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Theory: Stochastic Dynamics

125
We consider a dynamical system driven by the Zos
SDE

dl’t == *VV(.’L’t)dt + vV 2D th, (1)
with V(z) : T' — R potential energy function,

D diffusion constant and W; a standard Wiener
process.
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Theory: The Propagator

Time evolution of p(x, t)

. . ' (x, t=0ps)
Associated to eq. 1, there exists the PDE Gl — Pxt=0.01p8)
— p(x,t=0.1ps)
6 0.08 = Z(X,[=lpsp)
p — 1(x)

ot = Q*Pt($) 5 (2) 0.06

where Q* is the Kolmogorov forward operator.

The formal solution is B ﬂ

prr(x) = €
= PTpt(':E)’ (3)

Stationary distribution:

where P, is the propagator.
lim pi(z) =7(z).

t——+00
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Theory: The Koopman Operator

Similarly, we introduce the adjoint equation for

arbitrary observable functions f(x) o Tine evolttion af i, §
of A
- — €T , 4 0.30
T Qf(x) (4) .

0.20

where Q is the Kolmogorov backward operator.

0.15 — flx,t=0ps)=—Lexp (-3x)

The formal solution is S — fot=0.01ps)
= f(x,t=0.1ps)
0.05 — fix,t=1ps)
— ()
ft-‘rT(x) = eTth(x) . ) o 0 1 2
= K(7)fi(z), (5)

where K(7) is the Koopman operator:
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Theory: Rates from membership functions

Time evolution of x(x, t)

® Membership functions ois x ﬁ
— x(x,t=0ps)
X(.'L') I — [07 1] o — X(x,t=0.01ps)

— X(x,t=0.1ps)
0.4 — x(x,t=1ps)
— x(x,t- = ps)
® The Koopman operator acts on x(x) as 2
0.0
-2 ori b 0 1 2
Xetr(z) = K(r)x(x) i

X(x,t=1ps) vs x(x, t=0ps)

— alXt(x) + as . 1.0
0.8
® From linear regression we can estimate a; .
and ag, and exit rates [1]: T
0.2
1 as

K=—— log(al) 1+ 0.0

T a; —1 0.0 02 0.4 06 08 10

X(x,t=0ps)

T™Pps)

xx, t

[1] Marcus Weber, and Natalia Ernst. arXiv:1708.00679.
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QEHeas The Power Method _____________[[ESENI

Given an initial function fo(z):

frt1 Krfi
I1Kx frell
Jm fre1 = o(x)

If we apply an appropriate linear transformation S:

fer1 = SK:f
lim fiy1r = xi(z) i=1,2
k—oo

For a two-state system, S is given by

K+ fr — min (K fi.)
max (K- fr) — min (K; fx)

SICTfk =
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iiSthods ISOKANN [

® In the previous examples, I, was estimated by SqRA. Alternatively, it can be
estimated as

fror(x) = E[fi(zi4r)]|2e = 7]

1 X
N Z fe(@irnloe = )
n=1

Q

= [il@iirlze = ),

where x4 ; ,, is the end-point of the nth simulation of length 7 starting in z; = .

® The shift-and-scale power method algorithm becomes

feir(zo) = Sfr(zr|zo = ).

® The initial function is arbitrary, it is useful to consider an interpolating function such as a
spline or neural network.
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[llustrative example 1D

Potential energy function 5 Membership functions A Propagated membership functions
8
0.8 0.8
6
T 0.6 0.6
g —— Xi- SqRA + PCCA+ —— Xi- SARA + PCCA+
2, == x;-Spline Xi - Spline
3 « X - Neural Network Xi - Neural Network
s 0.4 0.4
2
0.2 0.2
0
0.0 0.0
-20 -15 -10 -05 00 05 10 15 20 -20 -15 -10 -05 00 05 1.0 15 20 -20 -15 -10 -05 00 05 1.0 15 20
x/nm x/nm x/nm

- SqRA + PCCA+ | Spline Rel. Err. | Neural Network Rel. Err.
K12 ps ! 1.773 1.811 0.021 1.837 0.035
Ko1 ps ! 2.483 2.391 0.037 2.414 0.027
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ISOKANN vs SqRA 1D
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ISOKANN vs SqRA 2D

ZIB
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ISOKANN vs SqRA 3D ZiB
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