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Figure 10.13

4

The drawback here is that this score vector does not distinguish between
players 2 and 3 even though player 3 beat players with higher scores than
did. player 2. We are thus led to .th~ second-level score vector

82 = (8, 5, 9, ~, 4, 3)
\

in which each player's second-level score is the sum of the scores of the
players he beat. Player 3 now ranks first. Continuing this procedure we
obtain further vectors

53 = (15, 10, 16,7, 12,9)

54= (38,28,32,21,25,16)

Ss = (90,62,87,41,48,32)

56 = (183, 121, 193, 80, 119,87)

The ranking of the players is seen to fluctuate a little, player 3 vying with
player 1 for first place. We shall show that .this procedure always converges
to a fi~ed ranking when the tournament in question is diconnected and has
at least four vertices. This will then lead to a method of ranking the players
in ·any tournament.

In a diconnected digraph D, the length of a shortest directed (u, v)-path is
denoted by clo(U, v) and is called the distance from. u to v; the directed
diameter of D is the maximum distance from anyone vertex of D to any
other.

Theorem 10. 7 Let D be a diconnected tournament with v > 5, and let A be
the adjacency matrix of D. Then A~+3>0 (every entry positive), where d is
the directed diameter of D. .
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Proof The (i, j)th entry of A k is precisely the number of directed (Vi, Vj)­
walk·s of length k in D (exercise 10.1.8). We must therefore show that, for
any two vertices Vi and Vj (possibly identical), there is a directed (Vi, vj)-walk
of length d + 3.

Let dij = d(Vi, Vj). Then 0 -< dij -< d -< v -1 and therefore

3 <: d - dij + 3 <: v + 2

If d - dij + 3 <v then, by theorem 10.3, there is a directed (d - dij +3)-cycle
C containing Vj. A directed (Vi, vj)-path P of length dij followed by the
directed cycle C together form a directed (Vi, vj)-walk of length d + 3, as
desired.

There are two special cases. If d.- dij + 3 = v + 1, then P followed by a
directed (v - 2)-cycle through Vj followed by a directed 3-cycle through Vj

constitute a directed (Vi, vj)-walk of length d + 3 (the (v - 2)-cycle exists since
v ~ 5); and if d - dij + 3 = v + 2, then P followed by a directed (v -l)-cycle
through Vj followed by a directed 3-cycle through Vj constitute such a
walk 0

A real matrix R is called primitive if R k > 0 for so~e k.

Corollary 10.7 The adjacency matrix A of a tournament D is primitive if
and only if D is diconnected and v:> 4.

Proof If D is not diconnected, ,then there are vertices Vi and Vj in D such
that' -Vj is not reachable from Vi. Thus there is no directed (Vi, vj)-walk in D.
It follows that the (i, j)th entry of A k is zero for all k,and hence A is not
primitive.

Conversely, suppose that D is .diconnected. If v >- 5 then, by theorem
10.7, A d

+
3 >O and so A is primitive. There is just one diconnected tourna­

ment on three vertices (figure lO.14a), and just one diconnected tournament
on four vertices. (figure lO.14b). It is readily checked ,that the adjacency

( 0) ( b )

Figure 10.14
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matrix of the 3-vertex tournament is not primitive, and it can be shown· that
the ninth power of the adjacency matrix of the 4-vertex tournament has all
entries positive 0

Returning now to the score vectors, we see that the ith-Ievel score vector
in a tournament D is given by.

where A is the adjacency matrix of D, and J is a column vector of 1'so If the
matrix A is primitive then, by the Perron-Frobenius theorem (see
Gantmacher, 1960), the eigenvalue of A with largest absolute value is a real
positive number r and, furthermore,

. (A i~lm -)J=S
1--+00 r

where s is· a positive- eigenvector of A corresponding to r. Therefore, by
corollary 10.7, ifD isa diconnected t9urnament on at least four vertices,
the normalised vector s (with entries summing to one) can be taken as the
vector of relative strengths. of the' players in. D. In the example of figure

.10.13, we find that (approximately)

r = 2.232 and s= (.238, .164, .231, .113, .150, .104)

Thus the ranking of the players given by this method is 1, 3, 2, 5, 4, 6.
If the to·urnament is not diconnected, then (exercises 10.1.9 and 10.1.3b)

its dicomponents can be linearly ordered so that the ordering preserves
dominance. The participants in a round-robin tournament can now be
ranked according to the following procedure.

Step 1 . In each dicomponent on four or mo·revertices, rank the players
using the eigenvector s; in a dicomponent on three vertices rank all three
players equal.

Step 2 Rank the dicomponents in their dominance-preserving linear order
D t , D 2 , ••• ,Dm .; that is, if i < j then every arc with one end in D i and one
end in D j has its head in D j •

This method of ranking is due to Wei (1952) and Kendall (1955). For
other r~nking procedures, see Moon and Pullman (1970).

Exercises

10.7.1 Apply the method of ranking described in section 10.7 to

(a) the four tournaments shown in figure 10.4;
(b) ·the tournament with adjacency matrix
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A B C D E F G H I J

A 0 1 1 1 1 1 0 0 1 1
B 0 0 1 0 0 1 0 0 0 0
C 0 0 0 0 0 0 0 0 0 .0
D 0 1 1 0 1 1 0 0 1 0
E 0 1 1 0 0 0 0 0 0 0
F 0 0 1 0 1 0 0 0 0 0
G 1 1 1 1 1 1 0 0 1 0
H 1 1 1 1 1 1 1 0 1 1
I 0 1 1 0 1 0 0 0 0 0
J 0 1 1 1 1 1 1 0 1 0

10.7.2 An alternative method of ranking IS to consider 'loss vectors'
instead .of score vectors.

(a) Show that this amounts to ranking the converse tournament
and then reversing the ranking so found.

(b) By considering the diconnected tournament on four vertices,
show that the two methods of ranking do not necessarily yield
the same result.
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11 Networks
11.1 FLOWS

Transportation networks, the means by which commodities are shipped from
their production centres to their markets, can be most effectively analysed
when they are viewed as digraphs that possess some additional structure.
The resulting theory is the subject of this chapter. It has a wide range of
important applications.

A network N is a digraph D (the underlying digraph of N) with two
distinguished subsets of vertices, X and Y, and a non-negative integer­
valued function·c defined on its arc set A; the sets X and Yare assumed to
be disjoint and nonempty. The vertices in X are the sources of N and those
in Yare the sinks of N. They correspond to production centres and
markets, respectively. Vertices which are neither sources nor sinks are called
intermed~ate vertices; the set of such vertices will be denoted by I. The
function ""c is the capacity {unction of N and its value on an arc a the
capacity of a. The capacity of an arc can be thought of as representing the
maximum rate at which a commodity can be transported along it.

We represent a network by drawing its underlying digraph and labelling
each arc with its capacity. Figure 11.1 shows a network with two sources Xl

and X2, three sinks yt, y2 and Y3, and four intermediate vertices VI, V2, V3 and
V4.

If S c V, we denote V\S by S. In addition, we shall find the following
notation useful. If { is a real-valued function defined on the arc set A ·of N,
and if K c A, we denote L f(a) by f(K). Furthermore, if K is a set of arcs

. aEK

of the form (S, S), we shall write f+(S) for f(S, S) and f-(S) for f(5, S).
A flow in a network N is an integer-valued function f defined on A such

that

and
0< f(a) -< c(a) for all a E A (11.1)

(11.2)'

The value f(a) of f on an arc a can be likened to the rate at which
material is transported along a. under the flow f. The upper boun.d in

. condition (11.1) is called the capacity constraint; it imposes the natural
restriction that the rate of flow along an arc cannot exceed the capacity of
the arc. Condition (11.2), called the conservation condition, requires that, for
any intermediate vertex v, the rate at which material is transported into v is
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5

Figure 11.1. A network

equal to the rate at which it is transported out of v. Note that every network
has at least one flow, since the function f defined by f(a) = 0, for all a E A,
clearly satisfies both (11.1) and (11.2); it is called the zero flow. A less trivial
example of a flow is given in figure 11.2. The flow along each arc is indicated
in bold type.

If S is a subset of vertices in a network Nand f is a flow ill N, then
f+(S) - f-(S) is called the resultant flow out of S, and f-(S) - f+(S) the
resultant flow into S, relative to f. Since the conservation condition requires
that the resultant flow out of any intermediate vertex is zero, it is intuitively
clear and not difficult to show (exercise 11.1.3) that, relative to any flow f,
the resultant flow out of X is equal to the resultant flow into Y. This
common quantity is called the value of f, and is denoted by val f; thus

val f = f+(X) - t-(X)

The value of the flow indicated in figure 11.2 is 6.
A flow f in N is a maximum flow if there is no flow f' in N such that

val f' > val f. Such flows are of obvious importance in the context of trans­
portation networks. The problem of determining a maximum flow in an
arbitrary network can be reduced to the case of networks that have just one

Figure 11.2. A flow in a network
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(11.3)

source and one sirlk by means of a simple device. Given a network N,
construct a new network N' as follows:

(i) adjoin two new vertices x and y to N;
(ii) join x to each vertex in X by an arc of capacity 0:>;

(iii) join each vertex in Y to y by an arc of capacity 00;
(iv) designate x as the source and y as the sink. of N'.

Figure 11.3 illustrates this procedure as applied to the netw·ork N of figure
11.1.

Flows in Nand N' correspond to one an\other in a simple way. If f is a
flow in N such that the resultant flow out of each source and into each sink is
·non-negative (it suffices to restrict our attention to such flows) then the function
/' ·defined by·

f(a) if a is an arc of N

!'(a)= f+(v)-f-(v) if a=(x,v)

f-(v)-f+(v) if a=.(c,y)

is a flow in N' such that valf'=valf (exercise 11.1.4a). Conversely, the
restriction to the arc set of N of a flow in N' is a flow in N having the same
value (exercise 11.1.4b) .. Therefore, throughout the next three sections, we
shall confine our attention to networks th·at have a single source x and a
single sink y.

Exercises

11.1.1 For each of the following networks (see diagram, p. 194), determine
all possible flows and the v·~lue of a ·maximum flow.

11.1.2 Show· that, for any flow. f in N and any Sc V,

L (f+( v) -:- f-( v» = f+(S) - f-(S)
vES

(Note that, in general, L f+(v) # f+(S) and L f-(v) # f-(S».
vES vES
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Exercise 11.1.1 1

11.1.3 Show that, relative to any flow f in N, the resultant flow out of X is
equal to the resultant flow into Y.

11.1.4 Show that

(a) the· function {' given by (11.3) is a flow' in N' and that
val i ' = val f;

(b) the restriction to .the arc set of N of a flow in N' is a flow in N
having the same value.

11.2 CUTS

Let N be a network with a single source x and a single sink y. A cut in N is
a set of arcs of the form (5, S), where XES and yES. In the network of
figure 11.4, a cut is indicated by heavy lines.

The capacity of a cut K is the sum of the capacities of its arcs. We denote
the capacity of K by cap K; thus

cap K = L c(a)
aEK

The cut indicated in figure 11.4 'has capacity 16.

3 5

x y

5 3

Fig~re ~ 1.4. ,A cut in a networ~
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Lemma 11.1 For any flow f and any cut (5, S) in N

(11.4)

Proof Let f be a flow and (5,8) a cut in N. From the definitions of flow
and value of a flow, we have

f+(v) - f-(v) = {Val f ~f v =x .
o If v E S\{x}

Summing these equations over S and simplifying (exercise 11.1.2), we
obtain

valf= L (f+(v)-f-(v»=f+(S)-f-(S) 0
YES

It is convenient to call an arc a f-zero if f(a) = 0, f-positive if f(a) > 0,
f-unsaturated, if f(a) < c(a) andf-saturated if f(a) = c(a).

Theorem 11.1 For any flow f and any cut K =(S, S) in N

val {~ cap K (11.5)

Furthermore, equality holds in (11.5) if and only if each arc in (S,8) is
f-saturated and each arc in (8, S) is f-zero.

Proof By (11.1)
(11.6)

and
{-(S»O' (11.7)

We obtain (11.5) by substituting inequalities (11.6) and (11.7) in (11.4).
The second statement follows, on noting that equality holds in (1'1.6) if and
only if each arc in (S, S) is f-saturated, and equality holds in (11.7) if and
only' if each arc in (8, S) is f~zero 0

A cut K in N is a minimum cut if there is no· cut K' in N such that
cap K'<cap K. If f* is a maximum flow and K is a minimum cut, we have,
as a special case of theorem 11.1, that

val f* < cap K (11.8)

Corollary 11.1 Let f be a flow and K be a cut such that val f - cap K. Then
f is a maximum flow and K is a minimum cut.

Proof Let f* be a maximum flow and K a minimum cut. Then, by (11.8),

val f<val f* <cap K<cap K

Since, by hypothesis, val f = cap K, it follows that val f -:- val f* and cap K =
cap K. Thus f is a maximum flow and K is a minimum cut 0
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In the next section, we shall prove the converse of corollary 11.1, namely
that equality always holds in (11.8).

Exercises

11.2.1 In the following network:

(a) determine all cuts;
(b) find the capacity of a mini~um cut;
(c ) show that the flow indicated is a maximum flow.

x

22

11.2.2 Sh"ow that, if there exists no directed (x, y)-path in N, then the
value of a maximum flow and the capacity of a minimum cut are
both zero.

11.2.3 .If (5, S) and ~T, T) are minimum cuts in N, show that {5 U T, 5 U n
and (5 n T, S n n are also minimum cuts in N.

11.3 THE MAX-FLOW MIN-CUT THEOREM

In this section we shall present an algorithm (or determining a maximum
flow in a network. Since a basic requirement of'any such algorithm is that it
be. able to decide wh.en a given flow ·is, in fact, a maximum flow, we first look
at this question.

Let [ be a flow in a network N. With each path P in N we associate a
non-negative integert(P) defined by

t(P) = min t(a)
aEA(P)

where

( ) == {c(a) - [(a) if a is a forward arc of P
t a f{a) if a is a reverse arc of P

As may easily be seen, t(P) is the larg.est amount by which the flow along P
can be increased (relative to f) without violating condition (l1.1). The path
P is said to be f-saturated if t{P) = 0 and f-unsaturated if t{P) >0 (or,
equivalently .. if each forward arc of P is [-unsaturated and each reverse arc
of P is f-positive). Put simply, an f~unsaturated path is one that is not being
used to its full capacity. An [-incrementing path is an [-unsaturated path
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from the source x to the sink y. For example, if f is the flow indicated in the
network of figure It.5a, then one [-incrementing path is the path P =
XVtV2V3Y· The forward arcs of P are (x, VI) and (V3' y) and t{P) = 2.

The existence of an I-incrementing path P in a network is significant since
it implies that f is not a maximum flow; in fact, by sending an additional flow
of t(P) along P,one obtains a new flow I defined by

f(a) + t{P) if a is a forward arc of P

I(a) = [(a) - t(P) if a is a reverse arc of P (11.9)

f( a) otherwise

for which vall = val [+ t(P) (exercise 11.3.1). We shall refer to I as the
revised flow based on P. Figure 11.5b shows the revised flow in the network
of figure II.Sa, based on the f-incre.menting path XVIV2V3Y.

The role played by incrementing paths in flow theory is analogous to that
of augme.nting paths in matching theory, as the following theorem shows
(compare theorem 5.1).

Theorem 11.2 A flow f in N is a maximum flow if and only if N contains
no [-incrementing path.

Proof If N contains an [-incrementing path P, then f cannot be a
maximum flow since I, the revised flow based on P, has a larger value.

Conversely, suppose that N contains no [-incrementing path. OUf aim is
to show that f is a maximum flow. Let S denote the set of all vertices to
which x is connected by [-unsaturated paths in N., Clearly XES. Also, since
N has no [-incrementing, path, yES. Thus K = (S, S) is a cut in N. We shall
show that each arc in (S,5) is [-saturated and each arc in (5, S) is [-zero.

Consider an arc a' with tail U E S and head v E S. Since U E S, there exists
an f-unsaturated (x, u)-path Q. If a were [-unsaturated, then Q could be
extended by the arc a to yield an [-unsaturated (x, v)-path. But v E 5, and so
there' is no sllchpath. Therefore a must be {-saturated. Similar reasoning
shows that if a E (5, S), then a must be' [-zero.

x y x

(b)

y

Figure 11.5. (a) An {-incrementing path P; (b) revised flo",' based on P
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On applying theorem 11.1, we obtain

·val f= cap K

It now follows from corollary 11.1 that f is a maximum flow (and that K. is a
minimum cut) 0

In the course of the above proof, we established the existence of a
maximum flow [ and a minimum cut K such that val [= cap K. We thus have
the following theorem, due to Ford and Fulkerson (1956).

Theorem 11.3 In any network, the value of a maximum flow is equal to the
capacity of a minimum cut.

Theorem 11.3 is known as the max-flow min-cut theorem. It is of central
importance in graph theory. Many results on graphs turn out to be easy
consequences of this theorem as applied to suitably chosen networks. In
sections 11.4 and 11.5 we shall demonstrate two such applications.

The proof of theorem 11.2 is constructive in nature. We extract from it an
algorithm for finding a maximum flow in a network. This algorithm, also due
to Ford and Fulkerson (1957), is known as the labelling method. Starting
with a known flow, for instance the zero flow, it recursively constructs a
sequence of flows of increasing value, and terminates with a maximum flow.
After the construction of each new flow f, a subroutine called the labelling
procedure is used to find an I-incrementing path, if one exists. If such a path
P is found, then " the revised flow based on P, is constructed and taken as
the next flow in the sequence. If there is no such path, the algorithm.
terminates; by theorem 11.2, f is a maximum flow.

To describe the labelling procedure we need the following definition. A
tree T in N is an [-unsaturated tree if (i) x E V(T}, and (ii) for every vertex v
of T, the unique (x, v)-path in T is an {-unsaturated path. Such a tree is
shown in the network of figure 11.6.

The search for an [-incrementing path, involves growing an [-unsaturated
tree T in N. Initially, T consists of just the ~ource x. At any stage, there are
two ways in which the tree may grow:
1. If there exists an f-unsaturated arc a in (5, S), where S = V(T), then both

a and its head are adjoined to T.

x

V1 23 v4 22 v5

Figure 11.6. An f ..uns~t.urated tree

y
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2. If there exists an {-positive arc a in (8, S), then both a and its tail are
adjoined to T. .

Clearly, each of the above procedure$ results in an enlarged f-unsaturated
tree.

Now either T eventually reaches the sin.k y or it stops growing before
reaching y. The former case is referred to as breakthrough; in the event of
breakthrough, the (x, y)-path in T is 'ourdesired {-incrementing path. If,
however, T stops growing before reaching y, we deduc"e from theorem 11.1
and corollary 11.1 that f is a maximum flow. In figure 11.7, two iterations of
this tree-growing procedure are illustrated. The first leads to breakthrough;
the second shows that the resulting revised flow is a maximum flow.

The labelling procedure is. a systematic .way of growing an [-unsaturated
tree T. In the process of growing T, it assigns to each vertex v of T the label
l(v)=I,(Pv ), where Pv is the unique (x,v)-path in T. The advantage of this
labelling is that, in the event of breakthrough, we not only have the
f-incr~mentingpath Py , but also the quantity t{Py) with which to calculate
the revised flow based on P y • The labelling procedure begins by assigning to
the source x the label I(x) = 00. It continues according to the following rules:

1. If a is an {-unsaturated arc whose tail u is already labelled but whose
head v is not, then v is labelled l(v) = min {l(u), c(a) - {(a)}.

2. If a is an f-positive arc whose head u is already labelled but whose tail v
is not, then v is labelled l(v) = Olin. {l(u), f(a)}.

In each of the above cases, v is said to be labelled based on u. To scan a
labelled vertex u is to label all unlabelled vertices that can be labelled based
on u. The labelling' procedure is continued until either the sink y is labelled
.(breakthrough) or all labelled vertices have been scanned and no more
vertices can be labelled (implying that f is a maximum flow).

A flow diagram s.ummarising the labelling method is given in figure 11.8.
It is worth pointing out that the labelling method, as described above, is

not a good algorithm. Consider, for example, the network N in figure 11.9.
Clearly, the value of a maximum flow in N is 2m. The labelling method will
use the labelling procedure 2m + 1 times if it starts with the zero flow and
alternates between selecting xpuvsy' and xrvuqy as an incre~enting path;
for, in each .case, the flow value increases by exactly one. Since m is
arbitrary, the number of 'computational steps required to implement the
labelling method in this instance can be bounded by no function of J;1 and B.

~n other words, it is not a good algqrithm.
However, Edmonds and Karp (1970) have shown that a slight refinement

of the labelling proceduretums" it into a good algorithm. The refinement
"suggested "by· them· is .the following: in the labelling procedure, scan on a
. 'first-labelledfirst-scanned~ basis; that is, before ~canning a labelled vertex
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x

V1 23' v4 22 v5

Initial flow

x

x

y

y

x

x

y

y

x x.

V1 23 v4 22 v5

Breakthrough

x

V1 ?"3 v4 22 "V5

Revised ,flow"

Figure 11 ~7 ,
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Figure 11.7. (Cont'd)

{xl ~'L

0~S

co -+- l (x)

3 vertex u € L\5

V1

201

Find revised flow

f' based on P

YES:

3 an (­
incrementing path P

Scan u
LUL(u)~L

NO:

3 vertex
u€ L\S

NO
>--......-~ Su{u}~S

Figure 11.8. The. labelling method "(L,set of labelled vertices; S, set of scanned
vertices; L(u), set of vertices labelled during scanning of u)
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U, scan the vertices that were labelled before u. It can be seen that this
amounts to selecting a shortest incrementing path. With this refinement,
clearly, the maximum flow in the network of figure 11.9 would be found in
just two iterations of the labelling procedure.

Exercises

11.3.1 Show that the function ! given by (11.9) is a flow with val! =
val f+ t(P).

11.3.2 A certain commodity is produced at two factories Xl and X2. The
commodity is to be shipped to markets yl, Yi and Y3 through the
network shown below. Use the labelling method to determine the
maximum amount that can be shipped from the factories to the
markets.

11.3.3 Show that, in any network N (with integer capacities), there is a
maximum flow f such that f(a) is an integer for all a E A.



Networks 203

11.3.4 Consider a network N such that with each arc a is associated an
integer b(a) <: c(a). Modify the labelling method to find a maximum
flow f in N subject to the constraint f(a) > b(a) for all a E A
(assuming that there is an initial flow satisfying this condition).

11.3.5* Consider a network N such that with each intermediate vertex v is
associated a non-negative integer m(v). Show how a maximum flow
f satisfying the constraint f-(v) < m(v) for all v E V\ {x, y} can be
found by applying the labelling method to a modified network.

APPLICATIONS

11.4 MENGER'S THEOREMS

In this section, we shall use the max-flow min-cut theorem to obtain a
number of theorems due to Menger (1927); two of these have already been
mentioned in section 3.2. The following lemma provides a basic link.

Lemma 11.4 Let N be a network with source x and sink y in which each
arc has unit capacity. Then

(a) the value ofa maximum flow in N is equal to the maximum number m
of arc-disjoint directed (x, y)-paths in ·N; and

(b) the capacity of a minimum cut in !'1 is equal to the minimum number n
of arcs whose deletion destroys all directed (x, y)-paths in N.

Proof Let f* be a maximum flow in N and let D * denote the digraph
obtained from D by deleting all f* -zero arcs. Since each arc of N has unit
capacity, f*(a) = 1 for all a E A(D*). It follows th·at

(i) d~.(x) - do·(x) = val f* = do·(y) - d~.(y);

(ii) d~.(v)= d o.(v) for all v E V\{x, y}~

Therefore (exercise 10.3.3) -there exist val f* arc-disjoint directed (x, y)­
paths in D*, and hence also in D. Thus

val f* <: m (11.10)

Now letPt , P2 , ••• ,Pm be any system of m arc-disjoint directed (x, y)­
paths in N, and define a function fon A by

. { 1 if a is an arc of 0 Pi
f(a) = i=-=t

o otherwise

Clearly f is a flow in N with value m. Since f* is a ·maximum flow, we have

valf*>m (11.11)
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It now follows· from (11.10) and (11.11) that

valf* = m

Let K ~ (5, S) be ~ minimum cut in N. Then,in N ~ K, no vertex of S is
reachable from any vertex in S; in particular, y is not reachable from x.
Thus K is a set of arcs whose deletion destroys all directed (x, y)-paths, and
we have

(11.12)

Now let Z be a set of n arcs whose deletion destroys all directed
(x, y)-paths, and denote by S the set of all yertices reachable from x in
N - Z. Since x E 5 and YES, K - (5, S) is a cut in N. Moreover, by the
definition of S, N- Z can contain no arc of (5, S),. and so K c Z. Since K is
a minimum cut .. we conclude that

cap K<cap K = IKI<IZI = n

Together, (11.12) and (11.13) now yield

cap K = n 0

(11.13)

Theo'rem 11.4' Let x and y be two vertices of a digraph D. Then the
maximum number of arc-disjoint directed (x, y)-paths in D is equal to the
minimum number of arcs whose deletion destroys a~l directed (x, y)-paths in
D.

Proof We obtain a network N with source x and sink y by assigning unit
capacity to each arc of D. The theorem now follows from lemma 11.4 and
the max-flow min-cut ·theorem (11.3) 0

A simple trick immediately yields the undirected version~f theorem 11.4.

Theorem 11 ..5 Let x and" y be two vertices of a graph G. Then the"'
maximum number of edge-disjoint (x, y)-paths in G. is equ~1 to the
minimum number of edges whose deletion destroys all (x, y)-paths in G.

Proof Apply theore~ 11.4 to D(G)., the associated digraph of G (exer-
cise 10.3.6) O' .

Corollary 11.5 A gr,aph G is k -edge-connected if and only if any two
distinct. vertices of G are connected by at least k edge-disjoint paths.·

Proof This follows directly from theorem 11.5 and the definition of k­
ed"ge-connected'ness 0

We now turn to the vertex ,'ei-sions of the above theorems.
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Theorem 11.6 Let x and y be two vertices of a digraph D, such that x is
not joined to y. Then the maximum number of internally-disjoint directed
(x, y)-paths in D is equal to the minimum number of vertices whose deletion
destroys all directed (x, y)-paths in D.

Proof Construct a new digraph D' from D as follows:

(i) split each vertex v E V\{x, y} into two new vertices v' and v", and join
them by an arc (Vi, v");

(ii) replace each arc of D with head v E V\{x, y} by a new arc with head v',
and each arc of D with tail v E V\{x, y} by a new arc with tail v". This
construction is illustrated in figure 11.10.

Now to each directed (x, y)-path in D' there corresponds a directed
(x, y)-path in D obtained by contracting. all arcs of type (Vi, v"); and,
conversely, to each directed (x, y')-path in D, there corresponds a directed
(x, y)-path in D' obta~ned by splitting each internal vertex of the path.
Furthermore, two directed (x, y)-paths in D' are arc-disjoint if and only if
the corresponding paths in D are internally-disjoint. It follows that the
maximum number of arc-disjoint directed (x, y)-paths in D' is equal to the
lDaximum number of internally-disjoint directed (x, y)-paths in D. Simil~rly,

the minimum number of arcs in D' whose deletion destroys all directed
(x, y)-paths is equal to the minimum number of vertices in D whose deletion
destroys all directed (x, y)-paths (exercise 11.4.1). The theorem now follows
from theorem 11.4 0

Theorem 11.7 Let x and y be two nonadjacent vertices of a graph G. Then
the maximum number of internally-disjoint (x, y)-paths in G is equal to the
minimum number of vertices whose deletion destroys all (x, y)-paths.

Proof Apply theorem 11.6 to D(G), the associated digraph of G 0

The following corollary is immediate.

Corollary 11.7 A.graph G with v>k-+'l is k-connected if and only if any
two distinct vertices of G are connected by at least k internally-disjt')int.
paths.

u v ·u' U" Vi V"

x y --;>-- x

w z

Figure 11.10

Wi wIt z'· z"
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Exercises

11.4.1 Show that, in the proof of theorem 11.6, the minimum number of
arcs in D' whose deletion destroys all directed (x, y)-paths is equal
to the minimum number of vertices in D whose deletion destroys
all directed (x, y)-paths.

11.4.2 Derive Konig's theorem (5.3) from theorem 11.7~

11.4.3 Let G be a graph and let Sand T be two disjoint subsets of V.
Sh.ow that the maximum number of vertex-disjoint paths with one
end in S and one end in T is equal to the minimum number of
vertices whose deletion separates S from T (that is, after deletion
no component contains a vertex of Sanda vertex of T).

11.4.4* Show that if G is k·-connected with k ::> 2, then any k vertices ofG
are contained together in some cycle. (G. A. Dirac)

11.5 FEASIBL.E FLOWS

Let N be a·network. Suppose that to each source Xi of N is assigned -a
non-negative integer U(Xi), called the supply at Xi, and to each sink Yj of N is
assigned a non-negative integer a(Yj), called ·the demand at Yj. A flow f in N
is said to be feasible if

f+(Xi) - t-(Xi) <: U(Xi) for all XiE X
and

f-(Yj) -f+(Yj) > a(Yj) for all Yj E Y

In other words, a flow f is feasible if the resultant flow out of each source Xi

relative to f does not exceed tQe supply at Xi, and the resultantftow into·
each sink Yj relative to f is at least as large as the demand at YJ. A natural
question, then, is to ~sk for necessary and· sufficient conditions for the
existence of a feasible flow in 'N. Theorem 11.8, due to Gale (1957),
provides an answer to this question. It says that a feasible flow exists if and
only if, for every subset S of V, the total capacity of arcs from S to S is at
least as large as the net demand of S. .

For any subset 5 of V, we shall denote L O'(v) by 0'(5) and L a(v) by
yes vES

a(S).

Theorem 11.8 There exists a feasible flow in N if and only if, for all S c V

c(5, S) >a(Y n S) - O'(X n S)

Proof· Construct a new network N' from N as follows:

(i) adjoin two new vertices x and Y to N;
(ii) join X to each Xi E X by an arc of capacity 0'(Xi);

(11.14)
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(iii) join each Yj E Y to y by an arc of capacity a(Yj);
(iv) designate x as the source and Y as the sink of N',

This construction is illustrated in figure 11.11.
It is not difficult to see that N has a feasible flow if and only if N' has a

flow that saturates each arc of the cut(Y, {y}) (exercise 11.5.1). Now a flow
in N' that saturates each arc of (Y, {y}) clearly has value a(Y) = cap (Y, {y}),
and is therefore, by corollary 11.1, a maximum flow. It follows that N has a
feasible flow if and only if, for each cut (SU{x},SU{y}) of N'

cap(SU{x},SU{y}»a(Y) (11.15)

But conditions (11.14) and (11.15) are precisely the same; for, denoting the
capacity function in N' by c', we have

cap (S U {x}, SU{y}) = c'(S, S)+c'(S, {y}) + c'({x}, S)
=c(S,S)+a(YnS)+u(XnS) 0

There are many applications of theorem 11.8 to problems in graph theory.
We shall discuss one such application.

Let P = (Pt, P2, · · · , pm) and q = (ql, q2, ... ,qn) be two sequences of non­
negative integers. We say that the pair (p, q) is realisable by a simple bipartite
graph if there exists a simple bipartite graph G with bipartition
({Xl, X2, · • · , xm }, {yr, Y2, •.• , Yn}), such that

d(Xi) = Pi for 1<: i =s; m
and

d(Yj) = qj for 1sj <: n

For example, the pair (p, q), where

p =(3, 2, 2, 2, 1) and q =(3, 3, 2, 1, 1)

is realisable by the bipartite graph of figure 11.12.

x
u.---......_~y.

Figure 11.11



20&
3 2 2

Graph Theory with Applications
2 1

3 3 2

Figure 11.12

An obvious necessary condition for'realisability is that

(11.16)

However, (11.1'6) is not in itself sufficient. For instance, the pair (p, q),
where

p = (5, 4, 4, 2, 1) and q = (5, 4, 4, 2, 1)

is. not realisable by any simple bipartite graph (exercise 11.5.2). In the
following theorem· we present necessary. and sufficient conditions for the
realisability of a pair of sequences by a simple bipartite graph. The order of
the terms in the sequences clearly has no beari.ng on the question' of
realisability, and we shall find it convenient to assume that the terms of q are
arrang.ed in nonincreasing order

(11.17)

Theorem 11.9 Let p = (PI, P2, ... ,pm) and q = (qI, q2, ... ,qn). be two se­
quences of non-negative integers that satisfy (11.16) and (11.1 7). Then (p, q)
is realisable by a simple bipartite graph if' and only if

m k

·I min{pi, k}> I qj for 1 <: k <: n
i==1 j==l

(11.18)

Proof Let X = {Xl, X2, ••• ,xm } and Y = {Yl, Y2, ... ,Yn} be two disjoint
sets, and let D be the digraph obtained' from the. complete bipartite graph
with bipartition (X, Y) by orienting each edge from X to Y. We obt~in a
network N by assigning unit capacity to each arc of D and designating the
vertices in X and Y as its so.u·rces and sinks, respectively. We shall assume,
further, that the supply at source Xi is pi, 1 <: i <: m,· and that the demand at
sink Yj is qj, 1 <: j <: n..

Now, to each spanning subgraph of D, there corresponds ~ flow in N
which saturates precisely the a.r~s of th.e subgraph, and this correspondence
is clearly one-one. In view of (11.16), it follows that (p, q) is realisable by a
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(11.19)

simple bipartite graph if and only if the network N has a feasible flow. We
now use theorem 11.8.

For any set S of vertices in N, write

1(5) ={i IXiE 5} and 1(5) ={j IYjE 5}

Then, by definition,

c(S, S) = 11(S)111(S)1

u(X n S) = L Pi and a(Y n S) = L qj
iEI(S) jEJ(S)

Suppose that N has a feasible flow. By theorem 11.8 and (11.19)

11(5)111(5)/ > L qj - L Pi
jEJ(S) , iEI(S)

for any 5 eX U Y. Setting 5 = {Xi IPi> k} U{yj Ij > k}, we have
k

L: min{pi, k} > L qj - L: min{pi, k}
iEI(S) j = 1 iEI(S)

Since this holds for all values of k, (11.18) follows.
Conversely, suppose that (11.18) is satisfied. Let 5 be any set of vertices

in N. By (11.18) and (11.19)

k

c(5, S» L: min{pi, k}> L qj- L: min{pi, k}>a(YnS)-u(XnS)
iEI(S) j = 1 .iEI(S)

where k = /1(S)I. It foHows from theorem 11.8 that N has a feasible flow D

We conclude by looking at theorem 11.9 from the viewpoint of matrices.
With each simple bipartite graph G having bipartition ({Xl, X2, ••• , Xm},

{yt, Yz, · · · ,Yo}), we can associate an m x n matrix B in which .bij = 1 or 0,
depending on whether XiYj is an edge of G or not. Conversely, every m x n
(0, I)-matrix· corresponds in this way to a simple --bipartite graph. Thus
theorem 11.9 provides necessary and sufficient conditions for the existence
of an m x n (0, I)-matrix B with row sums PI, P2, ... ,pm and column sums
ql, q2, · · · , qn.

There is a simple way of visualising condition (11.18) in terms of matrices.
Let B* denote the (0, I)-matrix in which the Pi leading terms in each row i
are ones, and the remaining entries are zeros, and let pt, pt ... , p~ be the
column sums of B*. The sequence p* = (pT, P!' ... ,p~) is called the conju­
gate of p. The conjugate of (5, 4, 4, 2, 1) is (5, 4, 3, 3, 1), for example (see
figure 11.13).

k

Now consider the sum L: pr Row i of B* contributes min{pi, k} to this
j=l

k

sum. Therefore the left-hand side of(11.18) isequal to L: pr, and (11.18) is
j=l
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p*

5 4 3 3 1

5 .1 1 1 1 1

4 1 1 1 1 0

P 4 1 1 1 1 0,

2 1 1 0 0 0

1 1. 0 0 0 0

FigQre 11.13

equivalent to the condition
k k

L pr:>L qj for 1 -< k -< n
j-l j==1

This formulation of theorem 11.9 in terms of (0, 1)-m~trices is due to Ryser
(1957). For other applications of the theory of flows in networks, we refer
·the reader to Ford and Fulkerson "(1962).

Exercises

11.5.1 Show that the network N in the proof of theorem 11.8 has 'a
feasjble flow if and only· if N' has a flow that s,aturates each arc of

. the cut ·(Y, {y})."
11.5.2 Show that the p~ir (p, q), where

.p = (5, 4,.4, 2; 1) and q'= (5, 4, 4, 2, 1)

is not realisable by any simple bipartite graph.
11.5.3 Given two sequences, p = (PI, P2, ... ,pn) and q = (ql, q2, ... , qn),

find. necessary and sufficient conditions for the existence of a
digraph D on the vertex s~t {Vt, V2, ••• , Vn}, such that (i) d-(Vi) = Pi
and d+(Vi) = qi, 1 -< i -< n, and (ii) D has a (0, 1) adjacency matrix.

11.5.4* Let p =(Ph P2, · . · , pm) and q = (qh q2, ... , qn) be two nonincreasing
sequences of non-negative integers, and denote the sequences
(P2, P3,. · ., Pm) and (ql-1, q2-1, · .. ,qP

1
-1,qPl+h' .. , qn) by p' and

q', re~pectively.~ .

(a) Show that (p,q) is realisable by a simple bipartite graph if and
only if the same is true of (p', q').

(b) Using (a), describe an algorithm for constructing a simple
bipartite. graph which realises (p, q), if such a "realisation exists,.

11.,5.5' An (m + n)-re~lar graph G is (m,n)~orientable if it can. be oriented
so that each indegrte is either m or n.
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(a)* Show that G is (m,n)-orientable if and only if there is a
partition (V1, V2) of V such that, for every 5 c V,

I(m - n)(IV1 n 51-IV2 n 51)1 -< 1[5,5]1

(b) Deduce that if G is (m,n )-orientable and m > n, then G is also
(tn - 1, 11 + 1)-orientabie.
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12 The Cycle Space and
Bond Space

12.1 CIRCUf-ATIONS AND POTENTIAL DIFFERENCES

Let· D be a digraph. A real-valued function f on A is called a circulation in
D if it satisfies the conservation con'dition at each vertex:

(12.1)

If we think of D as an electrical network, then such a function f represents a
circulation of currents in D. Figure 12.1 shows a circulation in a digraph.

If f and g are any two circulations and r is any real number, then it is easy
to verify that both f+ g al)d rf are also circulations. Thus the set of all
circulations in D is a vector space. We denote this space by C€. In what
follows, we shall find it convenient to identify a subset S of A with D[5],
the subdigraph of D induced by S.

There are certain circulations of sp.ecial interest. These are associated with
cycles in D. Let C b.e a cycle in D with an assigne~ orientation and letC+
denote the set of arcs of C whose direction agrees with this orientation. We
associate with C the function fe defined by

1 if ·u E c+
fda) = -1 if a E C\C+

o if ae C

Clearly, fc satisfies (12.1) and hence is a circulation. Figure 12.2 depicts .a
circulation associated with a cycle.

We shall see later on that each circulation· is a linear combination of the
circulations associated with cycles. For this reason we refer to ~ as the cycle
space of D.

We now turn our attention to a related class of functions. Given a
function p on the vertex set V of D, we define the function 5p on the arc set
A by the rule that, if an arc a has tail x and heady, then

op(a) = p(x) - p(y) (12.2)

If D is thought of as an electrical network with potential p (v) at v, th.en, by
(12.2), 5p represents the potential difference along the wires oJ the' .network.
For this reason a function g on A is called a potential difference in D if



The Cycle Space and Bond Space

5

Figure 12.1. A circulation
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g = 8p for some function p on V. Figure 12.3 shows a digraph with an
assignment of potentials to its vertices and the corresponding potential
difference.

As with circulations, the set 00 of all potential differences in D is closed
under addition and scalar multiplication and, hence, is a vector space.

Analogous to th~ function fe associated with a cycle C, there is a function
gB associated with a bond B. Let B =[5, S] be a bond of D.We define gB by

1 if a E (5, S)

gB(a)= -1 if aE(S,S)

o if ae B

It can be verified that gB = 8p where

{
I if v E S

p(v)=·O
if v E S

Figure 12.4 depicts the potential difference associated with a bond.
We shall see that each potential difference is a linear combination of

potential differencesass0ciated' with bonds. For this reaso·n we refer to 00 as
the bond space of D.

In studying the properties of the two. vector spaces 00 and C(6, we shall find

1
Figure 12.2
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2

2 5/4

4 -3 1

Figure 12.3. A potential difference

. it convenient to regard a function on A as a. row vector w:hose coordinates
are labelled with the elements of A. The relationship between 00 and ~ is
best seen by introducing the incidence matrix of D. With each vertex v of D
we associate the function mv on.A defined by

1 if a is a link and v is the tail of a

mv(a) == -1 if a is a link and v is the head of a

o ,otherwise

The incidence matrix of D is the' matrix M whose rows are the functions my.
Figure 12.5 shows a digraph and its incidence matrix.

Theorem 12.1 Let M be the incidence matrix of a digraph D. Then 00 IS

the fO\\· space of 'M and ~ is its orthogonal complement.

Proof Let 'g = 8p 'be a potential difference in D. It follows from (12.2)
that

g(a) = L p(v)mv(a) for all a E A
vEV

Thus g is a linear combination of the rows of M. Conversely, any linear
cO~lbination of the rows of M is a potential -difference. Hence 00 is the row
space of M.

1 0

o

o

Figure 12.4
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x

abc d e

x 10100
u -1 1 0 -1 0
v 0 0 -1 1· 1
Y 0 -1 0 0 -1

v
(a) ( b)

Figure 12.5. (a) D; (b) the incidence matrix of D

Now let f be a fun~tion on A. The condition (12.1) for f to be a
circulation can be rewritten as

L mv(a)f(a) = 0 for all v E V
aEA

This implies that f is a circulation if and only if it is orthogonal to each row
of M. Hence <'f6 is the orthogonal complement of 00 0

The support of a function f on A is the set of elements of A at which the
value of f is nonzero. We denote the support of f by IItll.

Lemma '12.2.1 If f is a nonzero circulation, then Iltll contains a cycle.

Proof This follows immediately, since IItll clearly cannot contain a vertex
of degree one 0

Lemma 12.2.2 ·If g is a nonzero potential difference, then Ilgll contains a
bond.

Proof Let g = Sp be a nonzero potential difference in D. Choose a vertex
U E V which is incident with an arc of °llgll and set

u = {v E V Ip{v) = p(u)}

Clearly, Ilgll ~ [U, 0] since g(a),i 0 for all a E [U, 0]. But, by the choice of
U, [U, 0] is nonempty. Thus Ilgil contains a bond 0

A matrix B is called a basis matrix of 00 if the rows of B form a basis for
·00; a basis matrix of <'f6. is similarly defined. We shall find the following
no·tation convenient.> If' R is a matrix whose columns are labelled with the
elements of A, and if S c A, we shall denote by. R IS the submatrix of R
consisting of those columns of R labelled with elements in S. If R has a
single row, our notation is the same as the usual notation for the restriction
of a function to a subset of its domain.
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. Theorem 12.2 Let Band C be basis matrices of 00 and e.g, respectively.
Then, for any S c A

(i) the columns of B IS are linearly independent if and only if S is acyclic,
and

(ii) the columns of CiS are linearly independent if and only if S contains no
bond.

Proof Denote the column of B corresponding to ar~ a "by B(a). The
columns of B IS are linearly dependent if and only if there exists a function f
on A such that

f(a) ¢ 0 for some a E S

f(a) = 0 for all ae S
and

L f(a)B(a) = 0
aEA

We conclude that the columns ofB IS are linearly dependent if and only if
there exists a nonzero circulation f such that IItll c S. Now if there is such an
f then, by lemma 12.2.1, S contains a cycle. On"the other hand, if S contains
a cycle C, then fe is a nonzero circulation with Ilfell = C c S. It follows that
the" columns of 81 S are linearly independent if and only if S is acyclic. A
similar argument using lemma 12.2.2 yields a pro.of of (ii) 0

Corollary 12.2 The dimensions of 00 and e.g ~re given by

dim 00 = v-w

dim e.g = e - v + w

(12.3)

(12.4)

Proof Consider a basis matrix B of 00. By theorem 12.2

rank B = max{ISII S c A, S acyclic}

The above maximum is attained when S is a maxinl~l forest of D, and is
therefore (exercise 2.2.4) equal to v - w. Since dim 00 ~ rank B, this estab­
lishes (12.3). Now (12.4) follows, since e.g is the orthogonal. complement of
00· 0

Let T be a maximal f()rest of D. Associated with T is a special basis
matrix of e.g. If a is an arc of f, then T + a contains a unique cycle. Let C a

de"note this cycle and let. fa denote the circulation corresponding to Ca,
defined so that fa(a) = 1. The (e ~ v +w) X £ tnatrix C whose rows are fa,
a E f, is a basis matrix of e.g. This follows from the fact that each row is a
circulation and that rank C = £ - V + w (because elf is an identity matrix).
We refer to C as the basis matrix of e.g corresponding to T. Figure 12.6b
shows the basis matrix of e.g corresponding to the tree indicated in figure
12 ~6a.
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( a )

abc d e

fd -1 0 1 0
'e -1 ~1 01

( b )

Figure 12.6

abc d e

go 1 0 0_ 1
gb 0 1 0 0 1
gc a 0 1 -1 -1

(c )

Analogously, if a is an arc of T, then f + a contams a unique bond (see
theorem 2.6). Let Ba denote this bond and ga the potential difference
corresponding to Ba, defined so that ga(a) = 1. The (v - w) x e matrix B
whose rows are ga, a E T, is a basis matrix of 00, called the basis matrix of 00
corresponding to T. Figure 12.6c gives an example of such a matrix.

The relationship between cycles and bonds that has become apparent
from the foregoing discussion finds its proper setting in the theory of
matroids. The interested reader is referred to Tutte (I971).

Exercises

12.1.1 (a) In figure (i) below is indicated a function on a spanning tree and
in figure (ii) a function on the complement of the tree. Extend
the function in (i) to a potential difference and the function in
(ii) to a circulation.

( i )

8

( ii )

6

(b) Let f be a circulation and g a potential difference in D, and let
T be a spanning tree of D. Show that f is uniquely determined
by f I f and g by g rT.

12.1.2 (a) Let Band C be basis matrices of 00 and ~ and let T be any
spanning tree of D. Show that B is uniquely determined by BIT
and C is uniquely determined by elf.
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(b) Let Tand T 1 be two fixed spanning trees of D. Let Band B1

denote the basis matrices of 00, and C and C1 the basis matri'ces
of ~, correspo'nding to the trees T and Tle Show that B =
(B IT1)B1 and C = (C ITt)Cl.

12.1.3 Let K denote the matrix obtained from the incidence matrix M of a
connected digraph D by deleting anyone of its rows. Show that K
is a basis matrix of 00.

12.1.4 Show that if G is a plane graph, thenoo(G)==~(G*)and ((6(G)==
00(0*).

12.1.5 A. circulation of D over a field F is a function f: A ~ F which
satisfies (12.1) in F; a potential difference of Dover F is similarly
defined. The vector spaces of these potential differences and circu­
lations are denoted .by OOF and ~F. Show that theorem 12.2 remains
valid if 00 and ~ are replaced by OOF and ~F, respectively.

12.2 THE NUMBER OF SPANNING TREES

In this· section 'we shall derive a formula for the numbe~ of spanning trees. in
a graph.

Let 0 bea connected graph and 'let T be a fixed spanning tree of G.
Consider an arbitrary orientation D of G' and let B be the basis matrix of 00
corresponding to T. It follows from theorem 12.2 that if S is a subset of A
with lSI =v-I then the square submatrix B ISis nonsingular if and only ifS
is a spanning tree of G. Thus the number of spanning trees of G is equal to
the number of nonsingular submatrices of ·B of order v-I.

A matrix is said to be unimodular if all its full square submatrices have
determinants 0, + l' or -1. The proof of the following theorem is due to
Tutte (1965b).

Theorem 12.3 The basis matrix B is unimodular.

Proof Let P be a full submatrix of B (one of order v -1). Suppose
-that· P = BI T t • We may assume that T 1 is a spanning tree of D since, .
otherwise, det P = 0 by theorem 12.2 .. Let B 1 denote the basis matrix of 00
corresponding to T t • Then (exercise 12.1.2b)

Restricting both sides to T, we obtain

(B ITt)(Bt I.T) =BIT

Not'ing thatB IT is an identity matrix, and taking determinants, we get

det(B ITt)det(B1 IT) = 1 (12.5-) .
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Both determinants in (12.5), being determinants of integer matrices, are
themselves integers. It follows that det(B IT1) =±1 0

Theorem 12.4 T(G) = det BB' (12.6)

Proof Using the formula for the determinant of the product of two
rectangular matrices (see Hadley, 1961), we obtain

det BB' = L (det(B I5»2 (12.7)
Ss;A

Isl=,,-1

Now, by theorem 12.2, the number of nonzero terms in (12.7) is equal to
T(G). But, by theorem 12.3, each such term has "value 1 0

One can similarly show that if C is a basis matrix of Cf6 corresponding to a
tree, then C is unimodular and

Proof

T(G) = det CC'"

Corollary 12.4 1"(G) = ±det[~J

(1"(0»2 =det BB' det CC' = det -----+----- .
"0 0 : CC'

Since 00 and Cf6 are orthogonal, BC' =CB' = O. Thus

- [BB
I

: BC'] ([B][B' : C'j(T(G»2 = det ------~-----=det --- .
CB' : CC' C

=det[:Jdet[B' : C']= ( det[-:-J)2

(12.8)

The corollary follows on taking square. roots 0

Since theorem 12.2 is valid for all basis matrices of 98, (l2.6) clearly holds
for any such matrix B that is unimodular. In particular, a matrix K obtained
by deleting anyone row of the incidence matrix M is unimodular (exercise
12.2.1a). Thus

T(G) = det KK'

This expression for the number of spanning trees in a graph is implicit in the
work of Kirchhoff (1847), and is known as the matrix-tree theorem.
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Exercises

12.2.1 Show that

(a)* a matrix· K obtained from M by deleting anyone row IS

unimodular;

(b) T(G) = ±dett~]
12.2.2 The conductance matrix. C = [Cij] of a loopless graph G is the v x v

matrix in which

Cii = L aij for all
j#i

Cij = -·aij for all and j with i -# j

where A = [aij] is the adjacency matrix of G. Show that

(a) C = MM', where M is the incidence matrix of any orienta~ionof

G;
(b) all cofactors of Care equal to T(G).

12.2.3 A matrix is totally unimodular if all square submatrices have
dete"rminants 0, + 1 or -1. Show that

(a) any basis mat.rix of 00 or CfG corresponding to a tree is totally
unimodular; .

(b) the incidence matrix of a simple graph G is totally unimo"dular
if and only if 0 is bipartite.

12.2".4 Let F be a field of characteristic p. Show that

(a) if 8 and. C are basis matrices of ooF and CfG F , respectiv~ly,

'[8] .corresponding to a tree, then det -~- = + T(G)(mod p);

(b) dinl(f!}J F nCfG F»o if and only if pi ,-(0). (H. Shank)

APPLICATIONS

12.·3 PERFE("'T SQUARES

A squared rectangle is a rectangle dissected into at least two (but a finite
number of) squares. If no two of the squares in the dissection have the same
size, then the squared rectangle is perfect. The order of a squared rectangle is
the number of squares into which it is dissected. Figure 12.7 shows a perfect
rectangle of order 9. A squared rectangle is simple if it does not contain a
rectangle which is itself squared. Clearly, every squared rectangle is com­
posed ()f ones that are simple.
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For a lorIg time n() perfect squares were known, and it was conjectured
that SllCh squares did nClt exist. Sprague (1939) was the first to publish an
example of a perfect square. About the same time, Brooks et ale (1940)
developed systematic Inethods for th'eir construction by using the theory of
gra.phs. In this section, we shall present a brief discussion of their methods.

We first sh()w how a digraph can be associated with a given squared
rectangle R. The union ()f the horizontal sides of the constituent squares in
the dissection c,onsists (Jf horiz()ntal line segments; e~ch such segment is
called a fl()rizontal dissector of R. In figure 12.8a, the horizontal dissectors
are illdicate(i by solid lines. We can now define the digraph D associated
with R. T() each horiz()ntal dissector of R there corresponds a vertex of D;
tW() vertices Vi and Vj of Dare joilledby an arc (Vi, Vj) if and only if their
correspon1ding horizontal dissectors Hi and H j flank some square of the
dissection and Hi lies above Hi ill R. Figure 12·.Bb shows the digraph
associated with the squared rectangle in figure 12.8a. The vertices corre­
sponding t(l the upper and lower sides of R are called the poles of D and
are denoted by x and y, re.spectively.

We 11()W assign to each vertex ~ of D a potential p(v) equal to the height
(above the lower side <;>f ·R) of the corresponding horizontal dissector. If we
regard I) as an electrical network in which ~ach wire has unit resistance, the
potential difference g = DP determin~s a flow of currents from x to y (see
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figure 12.8e ). These currents satisfy Kirchhoff's current law: the total
amount of current entering a vertex v E V\{x, y} is equal to the total amount
leaving it. For example, the total amount enteri~g u in figure 12.8c is
25 + 9 + 2 = 36, and the same amount leaves this vertex.

Let D be the digraph corresponding to a squared rectangle R, ·with poles
x and y, and let G be the underlying graph of D. Then the graph G + xy is
called the horizontal graph of R. Brooks et ale (1940) showed that the
horizontal graph of any simple sq~ared rectangle is a 3-connected planar
graph (their definition of connectivity differs slightly from the one used in
this book). They also showed that, conversely, if H is a 3-connected planar
graph and xy E E(H), then any flow of currents from x to y in H - xy
determines a squared rectangle. Thus one possible way of searching for
perfect rectangles of order n is to

(i) list all 3-c~nnected planar graphs with n + 1 edges, and
(ii) for each such graph H and each edge xy of H, determine a flow of

currents from x to y in H - xy.

Tutte (1961) showed that every 3-connected planar graph can be derived
from a wheel by a sequence of operations involving face subdivisions and
the taking of duals. Bouwkamp, Duijvestijn and Medema (1960) then
applied Tutte's theorem to list all 3-connected planar graphs· with at most 16
edges. H.ere we shall see how the theory developed in sections 12.1 and 12.2
can be used in computing a flow of currents from x to y in· a digraph D.

Let g(a) denote the current in arc a of D, and suppose that the total
current leaving x is u. Then

L mx(a)g(a) = 0"
aEA

Kirchhoff's current law can be formulated as

L mv(a)g(a) = 0 . for all v E V\{x, y}
aEA

(12.9)

(12.10)

Now, since g is a potential difference, it is orthogonal to every circulation.
Therefore,

Cg'=O (12.11)

where ~ is a basis matrix of C(6 ·corresponding to a tree T of D and g' is the
transpose of the vector g. Equations (12.9)-(12.11) together give the matrix
equatiol\

(12.12)

where K IS the matrix obtained from M by deleting the row my. This
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equation can be solved usmg Cramer's rule. Note that, smce det[-~-] =

±T(G) (exercise 12.2.1 b), we obtain a solution in integers if fT = T(G). Thus,
in computing the currents, it is convenient to take the total current leaving x
to be equal to the number of spanning trees of D.

We illustrate the above procedure with an example. Consider the 3­
connected planar graph in figure 12.9a. On deleting the edge xy and
orienting each edge we obtain the digraphD- of figure 12.9b.

It can be checked that. the number of spanning trees in D is 66. By
considering the tree T = {at, a2, a3, a4, as} we obtain the following nine
equations, as in (12.] 2), (with g(ai) written simply as gi)'

=66

- g8- g9= 0

--:-0



225The Cycle Space and Bond Space

The solution to this system of equations is given by

(gl, g2, g3, g4, g5, g6, g" g8, g9) = (36, 30, 14, 16, 20, 2, 18, 28, 8)

The squared rectangle based on this flow of currents is just the one in figure
12.7 with all dimensions doubled.

Figure 12.10 shows a simple perfect square of order 25. It was discovered
by Wilson (1967), and is the smallest (least order) such square known.

Further results on perfect squares can be found in the survey article by
Tutte (1965a).

Exercises

12.3.1 Show that the constituent squares in a squared rectangle have
commensurable sides.

12.3.2 The vertical graph of a squared rectangle R is the horizontal graph
of the squared rectangle obtained by rotating R through a right
angle. If no point of Ris the corner of four constituent squares,
show that the horizontal and vertical graphs of R are duals.

12.3.3* A perfect cube is a cube dissected into a finite number of smaller
cubes, no two of the same size. Show that there exists no perfect
cube.

135
157

211

22

113

62 179
25

149 88
87

100
93

167143

27 116 33
67

50 ~ 3423 19

Figure 12.10. A simple perfect square of order 25



226 Graph Theory with Applications

REFERENCES

Bouwkamp, C. J., Duijvestijn, A.. J. W. and Medema, P. (1960). Tables
"Relating to Simpl~ ~quared Rectangles of Orders Nine through Fifteen,
Technische Hogeschool, Eindhoven

Brooks, R. L., Smith, C. A. B., Stone, A. H. and Tutte, W. T. (1940). The
dissection of rectangles into squares. Duke Math. J., 7, 3"12-40

Hadley, G. (19.61). Linear Algebra, Addison-Wesley, Reading, Mass.
o Kirchhoff, G. (1847). Uber die Auflosung der Gleichungen, auf welcheman

bei der Untersuchung der linearen Verteilung galvanischer Stro'me gefiihrt
wird, Ann. Phys.Chem., 72, 497-508 .

Sprague, R~ (1939). Beispiel einer .-Zerlegung des Quadrats in lauter ver­
schiedene Quadrate, Math. Z., 45, 607-8

Tutte, W. T. (1961). A theory: of ·3-connected graphs. Nederl. Akad.
. Wetensch. Proc. Sere A., 23, 441-55

Tutte, W. T. -(1965a)". The quest of the perfect square, "Arner. Math. Monthly,
72, 29-35

Tutte, W. T. (1965b). Lectures o~ matroids. J. Res. Nat. Bur. Standards
Sect. B,. 69, 1-47

T.utte, W. T. (1971). Introduction to Matroid Theory, Elsevier, New York
Wilson, J. C. (1967). A Me·thad for Finding Simple Perfect Square Squari~gs.

Ph.D. Thesis, University of Waterloo·- .



Appendix I
Hints to Starred Exercises

1.2.9(b)

1.3.3

1.4.5

1.5.7(a)

1.5.8

1.5.9

1.7.3

1.7.6(b)

2.1.10

If G ~ Tm
t
", then G has parts of size nl, n2, ..... , nm , with ni - nj>

1 for some i and j. Show that the complete m -partite graph with
parts of size n 1, n2, .... , ni - 1, ..... , nj + 1, ... , nm has more edges
than G.
In terms of the adjacency matrix A, an automorphism of G is a
permutation matrix P such that PAP' = A Of, equivalently, P A ­
AP (since P' = P- 1

). Show that if. x is an eigenvector of A
belonging to an eigenvalue A, then, fOf any ,automorphism P of
G, so is Px. Since the eigenvalues of A are .. distinct and P is
orthogonal, P~x = x foraH eigenvectors x.
Suppose that all induced sub'graphs of G on n vertices havem
edges. Show that, for any two vertices Vi and Vj,

e(G)-d(Vi)=e(G-Vi)=m(V n l)/(~=~)

e(G) - d(Vi) - d(Vj) + aij = e(G - Vi :-Vj) = m(V n 2)/ (~=~)

where aij = 1 or 0 according as Vi and Vj are adja~ent Of not.
Deduce that aij is independent of' i and j.
To prove the necessity, first show that if G is simple with UtUt,

U2V2 E" E and Ul V2, U2Vl ~ E, then G - {Ul VI, U2V2} +{UtV2, U2Vl}

has the same degree sequence as G. Using this, show that if d is
graphic, then there is a simple graph .G with V = {VI., V2, .... , Un}

such that (i) d(Vi) = d i for 1 <: i -< n, and (ii) Vt is joined to
V2, V3, •.• , Vdt+l.T·he graph G - Vi has degree sequence d/.
Show that a bipartite subgraph with the largest possible number
of edges has this prop.erty.
Define a graph on S in which Xi and Xj are adjacent if and only if
they are at distance one. Show that in this graph each vertex has
degree at most six.
Consi.der a longest path and the vertic~s adjacent to the origin of
this path.
By cont~adiction. Let G be a smallest counter-example. Show
that (i) the girth of G is at least five, and (ii) 5::> 3. Deduce that
v <: 8 and show that no such graph exists.
To prove the ·~ufficiency, consider a graph G with degree se­
quence d =(d J, d2 , ••• , d.,,) and as- few components as possible. If
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2.2.12

2.4.2

3.2.6

3.2.7(a)

(b)
4.1.6

4.2.4'

4.2.6

4.2.9

4.2.11(b)

Graph Theory with Applicatiotls

G is not connected, show that, by a suitable exchange of edges
(as in the hint to exercise 1.5.7a), there is a graph with degree
sequence d and fewer components than G.
Define a labelled graph G as follows: the vertices llf G are the
subsets A I, A 2 , ••• , An, and Ai is joined to A j (i ~ j) by an edge
labelled a 'if either A i == AjU{a} or A j = AiU{a}. f"()f any sub­
graph H of G, let L(H) be the set of labels on edges ()f H. Sh()w
that if F is a maximal forest of G, then L(F) == L(O). Any
element x in S\L(F) has the required property.
Several applications of theorem 2.8 yield the recurrence relati()n

W n -4W n -'1 +4w n --2-1 =0

where Wn is the number of spanning trees in the wheel with n
spokes. Solve this recurrence relation.
Form a new graph 0' by adding two vertices x and y, and join,ing
x to all vertices in X and y to all vertices in Y. 'Show that 0' is
2-connected and -apply theorem 3.2.
Use induction on B. Let el E E. If 0 · et is a critical block, then
G · et has a vertex of degree two and, hence, so does O. If G · el
is not critical, there is an e2 E E\{e I} such that (0· eI) - e2 is a
block. Using the fact that (0· et) - e2 == (G - e2)· el, show that el
and e2 are incident with a vertex of degree two in G.
Use (a) and induction on v.
Necessity: if G - v contains a cycle C, consider an Euler tour
(with origin v) of the component of 0 - E(C) that contains v.
Sufficiency: let Q be a (v, w)-trail of G which is not an Euler
tour. Show that G - E(Q) has exactly one nontrivial component.
Form a new graph G' by adding a new vertex and joining it to
every vertex of G. Show that G has a Hamilton path if and. only
if G' has a Hamilton cycle, and apply theorem 4.5.
Form a new graph G'by adding edges so that G'[X] is complete.
Show that G is hamiltonian if and only if G' is hamiltonia"n, and
apply theorem 4.5.
Let P be a longest path in G. If P has length 1<20, show, using
the proof technique of theorem 4.3, that G has a cy'cle of length
1+ 1. Now use the fact that G is connected to obtain a contradiction ..

If even
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4.2.13 Use the fact that the Petersen graph is hypohamiltonian (exercise
4.2.12).

4.4.1 Consider an Euler tour Q in the weighted graph formed from T
by duplicating each of its edges. Now make use of triangle
inequalities to obtain from Q a Hamilton cycle in a of weight at
most \v(Q).

5.1.5(a) To show that K2n is i-factorable, arrange the vertices in the form
of a regular (2n - I)-gon with one vertex in the centre. A radial
edge together with the edges perpendicular to it is a perfect
matching.

5.1.6 Label the vertices 0,1,2, ... , 2n and arrange the vertices 1,
2, · · · , 2n in a circie with 0 at the centre. Let C = (0, 1, 2, 2n, 3,
2n -1, 4, 2n - 2, ... , n +2, n + 1, 0) and consider the rotations of C.

5.2.3(b) Let a be a 2k-regular graph with V ={VI, V2, ••. ,VII}; without
loss of generality, assume that a is connected. Let C be an Euler
tour in G. Form a bipartite graph a' with bipartition (X, V),
where X = {Xl, X2, • • • , XII} and Y = {Yl, Y2, ••• , YII} by joining Xi to
Yj whenever Vi immediately precedes Vj on C. Show that a' is
I-factorable and hence that a is 2-factorable.

5.2.8 Construct a bipartite graph a with bipartition (X, Y) in which X
is the set of rows of Q, Y is the set of columns of Q, and row i is
joined to column j if and only if the entry qij is positive. Show that
a has a perfect matching, and then use induction on the

.number of nonzero entries of Q.
5.3.1 Let a be a bipartite graph with bipartition (X, V). Assume that

v is even (the case when v is odd requires a little modification).
Obtain a graph H from G by joining all pairs of vertices in Y. a
has a matching that saturates every vertex in X if and only if H
has a perfect matching.

5.3.4 Let G* be a maximal spanning supergraph of a such that the
number of edges in a maximum matching of G* is the same as
for a. Show, using the proof technique ot theorem 5.4, that if U
is the set of vertices of degree v -1 in 0* then G* - U is a
disjoint union of complete graphs.

. 6.2.1 See the hint to exercise 5.I.Sa.
6.2.8 Use the proof technique of theorem 6.2.
7.1.3(b) Let VI V2 ... Vn be a longest path in a. Show that a - V2 has at

inost one nontrivial component, and use indu'ction on £.

7 .2.6(b) Let p(m -1) = n - 1. The complete (p + I)-partite graph with
m -1 vertices in each part shows that r(T, K 1•n ) > (p + 1)(m -1) =
m + n - 2. To prove that r(T, KI,n) < m + n - 1, show that any
simple graph a with S :> m - 1 contains every tree T on m vertices.
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(c) The complete (n - I)-partite graph with m -1 vertices in each
part shows that r(T, K n ) > (m - l)(n - 1). To prove that
r(T, K n ) < (m -1)(n - 1) +-1, use induction on n and the fact that
any simple graph with S:> m - 1 contains every tree T on m
vertices.

7.3.3(c) Assume G contains no triangle. Choose a shortest odd cycle C
in G. Show that each vertex in V(G)\V(C) can be joined to at
most two vertices of C. Apply exercise 7.3.3a to G - V(C), and
obtain a contradiction.

7 .3 .4(a) G contains K 2 ,m if and only if there are m vertices with a pair of

common neighbours. Any vertex v has (d~V») pairs of neigh-

bours. Therefore ifv~(d~V»)> (m -1)(;), G contains K2,m.

7.5.1 Define a graph G by V(G)={Xl, ... ,Xn}, and E(G)=
{XiXj Id(Xi, Xj) = I}, and show that if all edges of G are drawn as
straight line segments, then (i) any two edges of G are either
adjacent or cross, and (ii) if some vertex of G has degree greater
than two, -it is adjacent to a vertex of degree one. Then prove (a)
by induction on n.

8.1.0 Let ~ ==(V1, V 2, ••• , Vk ) be a k-colouring of.G, and let ~'be a
colouring of G in which -each colour- class contains at least two
vertices. If Ivii >- 2 for all i, there -is nothing to prove, so assume
that Vi == {VI}. Let U2 E V 2 be a vertex of the same colour as VI in
~'. Clearly IV2!>2. If IV21>2, transfer U2 to Vt. Otherwise, let
V2 be the other vertex in V 2• In ~', VI and V2 must be assigned
different colours. Let U3 E V 3 be ·a vertex of .the same colour as V2

in ~'. As before, IV31>2. Proceeding in· this way, one must
eventually find a set V. with Ivil>2. G can-now be recolour'ed so
that fewer colour classes contai~ only one ver~ex.

8.1 ..13(a) Let (Xl, X 2 , • •• , Xn) and (Y1, Y 2 , ••• , Yn) be n-colourings of
G[X] and G[Y], respectively. Construct a bipartite graph H
with bipartition ({XI, X2, • •• , xn}, {Yl' y2, ... , Yn}) by joining Xi

and Yj if and only if the edge cut [Xi, Yj ], is empty inG. Using
exercise 5.2.6b, show that H has a perfect matching. If Xi is
matched with YHi) under this matching, let Vi = Xi U Yf(i). Show
that (VI, V 2 , ••• , Vn ) is an n-colouring of G.

8.3.1 Show that it suffices to consider 2-connected graphs. Choose a
longest cycle C in G and show that there are two paths across C
as in theorem 8.5.

8.3.2(a) If 8:> 3, use exercise 8.3.1. If there is a vertex of degree less
. than three, delete it and use induction.
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8.4.8 Consider the expansion of '1Tk( G) in terms of chromatic polyno­
mials of complete graphs.

8.5 :2(a) It is easily verified that H has girth at least six. If H is
k-colourable, there is a v-element subset of. S all of whose
members receive the same colour. Consider the corresponding
copy of G and obtain a contradiction.

9.2.8 The dual G* is 2-edge-conneeted and 3-regular and, hence
(corollary 5.4), has a perfect matching M. (0* · M)* is a bipar­
tite subgraph of G.

10.2.2 Form a new digraph on the same vertex set joining uto v if v is
reachable from u, and apply corollary 10.1.

10.2.5 Let D I and D2 be the spanning subdigraphs of D such that the
arcs of D 1 are the arcs (u, v) of D for which f(u)<f(v), and the
arcs of D2 are the arcs (u,v) for which f(u»f(v). Show that
either X(D I ) > m or X(D 2) > n, and apply theorem 10.1.

10.3.4 Let VI V2",V2n+IVI be an odd cycle. If (vi,vi+I)EA, set Pi=
(Vi- vii-d; if (Vi, Vi+l) e A, let Pi be a directed (Vi, vi+I)-path. If
sonie Pi is of even length, Pi+ (Vi+ I, Vi) is a directed odd cycle;
otherwise, P IP2· · . P 2n+ 1 is a closed directed trail of odd length,
and therefore contains a directed odd cycle.

11.3.5 Use the construction given in the proof of theorem 11.6, and
assign capacity m (v) to arc (v', v").

11.4.4 Use induction on k and exercise 11.4.3.

11.5.4 Use an argument similar to that in exercise 1.5.7.
11.5.5(a) ~ecessity follows on taking VI as the set of vertices with indegree

m and V 2 as the set of vertices with indegree n. To prove
sufficiency, construct a network N by forming the associated
digraph of G, assigning unit capacity to each are, and regarding
the elements of VI as sources and the elements of V 2 as sinks. By
theorem 11.8, there is a flow f in N (which can be assumed
integral) in which the supply at each source and demand at each
sink is 1m - nl. The f-saturated arcs induce an (m,n)-orientation
on a subgraph H of G. An (m,n)-orientation of G can now be
obtained by giving the remaining edges an eulerian orientation.

12.2.I(a) Use inductionon the order of the submatrix. Let P be a square
submatrix. If each column of P contains two nonzero entries,
then det P = O. Otherwise, expand det P about a column with
exactly one nonzero entry, and apply the induction hypothesis.

l2.3.3 Show, first, that in any perfect rectangle the smallest constituent
square is not on the boundary of the rectangle. Now suppose that
there is a perfect cube and consider the perfect square induced
on the base of this cube by the constituent cubes.



Appendix II
Four Graphs and a
Table of their Properties

G1 G2

S ~
,

~ (3'
,

V E W K 'K a a X X

G 1 7 12 3 4 1 3 3 3 3 4 4 4 4
G2 11 28 4 8 1 3 4 4 5 7 6 3 8
GJ '14 21 3· 3 1 3 3 7 7 7 7 2 3
0 4 16 15 1 '3 3 0 0 9 7 7 9 3 3
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G3 64

diam.eter girth bipartite? eulerian? hamiltonian? cr'itical? . planar?

2 3 No No Yes Yes Yes
2 3 No Yes No No No
3 6 Yes No Yes No No
00 4 No No No No Yes



Appendix III
Some Interesting Graphs

There are a number of graphs w.hich are interesting because of their special
structure. We have already met. some of these (for example, the Grinberg
graph, the Grotzsch graph, the Herschel graph ~nd the Ramsey graphs).
Here we present a selection of other interesting graphs and families of
graphs.

THE PLATONIC GRAPHS

These are the graphs whose vertices and edges are the vertices and edges of
the platonic solids (see Frechet and Fan, 1967).

(0) (b) (e)

(d) (e)

(a) The tetrahedron; (b) the octahedron; (c) the cube; (d) the icosahedron; (e) the
dodecahedron
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AUTOMORPHISM GRO'UPS

235

(i) As has already been noted (exercise 1.2.1~), every group is isomorphic to
the automorphism group of some graph. Frucht (1949) showed, in fact, that
for any group there is a 3-regular graph with that group. The smallest
3-regular graph whose group is the identity is the following:

(ii) Folkman (1967) proved that every edge- but not vertex-transitive
regular graph has at least 20 vertices. This result is best possible:

The Folkman graph

The Gray graph (see Bouwer, 1972) is a 3-regular edge- but not vertex­
transitive graph on 54 vertices. It has the following description: take three
copies of K 3 ,3. For a particular edge e, subdivide e· in each of the three
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copies and join the resulting three vertices to a new vertex. Repeat this with
each edge.

CAGES

An m-regular graph of girth n with the least possible number of vertices is
called an (~, n)-cage. If we denote by f(m, n) the .number of vertices in an
(m, n)-cage, it is easy to see that {(2, n) = n and for m :> 3,

m(m -l)r - 2
if n = 2r+ 1m-2

f(m, n) >
2(m-l)r-2

(111.1 )
if n = 2rm-2

The (2, n)-cage is the n-cycle, the (m, 3)-cage is Km+I, and the (m, 4)-cage
is Km,m. In each of these cases, equality holds in (111.1). It has been shown by
Hoffman and Singleton (1960) that, for m:> 3 and n:> 5, equality can hold
in (111.1) only if n = 5 and m·= 3,7 or 57, or n = 6,8 or 12. When m -1 is a
prime power, the (m,6)-cage is the p·oint-line incidence graph of the
projective plane of order m -1; the (m, 8)- and (m, 12)":cages are also
obtained from projective geometries (see Biggs, 1974 for further details),
Some of the smaller (m, n)-cages are depicted below:

('3,5) - cage

The Petersen' graph

(3,6) - cage,

The He'awood graph
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(3,7)- cage

The McGee graph

(3,8) -cage

The Tutte-Coxeter graph

(4,5)- cage

The Robertson graph
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(4.6)-cage

(5,5)-cage
The Robertson-Wegner graph
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The (7,5)-cage (the Hoffman-Singleton graph) can be described as fol­
lows: it has ten 5-cycles Po, PI, P2 , P3 , P4 , 00, 01, 02, 03, 04, labelled as'
shown below; vertex i of P j is joined to vertex i + jk (mod 5) of Ok. (For,
example, vertex 2 of P2 is connected as indicated.)

2

1

2
------ 2

II \ --------__
II I \ - ......... ,

I I \ '"
I I, " "I, 1 "I ,,1 ,_ \

. ,
o "2 0', 2 0 0
~" ,

~ ,
~ "

0---<1' 3n---.-a

2o

(7,5) - cage ..

The Hoffman-Singleton graph

NONHAMILTONIAN GRAPHS

(i) Conditions for a graph to be hamiltonian have been sought ever since Tait
made his conjecture on planar graphs. Listed here are counter-examples to
several conjectured' results.

(a) Every 4-regular 4-connected graph is hamiltonian (C. St. J. A. Nash­
Williams).

The Meredith graph

(b) There is no hypotraceable graph (T. GalIai).
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. The Thomassen graph

(The first hypotraceable graph was discovered by J. D. Horton.)
(c) Every 3-regular 3-connected bipartite graph is hamiltonian (W. T.

Tutte).

The Horton .graph
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(ii) An example of a nonhamiltonian graph with a high degree of
symmetry-there is an automorphism taking any path of length three into
any other. (The Petersen graph also has this property.) See Tutte (1960).

CHROMATIC NUMBER

(i) Griinbaum. (1970) has conjectured that, for everym > 1 and n > 2, there
exists an m-regular,. m-chromatic gr~ph of girth at least ~. For ~ ~ 3, this is
trivial, and for m = 2 and 3, the validity of the conjecture follows from the
existence of the cagest. Apart from this, only two such graphs are known:

The Chvatal graph
. t Thi.s conjecture has now been disproved: (Borodin, O. V. and Kostochka, A. V. (1976).

On an upper bound of the graph's chromatic number depending on graph's degree and density.
Ins!. Malhs., Novosibirsk, preprint GT-7).
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The Grunbaum graph

(ii) Since r(3, 3, 3) = 17 (see exercise 7.2.3), there is a 3-edge colouring of
K 16 witho.ut monochromatic triangles. Kalbfleisch and .Stant<?n (1968).
showed that, in such a colouring, the .subgraph induced by the edg~s of any
one colour is isomorphic to the following graph: .

The Greenwood-Gleaso.n graph
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EMBEDDINGS -
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(i) Simple examples of self-dual plane graphs are -the wheels. Some more
interesting plane graphs with this property are depicted below (see, for
example, ·Smith and Tutte, 1950).

-(ii) The chromatic number X(S) of a surface S is the maximum number of
colours required to properly colour the faces of any map ~n S. (The
four-colour conject~re claims that the sphere is 4~chromatic.) Heawood
(1890) proved that if S has characteristic ~ < 2, then

, X(S)<U(7+J49-24n)] (111.2)

For the projective plane and Mobius band (characteristic 1) and for th'e
torus (characteristic 0), the bound given in (111.2) i~ attained, as is shown by
the following graphs and their embeddings:

1

6

5

1

( a ) (b)

(a) The Tietze graph; (b) an embedding on the Mobius band

(0) (b)

(a) The Petersen graph; (b) an embedding on the projective plane
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(0)

(a) The Heawood graph; (b) an embedding on the torus

Although the Klein bottle has characteristic 0, Franklin (1934) proved
that it is only 6-chromatic, and found the following 6-chromaticmap oil the
Klein bottle:

(0)

~ - ~

i - - - I

1 4 1 I
I I

•
~, 2 5 '2 t

I

I :3 6 3~
I

I t- .- - I- -

(b)

(a) The Franklin graph; (b) an embedding on the Klein bottle

It has been shown that, with the sole exception of the Klein bottle,
equality holds in (111.2) for every surface S of characteristic n < 2. This
result is kn'own as the map colour theorem (see Ringel, 1974).
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Appendix IV
Unsolved Problems
Collected here are a number of unsolved problems of varying difficulty, with
originators, dates and relevant bibliography. Conjectures. are displayed in
bold type. Problems marked tha·ve now been solved; see page 253.

1. Two graphs G and Hare hypomorpJtic (written G::::H) if there is a
bijection u: V(G)-+ V(H) such that G-v:::H~u(v)for all v E V(G).
A graph G is reconstructible if G:::: H implies G::: H. The reconstruction
conjecture, claims that .every graph G with .... > 2 is reconstructible (S. M.
Ulam, 1929). This has been verified for d~sconnectedgraphs, trees and a
few other classes of graphs (see H~rary, 1974). ,

There is a corresponding edge reconstruction conjecture: every graph
G with £ > 3 is edge reconstructible. Lovasz (1972) has shown that

every simple graph Gwith B > (;)/2 is edge .reconstructible.

P. K..,Stockmeye.r has found an infinite family of counterexamples, to
the analogous reconstruction conjecture for digraphs.

Bondy, J. A. and Hemminger, R. L. (1976). G·raph reconstruction-a
survey. J. Graph Theory, to be published

Lovasz, L. (1972). A note on the line reconstruction problem. J.
,Combinatorial Theory B, 13, 309-10

2. A graph G is embedd.able in a graph H if G is isomorph.ie to a subgraph
of H. Characterise the graphs embeddable in the k -cube (V. V. Firsov,
1965).

Garey, M. ·R. and Graham, R. L~ (1975). On cubical graphs. J. Com­
binatorial Theory (B), 18, 84-95

3. Every4-regular simple graph contains a 3-regular subgraph (N. Sauer,
1973). <

4. U Ie > 2, there exists no graph with the property that every pair of
. vertices is connected by a unique path of length Ie (A. Kotzig, 1974).

Kotzig has verified his conjecture for k < 9.
5. Every connected graph G is the union of at most [(1'+ 1)/2] edge­

disjoint paths_ (T. Gallai, 1962). Lovasz (1968) .has shown that every
graph G is the union of at most [v/2] edge-disjoint paths and cycles.
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Lovasz, L. (1968). On coverings of graphs, in Theory ·of Graphs. (eds. P.
Erdos and G. Katona), Academic Press, New York, pp. 231-36

6. Every 2-edge-connected simple graph G is the union of v-t. cycles (P.
Erdos, A. W. Goodman and L. Posa, 1966).

.Erdos, P., Goodman, A. W. and Posa, L. (1966). The representation of
a graph by set -intersections. Canad. J. Math., 18, 106-12

7. If G is a simple block with at least v/2 + k vertices of degree at least k,
then G has a cycle of length at least 2k (D. R. Woodall, 1975).

8. Let !(m, n) be the maximum possible number of edges in a simple graph
on n vertices which contains no m -cycle. It is known that

[n2/4J if m is odd, m <!(n + 3)

!(m, n) = ( 2) ( 1)n - ~ +. + m~ if m :>!(n +3)

Determine f( m, n) ·for the remaining cases (P. Erdos, 1963).

Bondy, J. A. and Simonovits, .M. (1974). Cycles of even length In
graphs. J. Combinatorial Theory (B), 16, 97-105

Woodall, D. R. (1972). Sufficient conditions for circuits in graphs. Proc.
London Math. Soc., 24, 739-S5

9. Let f(n) be th~ maximum possible number of edges in a simple graph on
n· v·ertices which contains no 3-regular subgraph. Determine f(n) (P.
Erdos and N. Sauer, 1974). Since there is a constant c such that every
simple graph G with B:> ev8

/
S contains t"he 3-cube (Erdos and

Simonovits, ~970), clearly f(n) < en 8
/
S

•

Erdos, P. and Simonovits, M. (1970). Some extremal problems in graph
theory, in Combinatorial Theory and its Applications I (eds. P. Erdos,
A. Renyi and V. T. Sos), North-Holland, Amsterdam, pp. 3.78-92

10. Determine which simple graphs G have exactly one cycle of each length
I, 3 <: I <: v (R. C. Entringer, 1973).·

11. Let f(n) be the maximum possible number of edges in a .graph on n
vertices in whicJt no tw<? cycles have the same length. Determine f(n)
(P.. Erdos, 1975).

12. U G is simple and E >·v(k -1)/2, th.en G contains every tree with k
edges (P. Erdos and V. T. S~s, 1963). It is known that every such graph
contains a path of length k (Erdos a.nd G.allai, 1959).

Erdos, P. and GaHai, T. (1959); On maximal paths and circuits of
graphs. Acta Math. Acad. Sci. Hungar., 10, 337-56

13. Find a (6,5)-cage (see appendix IiI).
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14. The bandwidth of G is defined to be

min maxl'(u) -1(v)1
I uvEE

where the minimum is taken over all labellings·· I of V in distinct
integers. Find. bounds f()r the bandwidth of a graph (L. H. Harper,
1964). The bandwidth of the k-cube has been determined by Harper
(1966).

Chvatalova, J. (1975). OptImal labelling of a product of two p·aths.
Discrete Math., 11, 249-53

Harper, L. H. (1966). Optimal numberings and is~perimetric problems
on graphs. J. Combinatorial· Theory, 1,385-93

15. A simple graph G is graceful if there is a·labelling I of its vertices with
distinct integers from the set {a, 1, .... , e}, so that the induced edge
labelling I' defined by

l'(uv) = 1·1(14) -l(v)1

assigns each" edge a different label. Chara.ct~rise the graceful graphs (S.
.. Golomb, 1972). It has been conjectured that, in particular, every tree is

graceful (A. Rosa, 1966)..
. . .

Golomb, S. (1972). How to number a gra·ph, i~ Graph Theory and
Comp·uting (ed. R. C. Read), Acad·emic Press, New York, pp. 23-37

t 16. The 3-connecte~planar graph on 2m edges with the least possible number of
spanning trees is the wheel with m spokes (W.. T. Tutte, 1940).

. .

K~lmans, A. K. and Chelnokov,-V. M. (1974).. A certain polynomial of
. a graph and graphs with an extremal number.of trees. J. Combinatorial

Theory (B), 16, 197--214

17. Let u and v be two vertices in a graph G. Denote the minimum number
of vertices whose deletion destroys all (u. v )~paths of length at ~ost n by
an, and the maximum number of ·internally disjoint (u, v)-paths of
length at most n by.bn • Let f(n). denote the maximum possible·value of
an/bne Determine f(n) (V. Neumann, 1974). L. Lovasz has conjectured
that Ifn) < JR. it is known that .. ..

[In/2]< f(n) < [n/2]

18. Every 3-regular 3-connected bipartite planar graph is hamiltonian (D.
Barnette, 1970). P. Goodey has verified this co.njecturefor plane graphs
whose faces- are all of degree four or six. N~te that if the planarity
condition -is dropped, the conjecture is no longer valid (see appendix
III).

19. A graphic sequence d is forcibly hamiltonia·n if ev~ry ·simple graph with
degree sequence d .is hamiltonian. Characterise the. forcibly hamiltonian
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sequences (C. St. J. A. Nash-Williams, 1970). (Theorem 4.5 gives a
partial solution.)

Nash-Williams, C. St. J. A. (1970). Valency sequences which force
graphs to have Hamiltonian circuits: interim report, University of
Waterloo preprint

20. Every connected vertex-transitive graph has a Hamilton path (L.
Lovasz, 1968). L. Babai has verified this conjecture for graphs with a
prime number of vertices. .

21. A graph G is t-tough if, for every vertex cut S, w(G-S)<ISIIt. (Thus
theorem 4.2 says that every hamiltonian graph is I-tough.)

(a) If G is 2-tough, then G is hamiltonian (V. Chvatal, 1971). C.
Thomassen has obtained an example of a nonhamiltonian t-tough graph
with t >" 3/2 .

(b) If G is 3/2-tough, then G has a 2-factor (V. Chvatal, 1971).

Chvatal. V. (1973). Tough graphs and ha~iltonian circuits. Discrete
Math., S, 215-28

22. The binding number of G is defined by

bind G = min IN(S)I/ISI-
BllfSs;v
.~(s,~ v

(a ) If bind G:> 3/2, then G contains a triangle- (D. R. Woodall,
1973).

(b) If bind G :> 3/2, then G is pancycUc (contains cycles of all lengths
I, 3:s I <: v) (D. R. Woodall, 1973). -

Woodall (1973) has shown that G'is hamiltonian if bind G ~3/2, and
- that G contains atrian"gle if bind G:> to + J5). "

Woodall. D. R. (1973). The binding number of a graph and its Ander­
son number. J. Combinatorial Theory (B), 15, 225-55

23., Every nonempty regular simple graph contains two di$joint maximal
independent sets (C. Payan, 1973)

24. Find the Ramsey number r(3, 3, 3, 3). It j~ known that

51 <: r(3, 3, 3, 3) -< 65

Chung. F.. R. K. (1973). On the Ramsey numbers N(3, 3, ... , 3; 2),
Disctete Math., S, 317-21

Folkman, J. (1974). Notes on the Ramsey number N(3, 3, 3,3). J.
Combinatorial Theory (A), 16, 371-79

25. For m < n, let f(m, n) denote the least possible number of vertices in a
graph which contains no K n but has the property that in every 2-edge
colouring there is a monochromatic K m • (Folkman, 1970 has estab­
lished the existence of such graphs.) Determine bounds for f(m, n).It is
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f(3,n)=6 for n>7

f(3, 6) = 8 (see exercise 7.2.5)

lO<f(3, 5)< 18

Folkman, J. (1970). Graphs with monochromatic complete subgraphs in
every edge coloring. SIAM J. Appl. Math., 18, 19-24

Irving, R. W. (1973). On a bound of Graham and Spencer for a
graph-colouring constant. J. Combinatorial Theory (B), 15, 200-203

Lin, S. On Ramsey numbers and Kr-coloring of graphs. J. Combinatorial
Theory (B), 12, 82-92

26. If.G is n-chromatic, then r(G, G) > r(n, n) (P. Erdos, 1973). (r(G, G) is
defined in exercise 7.2.6.)

27. What is the maximum possible chromatic number of a graph which can
be drawn in the plane so that each edge is a straight line segment of unit
length? (L. Moser, 1958).
Erdos. P., Harary, F. and Tutte, W. T. (1965). On the dimension of a

graph. Mathematika, 12, 118-22

28. The abso~ute ·values of the coefficients of any chromatic polynomial form
a unimodal sequence (that is, no term is flanked by terms of greater
value) (R. C. Read, 1968).

Chvatal, V. (1970). A note on coefficients of chromatic polynomials. J.
Combinatorial Theory, 9, .95-96

29. If G is not complete and X = m + n -1, where m:> 2· and n:> 2, then
there exist disjoint subgraphs G 1 and G z of G such that x(G I ) = m.and

.X(G2) =n (L. Lovasz, 1968).
30. A simple graph G is perfect if, for every induced subgraph H of G, the

number of vertices in a maximum clique is X(H). G is perfect if and
only if no induced subgraph of GorGe is an odd cycle of length greater
than three (C. Berge. 1961). This is the strong perfect graph conjecture.
Lovas~ (1972) has shown that the complement of any perfect graph is

.perfect.

Lovasz, L. (1972). Normal hypergraphs and the perfect graph conjec­
ture. Discrete Math., 2, 253-67

Parthasarathy, K. R. and Ravindra, G. (to be published). The strong
perfect-graph conjecture is true for K1,3-free graphs. J. Combina-
torial Theory

31. If G is a 3-regular simple block and H is obtained from G by
doplicatingeach edge, then X'(H) =6 (D. R. Fulkerson, 1971).

32. If G is simple, with" even ~d X'(G) = 4(G)+1, then X'(G·-- v) = X'(G)
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for some v eV (I. T. Jakobsen, L. W. Beineke and R. J.Wilson, 1973).
This has been verified for all graphs G with v < 10 and all 3-regular
graphs G with v = 12.

Beineke, L. W. and Wilson, R. J. (1973). On the edge-chrom·atic
number of a graph. Discrete Math., S, 15-20 .

33. For any simple graph G, the elements of VUE can be coloured in ~+2
colours so that no two adjacent or incident eleme~ts receive the same
colour (M. Behzad, 1965). This is known as the total colouring conjecture.
M. Rosenfeld and N. Vijayaditya have verified it for all graphs G with
~<3.

Vijayaditya, N. (1971). On total chromatic number of a graph. J.
London Math. Soc., 3, 405-408

34. If G is simple and E > 311- 6, then G contains a subdivision ofK5 (G. A.
Dirac, 1964). Thomassen (1975) has shown that G contains a subdivi­
sion of K s if E ~4v-l0.

Dirac, G. A. (1964). Homo·mo·rphism t'heorems for graphs. Math. Ann.,
153, 69~80

Thomassen, C. (1974). Some homeomorphism properties Qf graphs,
Math. Nachr., 64, 119-33

35 ..A sequence d of non-negative integer's 'is potentially planar if there is a
simple planar graph with degree sequence d. Characterise the poten­
tially planar sequences (S. L. Hakimi, 1963).

Owens, A.· B. (1971). On the planarity of regular 'incidence sequences.
J. Combinatorial Theory (B), 11, 201-12'

t36. If G is a loopless planar grap.h, then 01. 2; v/4 (P. Erd'os, 1968). Albertson
(1974) has shown that every such graph satisfies a > 2,,/9.

Albertson, M. O. (1974). Finding an independent set in a planar graph,
in Graphs and Combinatorics (eds. ·R. A. Bari and F. Harary),
Springer-Verlag, New York, pp. 173-79

t 37. Every planar graph is 4-colourable (F. Guthrie, 1852).

Ore, O. (1969).. T~e Four-Color Problem, A~ademic Press, New York

38. Every k -chromatic graph contains a subgrapb contractible to K k (H.
Hadwiger, 1943). Dirac (1964) has .proved that every 6-chromatic graph
contains a subgraph contr~ctible. to K6 less one edge.·

Dirac, G. A. (1964). Generalizations of the five colour theorem, in
Theory of Graphs and its Applications (ed. M. Fiedler), Academic
Press, New York, pp. 21-27

39. Every k-chromaticgraph contains a subdivision of K k (G. Haj6s, 1961).
Pelikan (1969) has shown that every 5-chromatic graph contains a
subdivision of Ksless one edge.
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Pelikan, J. (1969). Valency conditions for the existence of certain
subgraphs, in Theory of Graphs (eds. P. Erdos and G. Katona),
Academic Press, New York, pp. 251-58

40. Every 2-edge-connected 3-regular simple graph which has no Tait
colouring contains a subgraph contractible to the Petersen graph (W. T.
Tutte, 1966).
Isaacs, R. (1975). Infinite families of nontrivial trivalent graphs which

are not Tait colourable. Arner. Math. Monthly, 82, 221-39
Tutte, W. T. (1966). On the algebraic theory of graph colorings. J.

Combinatorial Theory, 1, 15-50
41. For every sudace S, there· exists a finite number of graphs which have

mini",UDl degree at least three and are minimally Donembeddable on S.
t 42. U D is dicODDected, then D has a directed cycle of length at least X (M.

Las Vergnas, 1974).
43.U D is a toumamentwith " odd and every indegree and outde.gree

equal to (.-1)/2, then D is the union of (.-1)/2 arc-disjoint directed
Hamilton cycles (P. Kelly, 1966).

44. U D is a tournament with 11 even, then D is the union of
L max{O, d+(v)-d-(v)} arc-disjoint directed paths (R. O'llrien, 1974).

•ev .

This wo~ld imply the truth of conjecture 43.
45. Characterise the tournaments D with the property that all subtourna­
. ments D - v are isomorphic (A. Kotzig, 1973).

46. IfD is a digraph which contains a directed cycle, then there is some arc
whose reversal decreases the Dumber of directed cycles in D (A. Adam,
1963).

47. Given a positive integer n, there exists a least integer f(n) such that in
any digraph with at most n arc-disjoint directed cycles there are f (n)
ara whose deletion destroys all directed cydes (T. Gallai, 1964; D.
H. Younger, 1968).

Erdos. P. and P6sa, L. (1962). On the maximal number of disjoint
circuits of a graph. Publ. Math. Debrecen, 9, 3-12

Younger, D. H. (1973). Graphs with interlinked directed circuits, in
Proceedings of Midwest Symposium on Circuit Theory

48. An (m + n)-regular graph is (m, n)-orientable if it can be oriented so'
that each indegree is either m or n. Every S-regular simple graph with
no I-edge cut or 3-edge cut is (4,1)-orientable (W. T. Tutte, 1972).
Tutle has shown that this would imply Grotzsch's theorem

49. Obtain an algorithm to find a maximum ftow in a network with two
sources Xl and %2, two sinks yl and·· y2, and two commodities, the
requirement being to ship commodity 1 from Xl to yl and commodity 2
from X2 to }'2 (L. R. Ford and D. R. Fulkerson, 1962).
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Rothschild, B. and WhinstoD, A. (1966). On two commodity network
flows. Operations Res., 14, 377-87

50. Every 2-edge-connected dignph D has a circulation f over the field of
integers modulo 5 in which 1(0) ~ 0 for aU arcs 4 (W. T. Tutte, 1949).
Tutte "has shown that this would imply the five-colour theorem.

References for problems solved since first printing:

16. Gobel, F. and Jagers, A. A. (1976). On a conjecture of Tutte concerning
minimal tree numbers. J. Combinatorial Theory (B), to be published"

36 and 37. Appel, K. and Haken, W. (1976). ·Every planar map is four
colorable. Bull. Arner. Math. Soc., 82, 711-2

42. Bondy, J. A. (1976). Diconnected o~ient~tions ~nd a conJecture of Las
Vergnas. J. London Math. Soc., to be published"
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Reading

BOOKS OF A GENERAL NATURE, LIS1'ED ACCORDING TO LEVEL OF TREATMENT

Ore, O. (1963). Graphs and Their Uses, Random House, New York
Rouse Ball, W. W. and Coxeter, H. S. M. {1974). Mathematical Recreations

and Essays, University of Toronto Press, Toronto
Liu, C. L. (1968). Introduction to Combinatorial Mathematics, McGraw-Hill,

New York
Wilson, R. J .. (1972). Introduction to Graph Theory, Oliver and Boyd,

Edinburgh
Deo, N. (1974). Graph Theory with Applications to Engineering and Compu­

ter Science, Prentice-Hall, Englewood Cliffs, N.J.
Behzad, M. and Chartrand, G. (1971). Introduction,to the Theory of Graphs,

Allyn and Bacon, Boston
Harary, F. (cd.) (1967). A Seminar on Graph Theory, Holt, Rinehart and

Winston, New York
Ore, O. (1962). Theory of Graphs, American Mathematical Society, Provi­

dence, R.I.
Konig, D. (1950). Theorie der Endlichen und Unendlichen Graphen,

Chelsea, New York
Sachs, H. (1970). Einfuhrung in die Theorie der Endlichen Graphen, Te~bner

Verlagsgesellsch.aft, Leipzig
Harary, F. (1969). Graph Theory, Addison-Wesley, Reading, Mass.
Berge, C. (1973). Graphs and Hypergraphs, North Holland, Amsterdam

SPECIAL TOPICS

Biggs, N. (1974). Algebraic Graph Theory, Cambridge University Press,
Cambridge

Tutte, W. T. (1966). Connectivity in Graphs, University of Toronto Press,
Toronto

Ore, O. (1967). The Four-Color Problem, Academic Press, New York
Ringel, G. (1974) . Map Color Theorem, Springer-Verlag, Berlin
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Moon, J. W. (1968). Topics on Tournaments, Holt, Rinehart and Winston,
New York

Ford, L. R. Jr. and Fulkerson, D. R. (1962). Flows in Networks, Princeton
University Press, Princeton

Berge, C. and Ghouila-Houri, A. (1965). Programming, Games, and
Transportation Network~, John Wiley, New York

Seshu, S. and Reed, M. B. (1961). Linear Graphs and Electrical Networks,
Addison-Wesley, Reading, Mass.

Tutte, W. T. (1971). Introduction to the Theory of Matroids, American
Elsevier, New York •

Harary, F. and Palmer, E. (1973). Graphical Enumeration, Academic Press,
New York

Aho, A. V., Hopcroft, J. E. and Ullman, J. D. (1974). The Design and
Analysis of Computer Algorithms, Addison-Wesley, Reading, Mass.

Welsh, D. J. A. (1976). Matroid Theory, Academic Press, New York
Biggs, N., Lloyd, E. K. and Wilson, R. J. (1976). Graph Theory 1736-/936,

Clarendon Press, Oxford



Glossary of Symbols
GENERAL MATHEMATICAL SYMBOLS

u
n

\
A
[xl
{x}
Ilfll
RIS
R'

union
intersection
subset
proper subset
set-theoretic difference
symmetric difference
greatest integer s x
least integer:> x.
support of f
restriction of R to S
transpose of R

Page

·215
215

GRAPH-THEORETIC· SYMBOLS

A
A
A
b(f)
!I
c(G)
capK
((6

do(v)
do(f)
do(v)
d~(v)

do(u,v)
D
D(G)
ext]
Ext]
E ..
/-(5)
f+(S)
F
F(B, H)

arc set
adjacency matrix of a graph
adjacency matrix of a digraph
boundary of f
bond space
closure of G
capacity of cut K
cycle space
degree of vertex v in G
degree of face f in G
indegree of V in D
outdegree of v in D
distance between u and v in G
directed graph
associated digraph of G
exterior of J
closure of ext J
edge set
flow into S
flow out of S
face' set
set of faces of H in which B is drawable

1.71
7

.173
140
213

56
194.
212

10
.140'
~72

172
14

171
17'9
135
135

1
191
191
139'
164
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Page
1
9

135
135

4
5
7

214
191

72
175
175
103
108
108'

; 192
1

146
101
102
101
102

10·
172
172
10

172
172

3
·42

42
3

76
125
32

139
117

91
158

13
173
173

graph
subgraph of G induced by S
interior of J
closure of int J
complete graph
complete bipartite graph
incidence matrix of a graph
incidence matrix of a digraph
network
neighbour set of S in G
in-neigh~our set of v in D
out-neighbour set of v in D
Ramsey o1.Jmber
Ramsey number
r(3, 3, ... , 3)
value of flow f
vertex set
set of vertices of attachment of B to H

. independence number
edge independence number
covering number
edge covering number
minimum degree
minimum indegree
m~nimum outdegree
maximum degree
maximum indegree
maximum outdegree
number of edges
connectivity
edge connectivity
number of vertices
number of odd components
chromatic polynomial
number of spanning trees
number of faces
chromatic number
edge chromatic number
face chromatic number
number of components
converse of D
condensation of D

258

1Tk

T

c/>
X
X'
x*
Cd

fJ
D

valf
V
V(B, H)
a
a'

,
·K

V

o

G
G[8]
int J
IntI
Kn

. Km,n

M
M
N
Na(S)
Nn(v)
N~(v)

r(k, I)
r(k t , k2 , ••• , km )



Glossary of Symbols

GC
G*
G
w- t

G -e
G-e
G+e
G-v
G+E'
G-S
G~H

HeG
ReG
GUH
GnH
G+H
GxH
GvH
H(G)
[5, T]
(5, T)
WW'

complement of G
dual of G
planar embedding of G
reverse of walk W
contraction of e
deletion of e
addition of e
deletion of v
addition of E'
deletion of S
isomorphism
subgraph
proper subgraph
union
intersection
disjoint union
product
join.
complement of H in G
set of edges between Sand T
set of arcs from S to T
concatenation of walks

259

Page
6

140
135
12
32

9
9
9
9
9
4
8
8
9

10
10
96
58
29
29

176
12



Index
This index is arranged strictly in alphabetical order according to the first
significant word'. Thus, 'edge connectivity' is listed under'E and 'k-chromatic
graph' under C.

Acyclic graph, 25
Adjacency matrix

of a digraph, 173
of a graph, 7

Adjacent vertices, edges, 3
M -alternating path, 70
M -alternating tree, 81
Arc, 171
k-arc-connected digraph, 179
Associated, digraph, 179
M-augmenting path, 70
Automorphism, 6
Automorphism group, 7
Avoiding bridges, 146

,Bandwidth, 248
Basis matri~, 215
Basis matrix corresponding to a tree, 216
Berge"s theorem, 80 .
Binding' number, 249
Bipartite graph, 4
Bipartition, 5
Block, :44
'Block Q,f a graph, 44
Bond, 29
Bond space, 213

. Breakthrough, 199
Bridge, 146
k -bridge, 146
Brooks.' theorem, 122
Brouwer's fixed-point theorem, 21

Cage, 236
Capacity

. of a cut, 194
of an are, 191

·Capa.city function, 191
,-Cayley's formula, 32
Centre, 27
Chinese .postman problem, 62
k-chromatic g~aph, 117
Chromatic number, 117
Chromatic number of a surface, 243

Chromatic polynomial, 126
Chvatal graph, 241 '
Circulation, 212
Clique, 103
Closed walk, 14
Closure., 56
k -colourable graph, 117
k-colouring, 117
Complement

of a graph, 6
of a subgr~ph, 29

Complete bipartite graph, 5
Complete graph, 4
Compl~te k -partite graph, 6
Component, 13,
S-component, 119
Composition of. two graphs, 108 .
Condensation, 173
Conductance matrix, 220
Connected graph, 13
k-connected graph, 42
Connected vertices, 13
Connectivity, 42
Connector problem, 36
Conservation condition, 191
,Contraction of an edge, 32
Converse, 173
Cotree, 29
Covering, 73

. Covering number, 101
Coxeter graph, 241
Critical graph, 117
k.-critical graph, 117
a-critical gra·ph, 103'
l3-critical graph, 103

, K -critical graph, 47
Cube,234 .
k-cube,6
Cut, 194
Cut edge, 27
Cut vertex, 31
Cycle, 14
~_-cycle, 14
Cycle space, 212



262
Degree

of a face, 140
of a vertex, 10

Degree-majorised, 58
Degree sequence, 11
Demand,206
Diameter, 14
Diameter of a plane set, 113
Dicomponent, 172
Diconnected digraph, 172
Digraph, 171
Dijkstra's algorithm, 19
Dirac's theorem, 54
Directed cycle, 172
Directed diameter, 186
Directed Euler tour, 179
Directed graph, 171
Directed Hamilton cycle, 177
Directed- Hamilton path, 174
Directed path, 172
Directed tour, 172
Directed trail, 172
Directed walk, 171
Disconnected graph, 13
Disjoint subgraphs, 9
Distance

in a digraph, 186
in a graph, 14
in a weighted graph, 16

Dodecahedron, 234
Dual, 140
Duplication of an edge, 63

Edge, 1
Edge chromatic number, 91
k-edge-chromatic graph, 91
k-edge-colourable graph, 91
k -edge colouring, 91
k -edge-connected graph, 42
Edge connectivity, 42
Edge covering, 102
Edge covering number, 102
Edge cut, 29
k -edge cut, 42
Edge-disjoint subgraphs, 9
Edge graph, 11
Edge independence number, 102
Edge-induced subgraph,_ 9
Edge-transitive graph, 7
Embeddable on a surface,' 136
E-mbedding, 137
Empty graph, 4
End, 1
Equivalent k~bridges, 146
Eulerian graph, 51
Euler's formula, 143
Euler's theorem, 51

Index
Euler tour, 51
Euler trail, 51'
Even component, 76
Even cycle, 14
Exterior of a Jordan ciI've, 135
Exterior face, 139
Extremal graph theory, 109

Face, 139
Face chromatic number, 158
k-face-colourable plane graph, 158
k-face colouring, 158
k-factor, 71
k-factorable graph, 71
Fary's theorem, 139
Feasible flow 1 206
Finite graph, 3
Five-colour theorem, 156
Fleury's algorithm, 62
Flow, 191
Folkman graph, 235
Forcibly hamiltonian sequence, 248
Forest, 26
Four-colour conjecture, 157
Four-colour problem, 158
Franklin graph, 244
Frucht's theorem, 7

Generalised Ramsey numbers, 109
Girth, 15
Good algorithm, 19
Graceful graph, 248
Graph, 1-
Graphic sequence, 11
Gray graph, 235
Greenwood-Gleason graph, 242
Grinberg graph, 162
Grotzsch graph, 118
Grotzsch's theorem, 159
Griinbaum graph, 242

Hadwiger's conjecture, 124
Hajos' conjecture, 123
Hall's theorem, 72
Hamilton cycle; 53
Hamilton path, 53
Hamilton-connected graph, 61
Hamiltonian graph, 53
Head, 171
Heawood graph, 236
Herschel graph, 53
Hoffman-Singleton graph, 2.39
Horton graph, 240
Hungarian method, 82
Hypohamiltonian graph, 61
Hypotraceable graph, 61



·Index
Icosahedron, 234
Identical graphs, 4
Improvement of an edge colouring, 92
Incidence function

of a di"graph, 17)1
of ·a graph, 1

Incidence matrix
of a digraph, 214
of a graph, 7

Incident
edge with vertex, 3
face with edge or vertex, 140

{-incrementing path, 196
Indegree, 172
Independence number, 101
Independent set, 101 .
Induced subgraph, 9
In-neighbour, 175
Inner bridge, 148
Interior of a Jordan curve, 135
Intermediate vertices, 191
Internal vertices, 12
Internally-disjoint paths, 44
Intersection of graphs, 10
Isomorphic graphs, 4
Isomorphism, 4

Join of two graphs, 58
Joined vertices

in a digraph, 171
in a graph, 1

Jordan curve, 135
Jordan curve theorem, 135

Kirchhoff's current law, 223
Konig's theorem, 74
Kruskal's algorithm, 37
Kuhn-Munkres algorithm, 87
K~ratowski's theorem, 153

Labelling method, 198
Labelling procedure, 198
Length of' walk, 12
Link, 3
Loop, 3

Map ,colour theorem., 244
Marriage theorem, 73 .
Matching, 70
Matrix-tree theorem, 219
Max-flow min-cut theorem, 198
Maximum flow, 192
Maximum independent set, 101
Maximum matching, 70
~cGee graph, 237
Menger's .theorems, 46

.' Meredith graph, 239
Minimum covering, 73

lvlinirnum cut, 195
Multiplicity, 95

Neighbour set, 72
Network, 191
Nontrivial graph, 3

Octahedron~ 234
Odd component, 76
Odd cycle, 14
Optimal assignment problem, 86 .
Optimal cycle, 65
Optimal k -edge colouring, 92
Optimal matching, 86
Optimal tour, 62
Optimal tree, 3'6
Order of a squared rectangle, 220
Order of magnitude of a function, 19
Orientation, 171
Origin of a walk, 12
Outdegree, 172
Out.er bridge, 148
Out-neighbour, 175
Overlapping bridges, 146'

k -partite graph, 6
Path, 12
Perfect graph, 250
Perfect matching, 70
Perfect rectal1g1e, 220
Personnel assignment problem, 80
Petersen graph, 55
Petersen's theorem, 79
Planar embedding, 135
Planar graph, 135
Plane graph, 135 .
Plane triangulation, 143
Platonic graphs, 234
{-positive arc, 195
Potential difference,. 212
Potentially planar sequence, 251
Probabilistic method, 107

. Product of 'graphs, 96
Proper colouring, 117
Proper edge colouring, 91
Proper face colouring, 158
Proper subgraph, 8

Ramsey graphs, 106
Ramsey numbers,104
Ramsey's theorem, 103
Reachable vertex, 172
Reconstruction conjecture, 246'
Redei's theorem, 175
Regular graph, 11
k -regular graph, 11.

263
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Represented (colour at a vertex), 91
-Resultant flow, 192
Revised flow, 197
Robbins' theorem, 184
Robertson graph, 237
R.obertson--Wegner graph, 238

Saturated (vertex by a matching),' 70
[-saturated arc, 195
f -saturated path, 196
M-saturated vertex, 70
Schur~s theoret:n, 112
Section of a walk, 12
Self-complementary graph, 6
Self-.du~l plane ,graph, 142
Separated (faces by an edg-e), 140
Shortest path 'problem, 16
Simple graph, 3
Simple squared rectangle, 220
Sink, 191
Ske.w bridges, 146
Source, 191
Spanning subgraph, 8
Spanning supergraph, 8
Spanning tree, 28 -
Sperller's lernma, '22

- Squared rectangle, 220
Stereographic projection, 138
Strict digraph, 172
Str<Jng perfect graph ,conjecture; 25,0 '
Subdigraph, 171 : .
Subdivision

of a graph, 123
of an ~dge, 45

Subgraph, 8
Supergraph, 8

-Supply, 206
Surface, 136

Tail, 171
T~it colouring, 159 '
Tait's conjecture, ~60

Terminus of a walk,'12
Tetrahedron, 234
Thickness"145
Thomassen graph, 240
Tietze gr~ph, 243'
Timetabling problenl, 96
Total colouring conjecture, 25 1
Totally lJilimod.ular Rlatrix, ~20",

t-tough grap~, 249

Index
Tour, 51
Tournament, 174
Trail, 12 '
Transfer of a bridge, 149
Traveliing salesman problem, 65
'Tree, 25
Tr~e graph, 41
Triangle, 14
Trivial graph, 3
Turan'ls theoreJn. 109
Tutte-Coxeter graph~ 237
Tutte graph .. 161
Tutte's theorem, 76
Type 1 {u,v}-component, 119
Type 2 {u, u}-component, 119

Underlying digraph, 191
Underlying graph, 171
Underlying simple graph, 8
Unilateral·digraph, 176
Unimodular matrix, 218
Union of graphs, 9' ,
Uniquely k-colourable graph, 121
Uniquely k-edge-colourable graph, 96
f-unsaturated are, 195
f -unsaturated path, 196

.f ...unsaturated tree, 198
J.JVf-unsaturatedvertex,70

Value of a flow, 192
Vertex, 1
k-vertex-colourable graph, 117
k -vertex colouring, 117 .
Vertex cut, 42 .
k -verte'x cut, 42 ,
Vertex-transitive graph, 7
Vertices of attachm¢nt; 146
Vizing's theqrem, 93

'Walk, 12
V/eight

of a s~bgraph, 16
. of an edge, 15

Weighted graph, 15­
\\'heel, 36

{-zero arc, 195
Zero flow, 192




