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Collective dynamics and conformal ordering in electrophoretically driven nematic colloids
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We present a theoretical framework to understand the collective dynamics of an ensemble of electrophoret-
ically driven colloidal particles that are forced to assemble around a single topological defect in a nematic
liquid crystal by an alternating current electric field. Our generic model combines phoretic propulsion with
electrostatic interactions and liquid-crystal-mediated hydrodynamics, which are effectively cast into a long-range
interparticle repulsion, while nematic elasticity plays a subdominant role. Simulations based on this model
fully capture the collective organization process observed in the experiments and other striking effects as the
emergence of conformal ordering and a nearly frequency-independent repulsive interaction above 10 Hz. Our
results demonstrate the importance of hydrodynamic interactions on the assembly of driven microscale matter in
anisotropic media.
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Nematic liquid crystals (NLCs) are viscoelastic fluids that
play a key role in modern technologies, being present in
electronic displays, switches, and thermal and optical sensors
[1]. NLCs typically present rod-shaped molecules with a
long-range orientational order around a mean director field
n̂(r). When dispersed in a NLC, a colloidal particle produces
an elastic distortion of n̂ with the appearance of a topological
point or line defect around its surface [2–5]. In contrast to
isotropic fluids, in nematic media elastic interactions mediated
by topological defects dominate the organization of mi-
croscale matter at equilibrium. These interactions have been
used as an efficient strategy to precisely control and guide the
colloidal self-assembly [6–10] and thus have been thoroughly
investigated in the past [11–15]. The situation, however, could
change when considering out-of-equilibrium systems, as the
case of particles driven by external fields, where different
interactions competing with the elastic ones may affect the
system dynamics significantly. Recent advances in the field
showed the possibility of manipulating and transporting
colloidal particles with point defects in an NLC using an
oscillating electric field [16]. The mechanism of motion is
based on the induced-charge electroosmosis (ICEO), where
the oscillating field induces a periodic ionic flow and electric
charge accumulation around the particles. In the simplest case,
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the presence of a single point defect on the particle surface
breaks the spatial symmetry of the flow and generates a net
translational motion. A further study allowed visualization
of the electrokinetic flow [17], suggesting that long-range
hydrodynamic interactions may play an important role in
such a system. While these interactions have been considered
as essential to understand the dynamics in different physical
systems, from active matter [18] to microfluidics [19], they are
usually relegated to play a secondary role when considering
interacting multibody systems in anisotropic media.

In this context, we recently observed the formation of sta-
tionary clusters when interacting nematic colloids are phoret-
ically assembled around a topological defect photoinduced
above a plate in a thin nematic cell [20,21]. The transport
technique is based on ICEO and provides a battery of fascinat-
ing experimental results with emergent complex structures in
the form of aster and spiral assemblies, allowing the transport
of both liquid and solid inclusions [22]. These results prompt
the current Rapid Communication, aimed at providing a the-
oretical understanding of these collective phenomena and the
observation of conformal ordering. Clustering effects in active
colloidal systems have received much attention in isotropic
[23–26] and anisotropic [27,28] fluids. However, few studies
have focused on assemblies resulting from driven systems
in NLC [20,29], and no one reported clusters displaying
conformal ordering. Checking our theory against previous
experimental data offers important insights. At the same time,
we show that the key ingredients, corresponding to propulsion
towards a center of attraction and interparticle repulsion,
remain relevant to broader contexts.

We briefly describe the experimental system, illustrated
in Figs. 1(a)–1(c). We use polystyrene pear-shaped particles
(PNT004UM Magsphere Inc.) having width and length of 3
and 4 μm, respectively [Fig. 1(b)]. The particles are dispersed
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FIG. 1. (a) Schematic of the experimental system, with aniso-
metric colloids driven in the NLC by an oscillating electric field nor-
mal to the sample. (b) Polarization microscope image under crossed
polarizer (P) and analyzer (A) of the imprinted NLC aster pattern.
Dashed red lines indicate the NLC orientation. Scale bar is 200 μm.
Top: electron microscope image of a single particle with the NLC
field lines due to planar anchoring, adapted from Ref. [20]. (c) Ex-
perimental image of one assembled cluster under E0 = 0.76 Vμm−1

and f = 20 Hz. Scale bar is 50 μm, from Ref. [21]. (d) Simulated
cluster assembly for parameters as in the experiments. (e) Particle
phoretic speed v0 vs frequency f for E0 = 0.76 Vμm−1. Solid line is
a fit to the data (see text). Error bars are obtained from the statistical
analysis of different experimental realizations.

in a NLC (MLC7029, Merck) characterized by a negative
dielectric anisotropy, �ε = −3.6 (at 1 kHz) and thus the
nematic orients perpendicularly to an applied electric field,
E. The nematic and the particles are sandwiched between two
conducting plates (coated with indium tin oxide), one with
homeotropic anchoring, while the other is functionalized with
a photosensitive self-assembled azosilane (AZ) monolayer
[30]. Once in the NLC, the particles force a planar (parallel)
anchoring of the NLC, thus orienting their long axis along the
local n̂(r). As shown in Fig. 1(a), when E is applied along
the ẑ direction, n̂(r) reorients toward the (x̂, ŷ) plane, forcing
the particles to align their long axis in that plane. As shown
in Fig. 1(b), ultraviolet (UV) light is used to force the NLC in
contact with the AZ layer to adopt an aster-like planar config-
uration that converges to a central point defect of charge +1.1

Application of the electric field between the two plates,
E = E0 cos (2π f t )ẑ, induces in-plane reorientation of the
NLC and electro-osmotic flows of ions around the particles.
The anisometric shape of the particles breaks the spatial
symmetry, unbalancing the ionic flows and leading to net
phoretic propulsion at a speed v0. Dispersed particles follow
the director field locally and ballistically converge toward
the point defect. During motion, individual particles display
negligible thermal fluctuations (self-diffusion coefficient in
the absence of field D ∼ 10−3 μm2 s−1) and their average
speed v0 depends explicitly on the driving frequency f

1Because of topological constraints, the s = +1 defect is balanced
by a negative s = −1 defect that arises outside the observation view
of the experiment.

FIG. 2. (a) Average lattice spacing 〈l〉 from a Voronoi tessellation
vs radial position r in the conformal crystal. Here, l0 denotes the
minimum lattice distance in the cluster, l0 = 4.1 μm (l0 = 4.3 μm)
for simulation (experiment). Scattered points are experimental data
(from Ref. [21]), the thick magenta line is a simulation, and the thin
orange line is a fit following Eq. (1). Inset: Voronoi triangulation
of a simulated aster. Plaquettes with sixfold coordination are left
white, while those with seven-(five-)fold coordinations are filled in
red (blue). (b) Magnitude of orientational order parameter �6(r) =

1
Nk

| ∑Nk
j=1 e6iθk j | computed from simulation; θk j is the bond angle

between particles k and j, and Nk is the number of nearest bonds
formed by a particle at position r.

[Fig. 1(e)]. Following our derivation [31], v0( f ) = u0α( f )
with the maximum speed u0 and the dimensionless frequency-
dependent function, α( f ) = (τs+τe )2ω2

(1+τ 2
s ω2 )(1+τ 2

e ω2 ) . Here, ω = 2π f ,
α(ω) ∈ [0, 1], η is an average NLC viscosity, and τs and τe

are the particle and the electrode charging times, respectively.
As shown in Fig. 1(e), by fitting the propulsion speed of indi-
vidual particles, we determine both timescales simultaneously
and obtain u0 = 15 μm s−1, τs = 0.016 s, and τe = 0.032 s,
similar to those found in separate experiments [22].

Considering collective effects, experiments and simula-
tions show that in the steady state, the colloidal particles
assemble around the topological defect forming compact
clusters [Figs. 1(c) and 1(d)], with the maximum size set
by the colloidal fraction within the sample. From particle
tracking, we find that the average lattice spacing 〈l〉, deter-
mined from a Voronoi tessellation of the particle positions,
increases nonlinearly from the center to the periphery. Strik-
ingly, the arrested structure displays a conformal ordering
[32] as shown in Fig. 2(a). Conformal lattice can be obtained
from a regular crystal in the complex plane via a conformal
transformation. Conformal geometries have been observed
in different two-dimensional systems in condensed matter,
when adding a long-range repulsion to a confining potential.
Examples include dusty-plasma [33,34], quantum dots [35],
electrons on liquid helium [36], or pinning in high-Tc su-
perconductors [37]. Similar to these cases, the emergence of
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conformal ordering in our system suggests the existence of a
strong pairwise repulsion that prevents aggregation between
the particles. To gain further insight into this interaction,
we assume its algebraic (long-range) nature and estimate its
spatial dependence. For an interaction potential of the form
Uint = r−m (m > 2) and an external confining potential Uext =
κ|r|n (κ > 0 and n � 1), the average lattice spacing can be
derived as [38]

〈l〉
l0

=
[
1 −

( r

R

)n]−1/m
(1)

with R = R(m, n, l0, κ ) is the total radius of the cluster and l0
being the lattice distance at its center. We use Eq. (1) to fit the
experimental data, keeping n = 1, which corresponds to the
constant phoretic propulsion force, and varying m and R. From
the fit, we obtain R = 166 μm, similar to the experimental one
in Ref. [21], and an exponent m = 2.2.2 We note that other
values of m, n give unphysical results for R. This analysis
is generally consistent with the existence of a homogeneous
phoretic propulsion and a long-range repulsion. Our clusters
also present defect patterns and “scars,” namely sequences of
alternating five- and seven-fold disclinations. These scars are
observed to circulate the cluster periphery [inset in Fig. 2(a)]
rather than terminating in the center as observed in repulsive
electrostatic colloids [38]. To quantify the ordering, we mea-
sure the amplitude of the bond order parameter �6 from the
particle positions. As shown in Fig. 2(b), the emergence of
orientational disorder (�6 < 1) corresponds to the locations
of the scars and increases toward the cluster edge, where the
particles have fewer neighbors.

To understand this colloidal assembly, we perform nu-
merical simulations considering a monolayer of N particles
approximated as hard spheres confined to a plane and driven
along the local orientation of a nematic director field. In
analogy with the experiments, we consider that the direc-
tor features a radial aster pattern emanating from a single
topological point defect, n̂(r) = −r̂ [39]. We assume that
the particles are propelled at a constant, frequency-dependent
speed v0( f ) arising from the ICEO flow, while the interactions
with neighboring particles modulate the instantaneous speed.
Similarly to Ref. [40] (see also Ref. [31]), we include the
hydrodynamic flows into an effective pairwise interaction, and
we assume that the motion of a particle i = 1 . . . N at position
ri = (xi, yi ) is governed by the overdamped equation

dri

dt
= v0,i( f )n̂(ri ) − 1

γ

∑
j �=i

∂U

∂ri
, (2)

where γ is the friction coefficient and U is the total pairwise
interaction potential, all terms of which are explained below.
For a derivation, see the Supplemental Material [31].

The first term Uhd is a long-range hydrodynamic repulsion
that results from the electroosmotic flows generated around
each particle. For phoretic particles with planar anchoring,
recent experiments [17] revealed the quadrupolar structure of

2The fact that we have m = 2.2 and not exactly 2 as required by
the hydrodynamically induced repulsive potential is attributed to the
presence of another (electrostatic) repulsion mechanism with m = 3.

FIG. 3. (a) Hydrodynamic repulsion due to phoretic flows, which
are pushed away from the particles in the plane of the assembly (blue
arrows). Local director field is along the x̂ axis. (b) Induced electric
dipoles are parallel, coplanar, and perpendicular to the plane of the
assembly, resulting in a net repulsion. (c) Anisotropic NLC-mediated
elastic quadrupolar interactions, Uqq, become attractive when the
particles’ centers are shifted by ≈45◦ relative to the local NLC
director (lines), promoting the formation of arches (d).

such flows. These findings, together with the fact that our
NLC has negative dielectric anisotropy and the electric field is
perpendicular to the plane of particle motion, suggest that the
induced flows move radially outward from each particle in the
plane of the assembly, independently of the in-plane direction,
Fig. 3(a). Although our particles are not perfectly spherical,
the assumption of in-plane isotropic flows will be valid in
the far field [31]. Since these osmotic flows are the same as
those that provide the phoretic propulsion, their dependence
on the driving frequency is the same as that determined for the
particle speed [Fig. 1(e)]. Far-field hydrodynamic velocities
in cell geometries (with either an isotropic solvent or a NLC)
have been shown to decay as r−3 [17,41]. As two particles ap-
proach, the overlap of their surrounding radial flows results in
an in-plane net repulsive force that gives rise to the repulsive
potential

Uhd(r, ω) = A

r2

(τs + τe)2ω2

(
1 + τ 2

s ω2
)(

1 + τ 2
e ω2

) , (3)

with A being a constant prefactor.
The second contribution, whose need will be justified later,

is an electrostactic term Udd that arises from the induced
dipole moments p within the particles. Application of the
electric field induces periodic charge separation and formation
of identical switching dipoles in all particles. The resulting
repulsive pairwise interaction can be expressed as Udd(r, ω) ∝
p2/r3 [31,42,43],

Udd(r, ω) = B

r3

(
1/4 + τ 2

s ω2
)
τ 2

e ω2

(
1 + τ 2

s ω2
)(

1 + τ 2
e ω2

) , (4)

with B being a frequency-independent prefactor.
The near field does not seem to affect the assembly, and

we include hard-core repulsion, Uhc, with a hydrodynamic
diameter of the particles slightly larger than their real size.
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FIG. 4. (a) Hydrodynamically induced (Uhd, blue), dipolar (Udd, red), and combined (Uhd + Udd, black) repulsion potentials, calculated for
a center-to-center distance of 10 μm and normalized by the thermal energy kBT (T = 293 K). (b) Simulated area fraction φ occupied by the
particles vs distance from the center of the cluster for different frequencies. (c) Comparison between experiments and simulations: slope of
the linear region of the density profiles φ(r) normalized by the phoretic speed v0 vs driving frequency f extracted from the experiments (open
symbols) and simulations (filled symbols). Error bars are obtained from the statistical analysis of different experimental realizations.

Indeed, in the experiment the particles in a cluster do not
come into contact, which can be due to local defects or thin
boundary layerlike vortex flows attached to the surface of the
particles [17,44].

For completeness, we also include the effective elastic-
ity of the NLC, which is responsible for the optimal par-
ticle arrangement in the denser parts of the cluster, by
means of the quadrupolar interaction, Uqq(r, n̂) = Cr−5(3 −
30 cos2 ϑ + 35 cos4 ϑ ), where ϑ = ϑ (r, n̂) is the angle be-
tween the vector connecting the centers of particles and the
far-field orientation of the nematic director, Fig. 3(c). This
interaction is frequency independent and has a shorter spatial
range than the other long-range repulsive interactions. The
dominance of quadrupolar elasticity, promoted by the planar
NLC anchoring on the particle’s surface, is evidenced by
the off-centered chaining. Dominance of dipolar elastic inter-
actions, which may be favored by the nonspherical particle
shape, would result in chaining parallel to the local director,
which is not observed [5,15]. Combined with the underlying
radial NLC director, elasticity results in the formation of
arched chains, as shown in Fig. 3(d).

To validate our theory, we compare its predictions with
previous experimental results [20,21]. Because of balance
between the phoretic propulsion and an effective interparticle
repulsion, the particle area fraction φ(r) was seen experi-
mentally to exhibit a linear decrease [21], reaching a zero
value outside the cluster area. Counterintuitively, although
the individual propulsion displays a clear frequency depen-
dence [Fig. 1(e)], the net repulsion was observed to be
nearly frequency independent above ≈10 Hz [21], entailing
the scaling dφ

dr ( f ) ∝ v0( f ). A one-dimensional cluster model

based on Eq. (2) explicitly suggests that dφ

dr ( f ) ∝ v0( f )/ d2U
dr2

[31]. Thus, while any of the long-range repulsive potentials
alone, Uhd(r, f ) or Udd(r, f ), could balance the phoretic drive,
they would fail to reproduce the observed frequency scaling
of dφ

dr ( f ). Interestingly, combining these potentials, which
display complementary frequency dependencies, makes their
joint contribution Uhd + Udd not only effectively frequency
independent above 10 Hz as shown in Fig. 4(a) but also
consistent with the “intermediate” exponent for the spatial
decay of interactions, 2 < m = 2.2 < 3, predicted by the
analysis of the conformal lattice (Fig. 2).

Finally, we perform numerical simulations of clusters
formed by the assembly of N = 400 driven spherical par-
ticles at different frequencies. The two intrinsic timescales,
τs and τe, and propulsion strength u0 were fixed from the
fit in Fig. 1(e). Because of an up to 20% dispersion in the
speed of particles found in experimental ensembles [20],
we have included a similar amount of Gaussian noise in
the phoretic speed of individual particles. With these pa-
rameters, we establish the amplitudes of Uhd and Udd to
ensure the observed frequency independence of the total
potential and to quantitatively reproduce the experimental
slopes in the density profiles, yielding A/γ = 29 ± 3 μm4/s
and B/γ = 517 ± 5 μm5/s. To achieve the experimentally
observed arched chaining, we set C/γ = 150 μm7/s. From
each simulation, we measure φ(r) at different frequencies [see
Fig. 4(b)], reproducing the experimental density profiles [21].
Moreover, the slope dφ

dr , which is found to be independent of
N , decreases nonlinearly with f , following the experimentally
detected scaling law above f ∼ 10 Hz.3 By normalizing this
slope with v0( f ), we find that it indeed becomes frequency
independent, in quantitatively good agreement with the exper-
imental data; see Fig. 4(c).

To conclude, we have investigated the nonequilibrium
assembly of driven particles around a topological defect in
a nematic liquid crystal. Our theoretical approach not only
explains and reproduces quantitatively well the experimen-
tally observed conformal ordering, but also unambiguously
demonstrates that, for a driven system, hydrodynamic in-
teractions can significantly affect the properties of the self-
assembled structures. The latter is in striking contrast to the
equilibrium nondriven situations. Furthermore, a posteriori,
the model implies the existence of two cooperative mech-
anisms of long-range repulsion that are different in nature.
Remarkably, since the system-specific elastic interactions are
eventually nonessential, the model remains fairly general with
the propulsion and repulsive interactions as only ingredients,
extending its relevance far beyond nematic colloids [45].
While there is a wealth of research in static and driven colloids

3We note, however, that the account for arched chaining is not
necessary for reproducing the frequency scaling.
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dispersed in isotropic fluids, and most of the underlying
physics is well known, our understanding of colloidal trans-
port and assembly in anisotropic fluids is at its infancy. The
work reported here should allow development of rigorous
physical models for these fascinating out-of-equilibrium sys-
tems.
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