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CONSTRUCTIONS OF HYPOTRACEABLE DIGRAPHS
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ABSTRACT

A hypotraceable digraph is a digraph D which is not traceable,
i.e., does not contain a (directed) hamiltonian path, but has the
property that for every node v in D the node-deleted digraph D-v
is traceable. It was proved recently that hypotraceable digraphs
of order n exit for all n > 7. We present here three different
constructions to obtain further classes of hypotraceable digraphs

which are either strongly connected or have a source and/or a sink.
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1. Introduction and Notation

It was shown recently that the intractability of the symmetric
travelling salesman problem is closely related with the difficulty
of characterizing hypohamiltonian and hypotraceable (undirected)
graphs. Namely, it was proved (c.f.[1]) that many of them induce
facets of the monotone symmetric travelling salesman polytope.

We study hypohamiltonian and hypotraceable digraphs in order
to check whether analogous results also hold with respect to the
asymmetric travelling salesman problem. Indeed, it was shown in
[2] ana [3] that many of the hypohamiltonian digraphs obtained in
[4], and some of the hypotraceable digraphs we present here, in-
duce facets of the monotone asymmetric travelling salesman polytope,

Most of the known results on hypotraceable (undirected) graphs
are due to Thomassen. In [7] and [8] Thomassen constructed hypo-
traceable graphs of order 34, 37, 39 and higher. A tight lower
bound on the order of such graphs is, however, unknown.

The smallest known cubic hypotraceable graph was constructed
by J. D. Horton and has order 40 [6]. In[9] the existence of an
infinite family of cubic planar hypotraceable graphs is shown.

The question of the existence of hypotraceable digraphs was
Trecently settled [5}. It was proved that such digraphs of order n
exist iff n > 7, and that for each k > 3 there are infinitely
many hypotraceable oriented graphs (digraphs with no 2-cycle) with
a source and a sink and pPrecisely k strong components. It was also
shown in [5] that there are strongly connected hypotraceable orien-
ted graphs and that there are hypotraceable digraphs with Precisely
two strong components one of which is a source. Finally, it was
shown that hypotraceable (or hypohamiltonian) digraphs may contain
large complete subdigraphs and large tournaments.
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T = V d edges

We denote (undirected) g aphs by G E ’ EJ an ge

~ EB by e = { u, Vv } A graph G is called hypotraceable

f ’ . n on i i Q! hain)
it is not traceable (i.e. does not contain a hamiltonian cha

b

put G - v is traceable for all v in G.

A digraph G = -
called the order of G) and an arc set of ordered pairs

(V,E) consists of a finite node set V (|V] is
’ = (u,v),
u # v, of nodes; multiple arcs are not allowed .

Nt (v):={u: (vyu) €E1},

{us: (uv) €EL

N v u N ()

N (v):

It

N (v):

is the set of neighbours of v.

atiw: = |xtw |

is called outdegree of v,

aw:= |N (|

is called indegree of v,
a (w:=da(v) +d (v

is called degree of v. A non-empty set of arcs
H E
pi= { (vl,vzl;(vz,v3}:...,{vk_l,vk]] (o

. for i ¥ j and is denoted
is called a path of length k-1 if v, # vy fo j

then
by [vl,vz,...,vk] < If (v,evy) €E

ci =2 U { b » vyl

is called a circuit of length k, denoted by {vl,vzri;.,zzi. z fa:h
(circuit) of length (V| - 1 (|vl]) is called ham].f z:l a;cs o
is the digraph with node set V - { v } and the set o S
which do not contain v. G = (V,E) is called traceable
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;f G contains a hamiltonian path (circuit). ¢ = (V,E) is called
gﬁ:o;rfceakle (hypohamiltonian) if G is not traceable (hamiltonian)
i+ v 1s traceable (hamiltonian) for all V €V. For u,v € vV ye
né G - (u,v) to be the digraph (V, E - { (u,v) D, e+ ¢ i
the digraph (v, E v {(u,v)}). , ' ik

2. oy A
Trivial Properties, Directing Hypotraceable Graphs

A
ok s the following lemma shows digraphs of the class conside-
cannot have all possible node degrees. '

Lemma 2.1,

Let G = (V,E) be a hypotraceable digraph of order n

Then for all v € vy

+
a) d (v) =1 implies d+(v) =2 -
b) d°(v) 21 implies a (v) = 2 i

c)d (v) =n-2,

Proof:

s +
e thugpose that d (v) = 1 and let (v,w) € E . Every hamilto-
a -
. g iin G - w has v as its endpoint because the outdegree of
- wis 0. i
it . But then P u {(v,w)} is a hamiltonian path in
- Contradiction! b) follows similarly.
c) Let v be any node in V
and let P=
i " e [vl,...vn_l] be a hamiltonian
s viously (v,vl) and (v v} cannot be i
(vi,v) € E implies ( - et
v.vi) € E.

Suppose there is a path =
L Q= -
o S rorow e neighbf Vs : vq] € P  such that all
’ ’ ours of v and that v
doubly linked to v (i.e ’v are
-e. (v_,v), '
(v_,v) € E implies (v,v p) 3 ;V vp)' (v'vqj’(vq’V) o g
o : ¢ gy : ' pfl y 1.e. (vp+1,v) £ E, hence
p+2 ' c. We obtain that (v,vq)é E, a contradiction.

Bt followﬂ th.a.t between eUeIY
nair v v of nodes that are dOublY
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linked to v there is a node vse p < j<gq . which is not a neigh-

bour of v.

If we consider the sequence of nodes Wyr Wopee Wy such

that wy is either doubly linked to v or not a neighbour of v where
the indexing is comparable to the ordering in P, then no doubly
linked nodes are consecutive, hence in the worst case this sequence
is alternating. Similar arguments as above show that Wy and wy, can-

not be doubly linked to v. Therefore

d(v) = (n-1) -k + 2 (k-1) / 2

= f =2
O

Anode v € Vwith d (v) = 0 will be called a source, a node v with

0 a sink. A source (sink) v with d*(v) = 2 (47 (v} = 2) will
The third type of "minimal" nodes will be called
= a(v) = 2 and |N(v)|=3.

atv) =
be called minimal.

distinguished. Such a node satisfies d+{v}
Examples in the sequel will show that there are hypotraceable di-

graphs with distinguished nodes, minimal sources and sinks and

nodes with degree n - 2.

Clearly, hypotraceable digraphs have to be connected. Sup-
pose there would be an articulation node Ww € V . Then G - w would
be disconnected and could not contain a hamiltonian path. There-
fore, hypotraceable digraphs are 2-connected. Later examples show
that there are hypotraceable digraphs which are not 3-connected;
therefore the minimum degree of connectivity of hypotraceable di-

graphs is lower than the one of hypohamiltonian digraphs, ek bl

A digraph is strongly connected, or strong,if for every

two nodes u and v there is a path from u to v(and a path from v to

u) .

vemma 2.2.

The smallest nontrivial strong component of a hypotraceable

digraph has at least five nodes.
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Proof:
Let H = (W,F) be a nontrivial strong component of a hypo-

traceable digraph G = (V,E) such that

| W | is as small as possible,

It can be easily seen that H cannot have order 2 or 3. Sup-

pose H has order 4. If H contains no circuit of length 4 then a
contradiction is easily obtained. Let us consider then, the case
that H contains a circuit of length 4 (this implies IVlz 5) . The
set V can obviously be partitioned into different node sets

+ - + -
Xy W, X (X o X might be empty) such that:

1) any node in w uy x' can be reached from any node in
X uw by a path

and that

2) there is no path from any node in W v xt to any node in x~

A node in X~ (resp. X+) which is adjacent to 4 node v of H
will be denoted by v~ (resp. vh. Let W = {a, b, ¢, 4}

and let P be a hamiltonian path in G - a, Then there are
two possibilities:

Case 1:

There exists a circuit C in H, of length 4, such that p
contains exactly 2 arcs of C.

Case 2:

There is no circuit in H, of length 4, such that p contains
2 arcs of the circuit,

In the first case consider w.l.o.g. C =
(b,c) € p, (c,d) € p.

(a, b, c, d),

-+
where P (P) is
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Therefore, P is of the form

- + +
p=P?u b ,becdd JupP

i d b
a hamiltonian path in the subdigraph 1nducearcy
tain an
- (x7). Let Q be a path in G = b. Q can neither con

a a nor (a a ) o l‘.herwise G Would be tr aceab le Fur thermore r Q
- ] + .
( I r ¥

-annot contain the arc a,Cl s This implies that cannot contain
( r } Q
C
an arc (d d) . ThEIEEore; Q has to Contain an arc (C ;C) and
r
ECESSaIll}’ it contains the arc (Cr ) an ( r )v But then
™ s a a a,d

- + +
p"uv [ b ,b,c,a,d,d ] UP

s hami onian Patll in G ontr cti Similar cons tructions
el o adi on. )
1 a 1t

also lead to a contradiction in the second case.
ini hypo-
In section 4 we will construct an infinite class of hyp
strong compo-
traceable digraphs which have the property thay ali 4 be:t e i
ents contain five nodes. This shows that Lemma 2.2 i 3 :
: -stron
ble and that hypotraceable digraphs can be highly non-s gly

connected.

: o
A simple way to get hypotraceable digraphs is to take hyp

trac e g phS direct the anprop iate Y Let T ’U", E [ be
c mn 3 cf ly.
eabl ra and G

itute each edge e

a graph, we subst

(u U) (U u) d.nd denote the digranh Obtalned by
r i r

v, B

2

and call G a trivially directed graph.

Theorem 2.3.
et ¢ = [ v,E] be a hypotraceable graph, then the
following holds:

a) Q= {V,ﬁ) is a hypotraceable digraph
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-+ -+
b) G - e is a hypotraceable digraph for all e € E.

Proof:
Obvious. O

Thus using the results in[7] and [8] we can obtain
hypotraceable digraphs of order 34, 37, 39, and higher.

Case b) of Theorem 2.3 is not the only way to modify tri-
vially directed hypotraceable graphs. Depending on the underlying
hypotraceable graph there are in general many possibilities to add
or remove arcs from g and still maintaining the hypotrace -

able properties.

Another way to get possibly non-isomorphic hypotraceable
digraphs of the same order is to reverse the direction of every
arc. Clearly, every path [ Viree+sVy 1 in G will be a path
E Vigre=2s¥vy] in the reverse of G; hence, the defining properties
of hypotraceable digraphs are kept.

3. Some Basic Hypotraceable Digraphs

In order to obtain hypotraceable digraphs of higher order
we use the "basic" hypotraceable digraphs shown in Fig. 3.1 to 3.5.

The digraph T; is the only one which can be obtained by
means of the construction presented in [5].

It is not difficult to check that the seven digraphs in
Fig. 3.1. to Fig. 3.5. are hypotraceable; because of its length
a proof is omitted (a short recursive computer program could do
this job). 1In each of these digraphs an arc from the source to
the sink can be added which obviously does not create a hamilto-
nian path. Hence there exist nonisomorphic hypotraceable digraphs
of order n = 7+8,00., 13.
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FIGURE 3.1

FIGURE 3.2
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w1

Y1

12

FIGURE 3.3

FIGURE 3.4
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FIGURE

3.5
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Even when the arc (s,t) from the source to the sink is ad-
ded this new hypotraceable digraph is in general not maximal yet,
i.e. we may add more arcs without getting a traceable digraph. Let
T% be the digraph which contains all arcs of T? and furthermore the
arcs (s,t), (u,v), and (w,wl). It is easily seen that T; is also
hypotraceable and that the addition of any further arc would gene-—
rate a hamiltonian path. Thus T% is maximal hypotraceable and con-
tains four nodes namely u,v,w,w; which have the maximal possible
degree n = 2 = 5. Clearly there are many other ways of creating
hypotraceable digraphs that contain T, or similary TB"“’T13'
However, because of Lemma 2.l1. no arc containing a node of maximal
degree can be added without producing a hamiltonian path, e.g. no
arc containing the node W, can be added to T8 or TlD'

4. Construction of Hypotraceable Digraphs

In the following we will demonstrate three ways to cons-
truct hypotraceable digraphs from other digraphs. In the first
method two "supertraceable" digraphs are linked to obtain one
hypotraceable digraph. This construction produces hypotraceable
digraphs of ordern z 12 with source and sink. The second method
combines two hypotraceable digraphs with source and sink to ge& a
hypotraceable digraph with source but not sink. For the third me-
thod four hypohamiltonian digraphs are needed to obtain one stron-
gly connected hypotraceable digraph, this method is a directed ver-
sion of Thomassen's construction for hypotraceable graphs, c.f.

73.
Definition 4.1.

A digraph G = (V,E), |V] = 3, is called supertraceable if
it contains two non-empty special node sets S, T < V with the

following properties:

a) Each node s € S is the initial node of a hamiltonian path in G.

b) For every node v € V there exists a node t €T and a hamilto-
nian path P in G - v with initial node t.
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c) No node t € T is the initial node of a hamiltonian path in @

If we have a supertraceable digraph G = (V,E) with special
n:de sets 5,T then the reverse digraph GF = (v, Er), where
B = {(u,%): (vyu) €B } , has thé above properties a), b), c)
with respect to S and T where "initial" is feulaced b "; f "
in the definition. N Y G

Supertraceable digraphs give hypotraceable digraphs in
the following way:

Construction HT1:

Le =
: t Gl {Vl,El) and Gé = {Vz,Eé] be two disjoint super-
raceable digraphs with special node sets Sl, Tl and S T res-
pectively; let G2 = (VZ,EZJ be the reverse of Gi. Let ¥ d

Aé= f(?,t) : 5652, t€T § , ‘B:= {(t,s) : t € Tr, s€ 8571},
and define G = (W,F) to be the digraph with

W: = Vl u Vz, F:= El u E2 U A uy B.
T, 51 G4
G
Aa B
2 J\T3 8
2
FIGURE 4.1

Theorem 4.2,

The digraph G = (W,F) as defi
ned in Constructi
hypotraceable. gy
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proof:

a) Suppose G contains a hamiltonian path
P=[vy,..., vpl . P necessarily contains an arc
then the partial path

(VyrViyq) € AU B.If (vg,vy,,) € A
[ Vigqrere1¥y 3= P.is a hamiltonian path in Gyi as
Visl ETl this contradicts c) of 4.1.

Similarly, (vi,vi+1) € B contradicts v, € T,.

. G1 - v contains a hamiltonian path

b) W.l.o.g. let v E€ Vl
t € Tl' G2 contains a hamiltonian path

Pl with initial node

P2 with terminal node

P U {(s,t)} Up, is a hamiltonian path in G - v.

s € 5> ,hence (s,t) € A. Therefore

This shows that G is hypotraceable. O

To prove the usefulness of Construction HT1 it remains
to show that the class of supertraceable digraphs is not empty.

Remark 4.3.

For every hypotraceable digraph G = (V,E) with source s
the digraph G - s is supertraceable.

Proof:

G - s contains hamiltonian paths. Let S be the set of

initial nodes of these paths. For every v€ V - { s} there are

hamiltonian paths in G - v which all necessarily start in s. If we

remove the first arc of these paths we obtain hamiltonian paths in

(G-s) - v. Let T be the set of initial nodes of these paths. By

definition, S and T satisfy a), b) of Definition 4.1. Suppose,t€ T
is the initial node of a hamiltonian path P in G - s.

By construction, (s,t) € for all t € T, hence { (s;,8)]J UP is

a hamiltonian path in G, a contradiction. Therefore,c) of 4.l.is

also satisfied. O
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Remark 4.4,

a For every hypotraceable digraph G = (V,E) with sink t the
igraph G - t is the reverse of a Supertraceable digraph.

Proof:

Revert G and apply 4.3 [

tructionA :o:verse of Remar& 4.3. which is another (trivial) cons-
of hypotraceable digraphs is obviously also true: Given
Supertraceable digraph G = (V,E) with special sets S,T, tg th i
digraph G°' consisting of the node set Vv plus a new n;d; s ?: X
and the ares E plus all arcs (s,t}), t €7 , is hypotrace::::E)
e eaChA:a::eb:i:e: digraphs Ty, Tgreees Tl3 shown in fig. 3.1 to
osels e ol s::rce and a sink we can construct several dif-
oy hypQtraceable lgraphs by removing the source or the sink.
; e digraphs obtained by using two of these su-
pertrac?able digraphs in Construction HT1 will also have a source
z:c:a:;:nk. By iteratively applying construction HT1 we get hypo-
o e digraphs of all orders n = 12  and hence an infinite
or;:: of these dlqraph?. The number of hypotraceable digraphs of
n constructable in this way is not small at all. conside
zgg. the digraph T% defined in section 3; T; =8 is supertrace:ble
Seirzft?e special sets are T = {u,le » and S any non empty sub-
v,w,yll » hence there are seven possible choices of §
Co?bining these supertraceable digraphs in various ways we get‘
quite a number of nonisomorphic hypotraceable digraphs of order 12.

As the bui
Scnnected CUmPonenid::gsii:c:s T77::+Ty3 Te8p. have one strongly
e e re+.,11 resp. only, all newly cons-
i sourc:_o a:e strong components of these sizes only. By
i e rb: nk-deléteé digraphs T; repeatedly using cons-
S o e e obtain an infinite number of hypotraceable digraphs
oivis F:m:h (and minimal see 2.2) strong components ‘having five
Connectedf eérmore, all these digraphs are 2-connected but not 3-
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Summing up the foregoing remarks we have shown:

Theorem 4.5.
a) There are non-isomorphic hypotraceable digraphs of or-

der n for every n z7.
For all n 27 there are hypotraceable digraphs of order

b)
n which are not strongly connected and have a minimal
source and a minimal sink.

¢) For every n z 12 there exists a hypotraceable digraph

of order n the maximal strong component of which con-

tains 5,6 or 7 nodes only.

Construction HT1 using the source-or-sink-deleted digraphs

T? yields hypotraceable digraphs of order 5k + 2 , kz 2 with maxi-

mal strong components of size five and a source and a sink. Clear-

ly, by the Lemma 2.2 there can be no hypotraceable digraphs of or-
der5k + 3 and S5k + 4, k > 1, the maximal strong component of which
has order 5. However, there could exist hypot;aceable digraphs of this
kind having order 5k or 5k + 1, kz 2. These digraphs would either

have neither source nor sink or a source oOr a sink but not bofh.
Suppose there is such a digraph G = (V,E) without a sink. This di-
graph necessarily has a "last" strongly connected component (W,F),
i.e. a component such that (w,v) @ E for all weW and all v EV-W.
Thus, (W,F) is a strongly connected supertraceable digraph of order

5. By simple (but lengthy) enumeration we have shown that there are
no supertraceable digraphs of order 5 at all. This proves that such
a digraph G = (V,E) does not exist, hence, there are hypotraceable
digraphs of order n, the maximal strongly connected component of
which has five nodes only, if and only if n = 5k + 2, k&, l.ie.
using digraphs T7 ( and modifications of these) in Construction HT1

is the only way to get such hypotraceable digraphs.

The following construction was designed to obtain hypotra-

ceable digraps which have a source but no sink or vice-versa (by

reversion).
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CONSTRUCTION HT2:

Let G, and G, be two disjoint hypotraceable digraphs with
source and sink. Let uy, vy be the source resp. sink of Gl and Yy

the terminal node of a hamiltonian path in Gl - vy

Let u,, v, be the source resp. sink of G2 and X, the

initial node of a hamiltonian path in G, = u,. Furthermore, we

assume that

o a Gl has a.node Wy, Wy # ul,wl# Vs Wy # Yy such that
e following conditions are satisfied:

C1) G, does not contain two node- j =
1 node-disjoint paths 0 -Ewlt...,yll

. :
and Q —-Eul’.,.,vlj which contain all nodes of Gy, and

C2) G, does not i -disj
1 contain two node-disjoint paths 3’=[u1,...,y13

and R' = Ewl, ceeyvyl which contain all nodes of G..

1

Let G be the digraph obtained by adding the digravhs
G1 and G2 identifying the nodes Vi and x, into a node z, and by

addi =
ing the arcs & = {(v,,u,), (y;,u,), (vyw) Y (c.f. Fig.4.2).

FIGURE 4.2
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Theorem 4.6.
Theorem »-0.

Given two hypotraceable digraphs Gl and G, with source and

sink, where G; has the mentioned properties, then the digraph G
obtained by Construction HT2 is hypotraceable.

proof:
ZEMES

a) Suppose G contains a hamiltonian path P. Then P has to contain
at least one of the arcs of A = { (v2.u2),(v2,W1}.(yl;u2) 1
aj)) Pn A= { (vyruy) } . Tﬁen, P has to contain a hamil-

tonian path in Gl(ﬁrcm o to vl) ,vwhich is impossible,

. In this case, P has to contain a
a,) P NA {tvz'wi)} ’

hamiltonian path in G2 (Erom X, to vz), what cannot happen.

a;) PN A= {( y1,u2]} . Then, P has to contain either a
hamiltonian path in G, (from u, to v,) or a hamiltonian path

in G (from u, to yl), which is impossible.
a;) ® M A = {(stwl)' (yqruy) } . In this case, there are two

possibilities:
Al Bi= L UpseeesVas wl,...,yl,uz,...] or
a4} P = L UpreeesYyelpraeerVprWyraes W,

In the case aﬁl]' in order to be a hamiltonian path-in G,

P has to contain two node-disjoint paths @ = [ wy,..., ylj and
| = i i Gi e B
Q'= [ ) ] in G which contain all nodes of G, Y

condition Cl1) this cannot happen.

In the case a42} , P has to contain two node-disjoint

paths R = [ uy,.,¥1 ] and R' = [ wl,...,vll in G, which contain

all nodes of Gl,which contradicts condition C2).

b) We show that G - t is traceable for any node t in G.
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bl) t = u,. Let P, be a hamiltonian path in G, - Wy (from u, to
v, =2z ) and P, a hamiltonian path in G, = u, (from X, = 2
to v,). Then, P, U P, u {(vz,wl)j is a hamiltonian path in
G- Ea

bz) t in Gl, t # vy Let Ql be a hamiltonian path in G1 -t
(with terminal node vy = z) and Q2 a hamiltonian path in
G2 - u, (with initial node Xy = z) . Then Ql U Q2 u

{(Vé,ua)} is a hamiltonian path in G - t.

bs) t in GZ' gk u,. Let Rl be a hamiltonian path in Gl -V
(from uy to yl) and R, a hamiltonian path in G2 =ik
Then, R; U {{yl, uz)}u R, is a hamiltonian path in
G-t . O

Remark 4.7.

The hypotraceable digraphs T7: Tg r Tgs Tyg +Ty7 + T and

12
T13 shown in figures 3.1. to 3.5. satisfy the conditions required

(for the digraph Gl) in Construction HT2, where the nodes W, and

¥, are those indicated in the respective figures. Therefore, they
can be used (as G1 ) with any hypotraceable digraph with source

and sink (as G,) to obtain new hypotraceable digraphs. O
Remark 4.7. together with Theorem 4.5.b) implies:
Theorem 4,8,

a) For every n 2 13 there exist hypotraceable digraphs of order
n which contain a source or a sink s but not both.

b) For each of these hypotraceable digraphs G - s is strongly
connected. O
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The following construction is a directed version of Thomas-

i es strongly connected
cen's construction, c.f. [ 71 , and produc gly

hypotraceable digraphs.

pefinition 4.9.

If x is a distinguished node of a digraph G then the neigh-
pours of x will be numbered as indicated in Fig +4.3. O

FIGURE 4.3

Definition 4.10. (c.f. [4] )

Let x be a distinguished node of a hypohamiltonian d}gra?h
G and let yl, yz, y3 be the heighbours of x, numbered as in defi-

(G,x) is said to have property B if there are no

nition 4.9.
< from y~ to y3 and from ¥y to

1
hamiltonian paths from y~ to y .,
y3 inGc-x . 0O

Construction HT3:

j amiltonian digraphs
Let Gq. Gy, Gas Gy be four disjoint hypoh :

1
bours y.
with distinguished nodes Xy Koy X3r Xy resp. whose neighbou yj

(=1 4) are numbered as in Definition 4.9. We assume that
= Fowosy
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all pairs (G

i ﬁ ) G( 1'X1J'.(G2'x2)' (G3.x3}f (G4rx,) have property B.

s e 11 X di= 1,...,4. We add the digraphs Hi identifying
e nodes Yqr¥3 into a node Zqs the nodes y3, y1 into a node z

and add the arcs . 4 2

3 3 3 3 2 2
{Y-l r Yz)l (Y2 r Y1)c (Y1 r Yz)t (Yg [ Yf)t
2 2 2 2 1
(¥3 » vy), (yq » ¥3)s (¥3 + yl), (yl ' y;)
calling the resulting digraph G (c.f. Fig. 4.4). F, is the union
1

of H1 and H2 together with the arcs linking H.| and H,; F, is the
union o i % :
£ H3 and H4 together with the arcs linking H3 and H4.

€4 G, G
; e
i ; Y2 o T
i : i el I -
i : H H Y'I O——0 Y B
Py SRR g i T : A
. ; : ; 1 2 §
= ; i Y1 o=====p ¥ i
E 1 : | : '
YZ i
- i g |
: 2 &3 ; :’xsi ' :
A . Yy ! :'
' ' 1 .: ,'
i H v ; 1 i
, 1 3 A 02:—_-—051 '
Y3 y4 [ _‘._.‘ 4 H4‘.!
6, G,

FIGURE 4.4
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THEOREM 4.11.

Given four hypohamiltonian digraphs G;, G, Gyr Gy with

+he above properties then the digraph G obtained by Construction

§T3 is hvpotraceable.

proof:

a) We have to show that G - v is traceable for all nodes v. Let Vv
- v has a hamil-_

2 1
1 to ¥q-

be a node of H1. G1 - v is hamiltonian, so H1

tonian path P1 from y? to y?, or from yi to y] or from y

a1) P, goes from y? to yi. G, - yg contains a hamiltonian cir-

cuit containing [y;, Xy y%] , we drop this path and obtain
! ; : 3 1 y _
a hamiltonian path P, 1in H2 ¥y G4 Y, contains a ha
miltonian circuit which contains [yi, Xy yi] , dropping
this path we obtain a hamiltonian path P, in Hy - yl .
G3 - yg contains a hamiltonian circuit containing [y;, X34
y%] , we drop this path and obtain a hamiltonian path P, in
3
H3 Y3- Now

(e 3 v v o} YD) Uy v

2 2 1 1
B By U {lyy y3l u Py U {(y3 v yq)}

is a hamiltonian path in G - v.

a2} P1 goes from y? to y}. Hz contains a hamiltonian circuit

c, containing an arc (yg , u). We drop this arc obtaining a
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hamiltonian 1
path P2 in H2. 3

circuit containin 2 3
. g [y3, Xz, y3] » dropping this path we
obtain a hamiltonian path P, in H, - 1 :
- | 3 3~ ¥ Gy mgy  oons
s a hamiltonian circuit containing [y& x y2 ]
- T gy B
drop this path obtaining a path Py in H4—yi. The path
2 {(Yai Yli] u Pl u P3 u {(ygx Yﬁ) 1 u
Py U vy v3)}

is hamiltonian in G - v

a.) P oes f = 1 i
3 1 9 rom y% to ¥i- This case is done as az) ; instead
of dro i
; oping (yz, u) in C, we drop the arc (yg, u) and link
P, and P, through (yg, yi).

As H an 2
1 d H are Symﬂetrlc the same result follows if » is
in H,. USillg Similar constructions as aboue we can Obtaln ah e
2 amil

tonian path analogously, if v is in F
5t

bJ Supbose G co: 1 2
ntains a hamlltonlan
path fro W W P clu-
P m to . in u

des the node
s z; and z,s therefore it is composed either of

paths

b.) P, from w, t
1 1 1 to zl, P2 from zl to Zgs P3 from z, to Wy

or

BHa) opi £
2 rom w, to z
1 1 2 P2 from z, to Zqs P3 from 2z to Wy
The paths P
17 P3 may have length zero. P2 is entirely con-
tained in Fl or F2, and at least one of
of the paths Py Py is con-

tained in F
2 Fl resp. Therefore we have to consider several cases

= gl ;
3 Y3 contains a hamiltonian ) p2 in Fl' P2

r We

Constructions of Hypotraceable Digraphs 171

contains exactly one of the arcs (yi, yg) '

2 2
(ylr Yz) .

1. P1 in Fye P,y in F,. Pl u P, is a hamiltonian path in Fl.

1.1. If wy is in H,, then Py U Py contains a hamiltonian path

in H, from either y% or yg to y% . Adding to this path

either Ey%, X9 y%] or Ey%, X5 ygl we obtain

a hamiltonian circuit in Gz. Contradiction.

contains a hamiltonian path

in Hl' This path goes either from yi to yi

yi . In the first case we add Eyi, X1, yg] obtaining

T2 B vy is in H2 then Pl U P2
or from y% to

a hamiltonian circuit in Gl' a contradiction, the second

case is impossible because (Gy,%;) has property P

U Py is a hamiltonian path in F,.

2. Py in Fy, P3 in Fl. P2

1

2.1. If vy is in Hy then P, U Pj contains a hamiltonian path

in H, from yi to either yi or yi, since {Gl,xl} has

property B  this is impossible.

2.2, If w, is in Hy then P, U Py contains a hamiltonian path

in H, going from yg to Yg or from yg to yg . In the first

case we add[y%, X59 yg] obtaining a hamiltonian circuit

in Gyr @ contradiction, the second case cannot occur as

Gy xz} has property B .



172

3

12)

i Pl in Fis P3 in Fq- P, contains a hamiltonian path in H3
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b,) because of symmetry.
P, in Fae P, in F,. Then P, contains a hamiltonian path in rase bz} follows from §

H,. We obtain a contradiction as in 1.1. | o
In order to be able to use construction HT3 we nee YE

i ltonian digraphs G, (i = 1,2,3,4) with distinguished nodes

hamilto r 1 o bk -

P, in F,. «. such that the pairs {Gi.xi) have property
nd 0dd | Vi=  { ay,ay,..esaybysBar s Bp )
Pl in F2, P3 £ o Pl u P2 is a hamiltonian path in F2. L{bi’bi+lj :i=1,...,p=1} U

1 By = {(ai,ai+l

) i=l, 00 ,p 1
{(ap'al) F [bp,bl) ] u ‘[ (ai fbij ’ (bi'al) 5

= (V,E) are called odd Marguerites. All nodes
: [4] that odd

TE W, is in H3 then Pz contains a hamiltonian path in H4

then the digraphs ‘
« €V are obviously distinguished . It was shown in

=5
Marguerites are hypohamiltonian digraphs and that for every p -

from either yi or yi to Yg' a contradiction since (G4,x4)
has property B

ert g
IE W, is in H4 then Pl U P2 contains a hamiltonian path in odd, and every x € V the pair (Mp,x) has prop A4

; 2 1L 1 2
H3 going from either Y3 to Y3 or from Y3 to Y- In the Purthermore, the hypohamiltonian digraphs YB and Y9 shown

ith respect to the distin-
in Fig. 3.2 in [4] have property P wit pe

3 3 IES J Chtalning a hami] to-
qu;l.shed nodes marked x in Fig. 3.2 in E ] . This can be checked

nian circuit in Gy, contradiction; as (Ga,x3) has property
; on.
B  the second case is impossible. easily by enumerati
i tioned above Construc-
Pl in Fl v P3 in F2 . Then P2 u P3 is a hamiltonian By using four of the digraphs YB men <7 e
path in F tion HT3 yields the hypotraceable digraph of order
2°

If W, is in H4, then P2 contains a hamiltonian path in H3, ELae 25
going from yg to either y% or yg, we add either [y%,xB, yg]
orﬁyg, X35 y%] obtaining a hamiltonian ¢irouit in G3,
contradiction.

If Wy is in Hy, then Py U P3 contains a hamiltonian path in
H4 going from either yi to yi or from yi to yi. In the first
case we add Eyi'XQ’yiJ getting a hamiltonian circuit in

G4, the second case is impossible since (Gg, x4) has pro-

perty B -

going from yg to either y;‘ or yﬁ,like case 2.1.
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