is linearly dependent
on the coordinate x; and describes the individual propul-
sion with constant speed vq(r;) = (i;)é, along the z
axis. The speed of propulsion depends on the frequency
f, the ellipticity of the field, 3, and the size of parti-
cle. Similarly to the case § = 0, at a low frequency
f < fa(B), the particles propel with the maximum speed,
(1) = vm. At high frequencies, the speed of propulsion
drops down. Generally, the value of f(5) and the de-
pendence of (i;) on f and [ can be obtained only nu-
merically. However, for frequencies f that are formally
far beyond the critical value f.;(5), which represents a
good approximation already for f = 2f.(3), we can ap-
ply the estimate (&;)g+0 = (41)g=0\/1 — % [28]. Here,
(i1)p=0 = (vm/2)f%(0)/f?, which coincides with eq. (6)
considered for f > f.(0). These asymptotic results al-
low us to outline a rough estimate for the critical fre-
quency at non-zero ellipticity, which would be given by
fa(B) ~ fa(0)(1 — B%)M/*.

For the dipolar interaction of particles, the full poten-
tial as in eq. (2) can be replaced by its reduced counter-
part, see eq. (34) in ref. [28]:

e ’Yll/HQ 3(1 + ﬂ) (rll’ -e )2
Usd (tur) = =52 |1 5 T (10)
T T

Note that this approximation taken at 3 = 0 is in agree-
ment with the reduced potential obtained in the context of
front propagation for circularly polarized modulation, see
eq. (19) in ref. [29] at H, = 0, H, = 0. This potential is
always repulsive for particles moving along the landscape

side by side, x;» = 0, and is conditionally attractive for
particles moving one behind another, y;; = 0, provided
that 8 > —1/3.

4.3 Tuning structure formation leading to selective
chaining

We will now consider a situation in which the driving pa-
rameters are chosen in such a way that the small par-
ticles are in the subcritical (phase-locked) regime and
the large particles in the supercritical (sliding) regime.
First, let us fix the field amplitude to be Hy = 780 A/m
and the ellipticity = —0.12. Because the ellipticity is
relatively small, |3] < 1, from our estimates we find
that f.(8) ~ f.(0). Taking into consideration eq. (7), at
the given value of Hy and the estimate of Mg we find
the critical frequencies for the large and small particles,
fE ~ 15Hz and f3 ~ 42 Hz, respectively. Now, by choos-
ing the frequency of modulation to be f = 30Hz, we en-
sure that the small particles will propel with the maxi-
mum speed, (%) = vy, because f < f5(3), whereas the
large particles are in the sliding regime and will move
much slower on average, since f > fX(3). From eq. (6)
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and a high-frequency approximation, we obtain close es-
timates, (#%) ~ vy — vmy/1 — (fE£/f)? ~ 0.134v,, and
(%) =~ vm(fE/f)?/2 ~ 0.125v,,. Note that both these
analytic estimates are also close to the accurate value,
(#%) = 0.136 vy, obtained by numerically averaging the
speed of a single particle.

We are now ready to show why chaining of only large
particles is achieved. As described above, there are two
independent factors that govern the dynamics of parti-
cles: the interaction of particles with the field above the
FGF and the dipolar interaction between the particles.
The relative contribution of these factors is drastically
different for small and large particles. To validate this
statement, we compare the strength of dipolar interac-
tions relative to the energy of individual interaction with
the field of substrate. As follows from eq. (10), the char-
acteristic energy of dipolar interaction of a pair of parti-
cles moving one behind another, y;;; = 0, rpy = xyp, is
Ut (ry) = —yu H3(1 + 33)/(2r3,). Since the propulsion
force is (;(i;), the characteristic energy caused by the in-
teraction of particle [ with the field of substrate can be
estimated as Us = A(;(4;). Therefore, for the relative en-
ergy of dipolar interaction we obtain

Uaa(r) _  yHE(1+3p)
Us — 2X(@)rs

(11)

where ¢ and (i) are to be replaced by either ¢* and (&%)
for large or ¢° and (%) for small particles, respectively.

The cases of interactions between large and large par-
ticles (or small and small particles) with v replaced by "
(or v93) are shown in fig. 3. The fact that the correspond-
ing energies and hence the corresponding forces at contact
are strongly separated indicates that only the dipolar in-
teractions between the large particles are non-negligible.
Note that a similar analysis of interactions between small
and large particles shows that although these interactions
are stronger than those between the small particles they
are significantly smaller than the dipolar interactions be-
tween the large particles. This can be explained by the fact
that the interaction with the field of substrate dominates
the force balance for small particles, which are strongly
coupled to the translating substrate potential and the
dipolar coupling to other particles is negligibly small. The
strength of interaction of large particles with the field of
substrate is significantly weaker. Therefore the weak dipo-
lar forces become comparable with the forces responsible
for propulsion and can no longer be neglected.

As a result, the dipolar coupling strengths v and v5%
can be set to zero and the dynamics of small and large
particles is governed by the effective equations

S
% = Umé,; +V2DS g, (12)
drk; I 1
dtl = <zL> €, —|— CT ZFICT(%(I‘Z/Z//) —|— \/ﬁél'v (13)

I

where DS = kgT/¢® and D¥ = kgT /(" are diffusion con-
stants. The dipolar force FL}(ry ) = —8y, UK (ryp) is
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Fig. 3. Normalized magnetic dipolar interaction Uaa /Us(r) as
given by eq. (11) between two small (red line) and two large
(black line) paramagnetic particles when subjected to an exter-
nal rotating magnetic field with amplitude Hy = 780 A/m and
ellipticity 8 = —0.12. Us denotes the characteristic energy of
interaction of the particle with the field above the FGF, which
is dependent on whether the particles are in the phase-locked
or in the sliding regime, see text for details. Dashed lines de-
note the corresponding separation distance between the parti-
cles at contact, equal to d° for small and d" for large particles.
The schematic in the inset illustrates the geometry considered:
particles having no relative displacement along the stripes dis-
play attractive dipolar interactions when the ellipticity of the
rotating field 5 > —1/3.

evaluated from the potential in eq. (10) with the only non-
vanishing coupling strength vt = (xLV)2 0 /(87).

Finally, we compare the experimental and simulation
results on the selective chaining process in fig. 4. In the
top panel of this image, we show two snapshots of a bi-
nary mixture of particles driven above the FGF by an el-
liptically polarized field with field parameters, f = 30 Hz,
Hy = 780 A/m and § = —0.12. Starting from a random
distribution of particles, after 6.63s the large paramag-
netic particles form long chains aligned across the land-
scape which propel to the right (along the longitudinal di-
rection) at a certain speed, showing small thermal fluctu-
ation in the perpendicular direction. In contrast, the small
particles are transported individually between the formed
chains with the maximal speed vy, without assembling
in any structure during their excursion. The visual com-
parison with the numerical simulation using the reduced
model, egs. (12) and (13), is displayed on the bottom panel
of fig. 4. In both cases we observe the same type of dy-
namics for both kinds of particles, with a clear selective
process in chain formation arising from the difference in
the interparticle interactions. Even by increasing the ob-
servation time, we never detect any signature of chaining
for the small particles, which is attributed to trapping by
the travelling potential, dominating over the effects of the
dipolar interactions. The corresponding video, illustrating
the dynamics of the binary mixture of particles in the ex-
periment and simulation, can be found in the Supporting
Material (VideoS1.wmv).
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Fig. 4. (a) Optical microscope images separated by 6.63s
showing the formation of chains between only the large par-
ticles starting from an initially random mixture. The applied
field has frequency f = 30 Hz, amplitude Hy = 780 A /m and el-
lipticity 8 = —0.12, i.e. the same values used in the calculation
of the potential in fig. 3. The particle net motion occurs from
left to right as indicated by the green arrow. (b) Correspond-
ing snapshot obtained from Brownian dynamics simulation of
a binary mixture of paramagnetic particles driven above the
FGF. The simulation based on egs. (12) and (13) is performed
for the same values of parameters as the experiments shown in
(a), and the two snapshots are separated by 6.63 s in time. The
corresponding video can be found in the Supporting Material
(VideoS1.wmv).

5 Conclusions

To summarize, we have studied the dynamics of a binary
mixture of interacting paramagnetic colloidal particles in a
travelling spatially periodic potential. A sinusoidal land-
scape is generated by using a magnetic structured sub-
strate. Being additionally subjected to a temporal mod-
ulation in the form of a rotating magnetic field, the pe-
riodic landscape starts to move with the speed propor-
tional to the frequency of modulation, which causes the
particles to propel. Upon suitable choice of the field pa-
rameters, we show that selective chaining process can be
induced by forcing one type of particles to assemble into
condensed structures which laterally confine the motion
of the smaller particles.

The selective chaining process can be used to gener-
ate remotely controllable colloidal channels, confining the
flow of smaller magnetic particles [30], which presents a
mesoscopic model system for transport in a microfluidic
medium. Furthermore, of interest is the behaviour of the
system at higher densities and in particular how differ-
ent relative fractions of particles affect transport char-
acteristics. More in general, binary mixture of particles
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driven by an external field have been investigated theo-
retically [31-36] and experimentally [20,37] by different
research groups. Possible applications include size segre-
gation of magnetic species, fractionation in lab-on-a-chip
devices or transport of biological species in analytic de-
vices.
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