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Theory: Stochastic Dynamics

We consider a dynamical system driven by the
SDE

dxt = −∇V (xt)dt +
√

2D dWt , (1)

with V (x) : Γ → R potential energy function,
D diffusion constant and Wt a standard Wiener
process.
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Theory: The Propagator

Associated to eq. 1, there exists the PDE

∂ρ

∂t
= Q∗ρt(x) , (2)

where Q∗ is the Kolmogorov forward operator.
The formal solution is

ρt+τ (x) = eτQ∗
ρt(x)

= Pτ ρt(x) , (3)

where Pτ is the propagator.
Stationary distribution:

lim
t→+∞

ρt(x) = π(x) .
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Theory: The Koopman Operator

Similarly, we introduce the adjoint equation for
arbitrary observable functions f(x)

∂f

∂t
= Qft(x) , (4)

where Q is the Kolmogorov backward operator.
The formal solution is

ft+τ (x) = eτQft(x)
= K(τ)ft(x) , (5)

where K(τ) is the Koopman operator:

K(τ) = (Pτ )∗
π . (6)

lim
t→+∞

ft(x) = const.
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Theory: Rates from membership functions

• Membership functions

χ(x) : Γ → [0, 1].

• The Koopman operator acts on χ(x) as

χt+τ (x) = K(τ)χt(x)
= a1χt(x) + a2 .

• From linear regression we can estimate a1
and a2, and exit rates [1]:

κ = −1
τ

log(a1)
(

1 + a2
a1 − 1

)

[1] Marcus Weber, and Natalia Ernst. arXiv:1708.00679.
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Methods: The Power Method

Given an initial function f0(x):

fk+1 = Kτ fk

∥Kτ fk∥
lim

k→∞
fk+1 = ϕ0(x)

If we apply an appropriate linear transformation S:

fk+1 = SKτ fk

lim
k→∞

fk+1 = χi(x) i = 1, 2

For a two-state system, S is given by

SKτ fk = Kτ fk − min (Kτ fk)
max (Kτ fk) − min (Kτ fk)
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Methods: ISOKANN

• In the previous examples, Kτ was estimated by SqRA. Alternatively, it can be
estimated as

ft+τ (x) = E [ft(xt+τ )|xt = x]

≈ 1
N

N∑
n=1

ft(xt+τ,n|xt = x)

= f̄t(xt+τ |xt = x) ,

where xt+τ,n is the end-point of the nth simulation of length τ starting in xt = x.
• The shift-and-scale power method algorithm becomes

fk+1(x0) = S f̄k(xτ |x0 = x) .

• The initial function is arbitrary, it is useful to consider an interpolating function such as a
spline or neural network.
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Illustrative example 1D

- SqRA + PCCA+ Spline Rel. Err. Neural Network Rel. Err.
κ12 ps−1 1.773 1.811 0.021 1.837 0.035
κ21 ps−1 2.483 2.391 0.037 2.414 0.027
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ISOKANN vs SqRA 1D
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ISOKANN vs SqRA 2D
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ISOKANN vs SqRA 3D
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