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 Fuel Efficient Aircraft Trajectories 
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Planning Problems in Public Transit 
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Optimization in Public Transit 

Paths and Complexity | CO∈TL 2015 4 

Slide of IVU 

Multicom. 
Flow 

Set 
Partitioning 

Integrated 
Scheduling 

Other 



Freie Universität      Berlin 
Overview 

1. Paths and Complexity 

2. Vehicle Scheduling and Multicommodity Flows 

3. Crew Scheduling and Column Generation 

4. Track Allocation and Configurations 

5. Vehicle Rotation Planning and Hyperassignments 

6. Line Planning and Path Connectivity 
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Leonhard Euler (1707-1783) 
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Freie Universität      Berlin 
… receives a letter of Mayor Carl Leonhard Ehler 

Scan by Wladimir Velminski for his thesis in the History of Arts 
supervised by Prof. Bredekamp (HU Berlin, ~2008) 
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The Problem of the Königsberg Bridges (1736) 

„The problem, which I am told is widely known, is as follows: in Königsberg in Prussia, 

there is an island A, called „the Kneiphof“; the river which surrounds it is divided into two 

branches, as can be seen in Fig. 1, and these branches are crossed by seven bridges, a, b, c, d, 

e, f und g.  Concerning these bridges, it was asked whether anyone could arrange a route in 

such a way that he would cross each bridge once and only once. I was told that some people 

asserted that this impossible, while others were in doubt; but nobody would actually assert that 

it could be done. From this, I formulated the general problem: whatever be the arrangement and 

division of the river into branches, and however many bridges there be, can one find out whether 

or not it is possible to cross each bridge exactly once?“ 
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The Problem of the Königsberg Bridges (1736) 

„As far as the problem of the seven bridges of Königsberg is concerned, it can be solved by 

making an exhaustive list of all possible routes, and then finding whether or not any route 

satisfies the conditions of the problem. Because of the number of possibilities, this method of 

solution would be too difficult and laborious, and in other problems with more bridges it would 

be impossible. Moreover, if this method is followed to its conclusion, many irrelevant routes 

will be found, which is the reason for the difficulty of this method. Hence I rejected it, and 

looked for another method concerned only with the problem of whether or not the specified route 

could be found.; I considered that such a method would be much simpler.“ 
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Combinatorial Problem 

Input: A finite (implicitly given) set N={1,...,n}, a predicate f: N  
{true, false}. 

Question: Is there an element i s.t. f(i) = true?  
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Combinatorial Explosion 

Number of routes (worst case) 

Here:         7!/2 = 7*6*5*4*3 = 2.520 

In general:          = O(nn) 

  

Stirling formula: 

 

a      b      c 

ab   ac   ba bc   ca cb 

abc   acb  bac bca   cab cba 
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Geometria situs (Graph Theory) 
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Geometria situs (Graph Theory) 
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Geometria situs (Graph Theory) 
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Geometria situs (Graph Theory) 

Theorem: An Euler tour can only 
exist if at most 2 nodes have odd 
degree. 

Proof. Inner nodes are even. 
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Geometria situs (Graph Theory) 

 

 

 

 

 

 

   

Theorem: An Euler tour exists if 

and only of at most 2 nodes have 

odd degree. 

Proof 

 : inner nodes even 

 : path + cycles  
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Kaliningrad 
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Sir William Rowan Hamilton (1805-1865) 
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The Icosian Game (1856) 
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Is there a closed roundtrip (Hamiltonian cycle)? 
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Thomas Penyngton Kirkman (1806-1895) 
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The Cell of the Bee 
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Enumeration? 

 Number of Hamiltonian cycles (worst case) 

 n cities:               (Stirling formula) 

 Exponential effort: f(n) = 2
n
, n

n
, etc. 

 Polynomial effort: f(n) = p(n) = n, 1.000n, n3, n5, etc. 

 

 

 

 

 

 

 Is there a polynomial method? 
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linear quadratic cubic exponential doubly exp. 

n n2 n3 2n nn 

10 100 1.000 1.024 1010 

100 10.000 106 1030 10200 

1.000 106 109 10300 103000 

10.000 108 1012 103000 1050000 



Freie Universität      Berlin 
Stephen Cook 
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The Satisfiability Problem 

Input: A  set U={x1,...,xn} of variables and a set C={c1,...,cm} of 
conjunctions (product of ANDs) of variables from U. 

Question: Is there a satisfying truth assignment for C (assignment 
of values true or false to the variables in U such that in each clause at 
least one variable is true)?  

Example: 
(x1 x2 x3)  (x1 x2 x3)  (x1 x2 x3) 
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The Classes NP, NPC, and NPH 

Non-deterministic polynomial time algorithm A 

Input: Instance I of problem P of size n bits 

Algorithm: Guess solution L and check in time poly(n) that L 

solves I. 

NP: Class of decision problems (answer yes or no) for which 

such an algorithm exists. 

NPC: Class of decision problems to which NP can be reduced. 

NPH: Class of optimization problems to which NPC can be 

reduced.  

Theorem: SAT  NPC. 

Theorem: HC  NPC. 
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Directed Hamiltonian Cycle 
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The Satisfiability Problem 
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The Travelling Salesman Problem 

Theorem: HC  NPH. 
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Combinatorial Optimization Problem 

Input: A finite (implicitly given) set N={1,...,n}, an objective function 
f: N  IR. 

Question: What is the minimum of f over N? 
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min f(x), x є N 
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The Travelling Salesman Problem 
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The Travelling Salesman Problem 
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TSP World Records 

1954: dantzig42 

 

1977: gr120 

 

1987: gr666, pr2392 

 

1994: pla7397 

 

2001: d15112 
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TSP Art 
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Solving TSPs with Concorde 
(http://www.math.uwaterloo.ca/tsp/concorde.html) 
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The S-Bahn Challenge 

 The entire S-Bahn network must be visited in minimal time 

 All stations and connections must be visited 

 If several lines cover a connection, one suffices 

 Walking and all timetabled means of transport are allowed 
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David's Solution … 

Station board line Departure Arrival Changing time Total Remarks 

Bornholmer Strasse 25 05:24 05:47 0:02   

On weekends the trains go all night every 30 min, so we can start basically 

anytime 

Henningsdorf 25 05:49 06:07 0:15   

Schönholz 1 06:22 06:50 0:01   

Oranienburg 1 06:51 07:00 0:04 1:36   

Birkenwerder 8 07:04 07:24 0:01     

Blankenburg 2 07:25 07:52 0:17   

Bernau 2 08:09 08:22 0:05 2:58   

Gesundbrunnen 42 08:27 08:37 0:04 here we are done with the Northern network branches 

Westkreuz 5 08:41 08:55 0:03   

Spandau 5 08:58 09:11 0:01   

Westkreuz 7 09:12 09:28 0:01   

Wannsee 1 09:29 09:35 0:05 4:11   

Potsdam 1 09:40 10:15 0:03   

Schöneberg 41 10:18 10:28 0:04   here we are done with the Southwestern network branches 

Westkreuz 5 / 7 10:32 10:47 0:02   From here... 

Friedrichstrasse 1 / 2 10:49 11:00 0:04   

Yorckstrasse 1 11:04 11:07 0:02 5:43   

Schöneberg 42 11:09 11:10 0:04 ... to here we move in the city centre 

Südkreuz 25 11:14 11:32 0:04   From here... 

Teltow Stadt 25 11:36 11:50 0:02   

Priesterweg 2 11:52 12:12 0:14 6:48   

Blankenfelde 2 12:26 13:07 0:08   

Gesundbrunnen 41 13:15 13:45 0:06     

Südkreuz 42 13:51 14:00 0:04   ... to here we do the Southern branches 

Sonnenallee M41 14:04 14:07 0:03 8:43 From here... 

Köllnische Heide M41 / S42 / S9 14:10 14:42 0:22   

Flughafen Berlin-Schönefeld Bus EV or RB19 15:04 15:19 0:00   

Königs Wusterhausen 46 15:19 15:44 0:11   

Schöneweide 8 15:55 16:01 0:03   ... to here we do the Southeastern branches 

Spindlersfeld 47 16:04 16:28 0:07     

Ostkreuz 3 16:35 17:10 0:52 11:46 Here we do the Eastern branches. From here... 

Erkner / Erkner ZOB 3 18:02 18:42 0:17 13:18   

Ostbahnhof / Strausberg 75 18:59 19:09 0:06   

Strausberg Nord 5 19:15 19:55 0:06   

Friedrichsfelde Ost 7 20:01 20:14 0:06 14:50   

Ahrensfelde 7 20:20 20:29 0:01     

Springpfuhl 75 20:30 20:39 0:07   

Wartenberg 75 20:46 21:09 0:11   

Ostkreuz 5 / 7 21:20 21:22 0:05   ... to here we are flexible and can actually take whatever comes first 

Friedrichstrasse 2 21:27 21:35 0:00 16:11 City Centre once more 

Gesundbrunnen 41 21:35 21:37 0:04   

Schönhauser Allee 9 21:41 21:44   16:20   

Bornholmer Strasse DONE   
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Station in Linie Ab An Um Total 

Bornholmer Strasse 25 05:24 05:47 0:02   

Henningsdorf 25 05:49 06:07 0:15 

Schönholz 1 06:22 06:50 0:01 

Oranienburg 1 06:51 07:00 0:04 1:36 

Birkenwerder 8 07:04 07:24 0:01   

Blankenburg 2 07:25 07:52 0:17 

Bernau 2 08:09 08:22 0:05 2:58 

Gesundbrunnen 42 08:27 08:37 0:04 

Westkreuz 5 08:41 08:55 0:03 

Spandau 5 08:58 09:11 0:01 

Westkreuz 7 09:12 09:28 0:01 

Wannsee 1 09:29 09:35 0:05 4:11 

Potsdam 1 09:40 10:15 0:03 

Schöneberg 41 10:18 10:28 0:04   

Westkreuz 5 / 7 10:32 10:47 0:02   

Friedrichstrasse 1 / 2 10:49 11:00 0:04 

Yorckstrasse 1 11:04 11:07 0:02 5:43 

Schöneberg 42 11:09 11:10 0:04 

Südkreuz 25 11:14 11:32 0:04   

Teltow Stadt 25 11:36 11:50 0:02 

Priesterweg 2 11:52 12:12 0:14 6:48 

Blankenfelde 2 12:26 13:07 0:08 

Gesundbrunnen 41 13:15 13:45 0:06   

Südkreuz 42 13:51 14:00 0:04   

Sonnenallee M41 14:04 14:07 0:03 8:43 

Köllnische Heide M41 / S42 / S9 14:10 14:42 0:22 

Flughafen Berlin-

Schönefeld Bus EV or RB19 15:04 15:19 0:00 

Königs Wusterhausen 46 15:19 15:44 0:11 

Schöneweide 8 15:55 16:01 0:03   

Spindlersfeld 47 16:04 16:28 0:07   

Ostkreuz 3 16:35 17:10 0:52 11:46 

Erkner / Erkner ZOB 3 18:02 18:42 0:17 13:18 

Ostbahnhof / 

Strausberg 75 18:59 19:09 0:06 

Strausberg Nord 5 19:15 19:55 0:06 

Friedrichsfelde Ost 7 20:01 20:14 0:06 14:50 

Ahrensfelde 7 20:20 20:29 0:01   

Springpfuhl 75 20:30 20:39 0:07 

Wartenberg 75 20:46 21:09 0:11 

Ostkreuz 5 / 7 21:20 21:22 0:05   

Friedrichstrasse 2 21:27 21:35 0:00 16:11 

Gesundbrunnen 41 21:35 21:37 0:04 

Schönhauser Allee 9 21:41 21:44   16:20 

Bornholmer Strasse DONE 

… took 17:01 – optimal? 
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The Guinness Book of Records 

 Fastest time to travel to all the Berlin U-Bahn metro stations 
The fastest time to travel to all the Berlin U-Bahn metro stations is 7 hr 33 
min 15 sec and was achieved by Oliver Ziemek, Henning Colsman-
Freyberger, Michael Wurm and Rudolf von Grot (all Germany) at Hönow 
station, Berlin, Germany on 2 May 2014. 

 Fastest time to travel to all London Underground stations 
The fastest time to travel to all London Underground network stations is 
16 hr 14 min 10 sec, and was achieved by Clive Burgess and Ronan 
McDonald (both UK) in London, UK, on 19 February 2015. Clive and 
Ronan's record breaking journey began at Chesham and ended at 
Heathrow Terminal 5.  

 Fastest time to travel to all New York City Subway stations 
The fastest time to travel the entire New York City Subway is 22 hr 26 min 
02 sec and was achieved by Andi James, Steve Wilson, Peter Smyth, 
Martin Hazel, Glen Bryant and Adham Fisher (all UK) between 18 and 19 
November 2013. Andi James, Steve Wilson and Martin Hazel are previous 
record holders of the record for the 'Fastest time to travel to all London 
Underground stations.' 
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The History of the Transit-Challenge 

1. Ride that requires a rider to traverse every line, but not 
necessarily the entire line. (Class A) 

2. Full-system ride that requires a rider to stop at each station. 
(Class B) 

3. Skip-stop ride that only requires a rider to pass through each 
station. (Class C) 
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              Date Record Holder(s) Stations Time 

00/30.05.1940 Herman Rinke  All stations 25:00:00~ 

00/01.06.1966 Michael Feldman and James Brown All stations 23:16:xx 

12/13.12.1988 Rich Temple, Phil Vanner and Tom Murphy All stations 29:47:12 

25/26.10.1989 Kevin Foster All stations 26:21:08 

28/29.12.2006 
Bill Amarosa Jr., Michael Boyle, Brian Brockmeyer, 
Stefan Karpinski, Jason Laska and Andrew Weir 

All stations 24:54:03 

22/23.01.2010 Matt Ferrisi and Chris Solarz All stations 22:52:36 

18/19.11.2013 
Andi James, Steve Wilson, Martin Hazel, Glen 
Bryant, Peter Smyth and Adham Fisher 

All stations 22:26:02 
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The Rules of the Guinness Book 
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Quattro Transformationi 

 

Directed rural 
postman problem (DRPP) 

 

 

 

 

 

Generalized 
DRPP (GDRPP) 

 

 

Directed TSP (ATSP) 
X 

 

 

 

 

  Generalized 
  ATSP (GATSP) 
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Transfers … 
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… in a Frequency Timetable modulo 60 
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 Most lines runs every 10 or 20 mins 

 One line runs every 40 mins, regional trains every 60 mins 

 One 40 and one 60 mins connection can be shifted into a 20 mins 
solution 

 

time: 01 
freq: 10 

time: 27 
freq: 10 

duration: 26 
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The Generalized Direct Rural Postman Problem 

 Visit every group of connections at least once  
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From the GDRPP to the Generalized directed TSP (1) 

 Turn edges into nodes and connect succeeding ones 

 Visit every group of nodes at least once  
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From the GDRPP to the Generalized directed TSP (2) 

 Connect all nodes from different groups using two arcs, namely,  
nodes 𝑎 and 𝑎′ using arcs (𝑢, 𝑣) and (𝑢′, 𝑣′) s.t.  

 arc (𝑎, 𝑎′) with length 𝑙(𝑢, 𝑣) + length of shortest (𝑣, 𝑢′)-path 

 arc (𝑎′, 𝑎) with length 𝑙(𝑢′, 𝑣′) + length of shortest (𝑣′, 𝑢)-path 
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length of arc (𝑎, 𝑎′) length of arc (𝑎′, 𝑎) 
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From the GATSP to the ATSP (1) 

 Visit every group of nodes exactly once  visit every node exactly 
once: connect every group of nodes using a directed cycle of 
length 0 
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From the GATSP to the ATSP (2) 

 Replace arcs between different groups of nodes by new arcs 

 New start node is the one that preceeds in the cycle 

 Increase weight by a large constant 𝑀1 that ensures that every group is 

visited exactly once, i.e., for a cycle (𝑢1, … , 𝑢𝑖 , 𝑢𝑖+1, … ) set 𝑤′ 𝑢𝑖 , 𝑣𝑗 =

𝑤 𝑢𝑖+1, 𝑣𝑗 +𝑀1 

Paths and Complexity | CO∈TL 2015 53 



Freie Universität      Berlin 
From the ATSP to the TSP 

 Make two copies 𝑣 und 𝑣′ of every node 𝑣 

 Connect  𝑣 and 𝑣′ via undirected edges with weight −𝑀2 

 Connect 𝑢 and 𝑣′ via undirected edge with weight 𝑤(𝑢, 𝑣) 

 Open tour with given start node 

 Add additional node 0 for tour start and end 

 Add suitable weights 0 and    
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  𝑢   𝑢   𝑣   𝑣 

  𝑢   𝑢   𝑣   𝑣 

 𝑢′  𝑢′  𝑣′  𝑣′ entry 

exit 

𝑤(𝑢, 𝑣) 

𝑤(𝑣, 𝑢) 

𝑤 𝑢′, 𝑣 = 𝑤(𝑢, 𝑣) 

𝑤 𝑢, 𝑣′ = 𝑤(𝑢, 𝑣) 

𝑤 𝑢, 𝑢′  
= −𝑀2 

𝑤 𝑣, 𝑣′  
= −𝑀2 
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Preprocessing 

 Only start, end, or 
transfer stations: 
166  113 stations 

 No transfer on parallel 
lines: 
113  42 stations 

 Assumption: equal travel 
and transfer times 
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Program TOPTraC 
(http://www.zib.de/projects/s-bahn-challenge-berlin) 

 Open or closed tours 

 Start, end station, or both 

 Timetable or constant transfer times 

 Exceptions for minimum transfer times at large stations 

 TSP mode (for visiting only stations) 
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Program TOPTraC 
(http://www.zib.de/projects/s-bahn-challenge-berlin) 

Input 

 File with all edge and travel times 

 File with all stations, departure times, lines, and frequencies 

 Timetable period 

 

Output 

 TSP file   

 

Solution 

 Via Concorde on NEOS server 

 

Result 

 List of all edges in optimal solution (unsorted) 
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The Solution 

Best found solution: 13:17 

 Contains some 1-minute transfers at large stations, which are not 
feasible according to the BVG trip planner 

 The last connection Strausberg-Strausberg Nord on the S5 is 
operated at a 40 mins frequency 

 

More realistic solution: 13:44 

 Start at Strausberg Nord 

 Lower bounds on transfers at large stations 

 Feasible according to BVG trip planner 

 

With luck: 13:24 

 If some infeasible transfers are caught 

Paths and Complexity | CO∈TL 2015 58 



Freie Universität      Berlin 
The Realistic Solution: 13:44 
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The Record Attempt: 10.01.2015, 09:55 

 The first 7 hours worked according to the plan  

 One infeasible transfer was caught: 20 mins ahead of schedule! 
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The Record Attempt: 10.01.2015, 09:55 

 The first 7 hours went 
according to the plan  

 One infeasible transfer was 
caught 

 Thunderstorm Felix 

 Severe service disruptions 

 Finally 15:04 instead of 13:44 

 80 mins delay 

 2 hours faster than before 

 Not yet (?) in Guinness Book 

 2 stations were visited by 
regional trains 

 Legal or not? 
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In the Press 
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Edsger Wybe Dijkstra (1930-2002) 
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Passenger Information 
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Graph Theoretic Model 

306 nodes, 445 edges 
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Preprocessing 

80 nodes, 122 edges 
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Dijkstra's Algorithm (0) 
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Dijkstra's Algorithm (1) 
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Dijkstra's Algorithm (2) 
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Dijkstra's Algorithm (3) 
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Dijkstra's Algorithm (4) 
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Dijkstra's Algorithm (5) 
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Shortest Path Tree 
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Running Time of Dijkstra's Algorithm 

 Set all node labels = 0,    

 distances = , predecessors = none        O(n) 

 Set distance at start node = 0, pred. = start   O(1) 

 Repeat              n *  
 Find unlabeled node with  minimum distance or stop, done!   O(n) 

 Label it               O(1) 

 For all outbound edges                 O(n) 

 Update distance and predecessor labels             
                    
                O(n2) 

 

Theorem: Dijstra's algorithm runs in polynomial time. 
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Contraction 

Contraction (Kolman & Pangrac [2009]) 
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State of the Art in Shortest Paths 
(Bast, Delling, Goldberg, Müller-Hannemann, Pajor, Sanders, Wagner, Werneck [2014]) 
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Airway network – Denmark and Germany 
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Airway network – Denmark 
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Constraints  
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1. Shortest Paths with Pair Constraints 

 

 If EDDF is the departure airport, then BIBTI must not be visited: 
EDDF  P  BIBTI  P (easy because departure is known) 

 If MILKA is visited, then ALG must be visited: 
MILKA  P  ALG  P  (hard because visits are not known) 

Paths and Complexity | CO∈TL 2015 85 



Freie Universität      Berlin 
Forbidden, Obligatory, and Binding Pairs 
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Forbidden, Obligatory, and Binding Pairs 

Given an ATS network, two nodes (waypoints) s and t, and a set of node-
pairs uv, find a shortest st-path such that for every pair ... 
 

 

 

Shortest-path problem with binding pairs: u  P  v  P 

 
 
 

Shortest-path problem with forbidden pairs: u  P  v  P 

 

 

 

Shortest-path problem with obligatory pairs: u  P  v  P 
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Shortest Paths with Forbidden Pairs  

 Applications in automatic software testing and bioinformatics 
(Gabow et al. [1976], Chen et al. [2001]) 

 NP- and APX-hard (Gabow et al. [1976], Hajiaghayi et al. [2010]) 

 Efficient contraction/dynamic programming algorithms for networks 
with special structures (Kolman and Pangrac [2009], Kovac [2011]) 

 Graph-modifying algorithm for Shortest Paths with forbidden 
Subpaths (Ahmad & Lubiw [2009])  
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Shortest Paths with Binding Pairs 

 Applications in automatic software testing 

 NP-Hard even on acyclic digraphs (Ntafos, Hakimi [1979]) 

 No further literature 
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 Related to group TSP 

 NP-hard in general 

 Polynomial for fixed 
number of pairs 

Shortest Paths with Obligatory Pairs 
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Shortest Paths with Pair Constraints 

 No subtour elimination in acyclic digraphs 
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Proposition (Brückner [2015]) 

The SPPPC can be solved in polynomial time if the pairs are well-parenthesized. 

Theorem (Blanco, B, Brückner, Hoang [2015]) 

A complete linear description of the SPPPC polytope can be obtained if the 
pairs are disjoint. 
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Network Orientation 

 Delete network segments pointing in the "wrong direction" 

 that point backward over the cut halfway between origin & destination 

 that point back to the origin (in the origin's hemisphere) 

 that point away from the destination (in the destination's hemisphere) 

 Results in acyclic network 
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Network Orientation Example Beijing-Hong Kong 

 

 

 

 

 

 

 

 

 

 

 

 

 Errors near airports, mostly (but not always) small 
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Optimal trajectory 

Best trajectory after network 
reduction 
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2. ATC Charged Shortest Paths  
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ATC Charges 

 Rate per flown km: easy to integrate in any search algorithm 

 Rate per km in the great circle segment between entry and exit 
points: hard (Lido "pretends" it's the first model) 
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ATC Charged Shortest Paths 
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ATC  Charges 

Proposition (Blanco [2014]): The Shortest Path Problem with ATC 
charges can be solved in polynomial time. 
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3. 3D-Shortest Paths 
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Horizontal segments are well defined. 
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Horizontal segments are well defined. 
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Climb/descent segments? 
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106 



Freie Universität      Berlin 

Paths and Complexity | CO∈TL 2015 

Vertical segments vary by weight, weather, speed, etc. 

107 



Freie Universität      Berlin 

Paths and Complexity | CO∈TL 2015 

Vertical segments vary by weight, weather, speed, etc. 

108 



Freie Universität      Berlin 

Paths and Complexity | CO∈TL 2015 

Vertical segments vary by weight, weather, speed, etc. 

109 



Freie Universität      Berlin 

Paths and Complexity | CO∈TL 2015 

Vertical segments vary by weight, weather, speed, etc. 

110 



Freie Universität      Berlin 
Cruise Performance 

Constant speed, altitude, current weight, and specific range function 

𝑓 𝑤𝑐𝑢𝑟𝑟 = 𝑑 

(how far can we fly with 1kg of fuel with weight 𝑤𝑐𝑢𝑟𝑟). Then 

𝑑 =  𝑓 𝑠 𝑑𝑠
𝑤𝑐𝑢𝑟𝑟

𝑤𝑒𝑛𝑑

= 𝐹 𝑤𝑐𝑢𝑟𝑟 − 𝐹 𝑤𝑒𝑛𝑑 , 

where 𝐹 is the primitve integral of 𝑓, i.e., 

𝑤𝑒𝑛𝑑 = 𝐹
−1(𝐹 𝑤𝑐𝑢𝑟𝑟 − 𝑑). 
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Cruise Performance 
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Overestimation 
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Interpolation 
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Piecewise Linear Approximation 
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Approximation Error 
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Approximation Error 
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Proposition (Blanco, B, Hoang, Spiegel [2015]) 

Consider an aircraft cruising along several segments 𝑒0, … , 𝑒𝑘 
at a constant flight level at constant speed. Let 𝑤 be the 

actual weight after the cruise phase, and 𝑤 and 𝑤↑↓ the 

values obtained by a piecewise liner underestimation of the 
primitive integral 𝐹 of the specific range function 𝑓 and a 
piecewise linear overestimation of its inverse 𝐹−1 using the 

same breakpoints with approximation errors 𝐾↓ and 𝐾↑, 
respectively. Then 

 |𝑤 −𝑤↑↓| ≤ max 𝐾↓ ⋅ ||𝑓−1||∞, 𝐾
↓−1 , 

independently of the number of segments. 
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Computational Results 

12915 O-D pairs 

A380, speed 0.83MN/300KIAS, constant altitude FL300,  

departure time 06.03.2014, 19:30:25 
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