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CHAPTER IX: The Lasserre Hierarchy for Polynomial
and Combinatorial Optimization

The purpose of this chapter is to give an introduction on the topic of polynomial optimization via
semidefinite programming and sums of squares relaxations. This material is partly based on lecture notes
and review papers from H. Fawzi [1], M. Laurent [2], M. Mevissen [4], T. Rothvo8 [6] and Y. de Castro [5],
as well as the book of J.-B. Lasserre [3].

In this chapter, we will study a polynomial optimization problem of the form

R P
minimize p(x) (P)

st gi(x) >0, (Viem]),

where p, g1,...,9m € Rlx1,...,2,] are polynomials. Clearly, Problem (P) is NP-hard in general, as binary
variables z; € {0,1} can be encoded by introducting the constraints z? = x; (which are equivalent to the
pair of polynomial inequalities 2? — x; > 0 and x; — 22 > 0).

Another reduction shows that it is NP-hard to minimize a quartic polynomial (i.e., of degree 4) over
R™. In the previous lecture, we have seen that it is NP-hard to separate the copositive positive cone C,
(as otherwise we could optimize efficiently over C,,, and solve e.g. the maximum stable set problem in
polytime). So, given a symmetric matrix € S", it is NP-hard to decide whether @ € C,, or to output a
separating hyperplane H such that (H,Q) < 0 and (H, M) > 0,YM € C,, i.e., H € C is completely positive.
Now, define the quartic polynomial p(x) = (z o )T Q(x o &) = >, Qijria?. Clearly, infgpern p(x) = 0 iff
yTQy > 0 for all y > 0, that is, @ =¢, 0. On the other hand, any x such that p(x) < 0 yields a separating
hyperplane H = (z o z)(z o x)? € C;.

1 Nonnegative Polynomials of one variable

Definition 1 (Nonnegative Polynomial). We say that a polynomial p € R[] is nonnegative if
p(z) >0, VreR.

The set of nonnegative polynomials of degree < d can be identified with the cone

d
Pro={peR™': Y pa'>0, VzeR}cCR".
=0

Note that the problem of minimizing a polynomial p € R4[x] over R can be written as a conic program over
'P;‘:

inf p(z) = sup {y € R: p— v is nonnegative} = sup =
z€R ~veR

P —7€o Zp+ 0.
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Definition 2 (Sum of squares). We say that a polynomial p € R[z] is a sum of squares if there exist
polynomials p1,...,p, € R[z] such that p = >"7" p?. We denote by P55 C R4 the set of (vectors
of coefficients of) sum of squares polynomials of degree at most d.

From the definition, it is clear that 77505 C Pj. The proof of the next proposition is left to the reader.
Proposition 1. For all d € N, the cones PQSdOS and P;i are proper.

Note that when d is odd, ”P; and P(?OS are reduced to the set of nonnegative constant polynomials. So
we can restrict our attention on polynomials of even degree. In fact, in the case of univariate polynomials,
equality holds between ’PQSC? S and 77;1:

Theorem 2. All nonnegative polynomials of one variable can be written as the sum of two squares.
Hence, it holds:
P = Pags.

Proof. Let ai,...,az2q4 € C be the (complex-valued) roots of p € Rag[z] (counted with multiplicity). So, we have
p(z) = p2d Hfil(:r — a;). Since p has real-valued coefficients, it holds p(z) = p(z) for all z € C, hence z is a root of p
iff Z is a root. Also, if z € R is a real root, then it must have even multiplicity because p is nonnegative on the whole

real line. Hence, after reindexing the roots, we can write
d

p(2) = paa [ [ (& — i) (@ — ).
i=1

Now, we recognize that this expression can be written as p(z) = q(z) q(z) = |q(x)|?, where q(z) = /p2a H?Zl(x —a;).
Finally, we have p(z) = p1(x)? +pa2(x)?, where the polynomials p; and p2 correspond to the real and imaginary parts
of g, respectively. O

While checking whether a polynomial is nonnegative basically accounts to solving a polynomial opti-
mization problem (or, as in the above proof, compute all its complex roots), we can easily check if a given
polynomial is a sum of squares, by solving a linear matrix inequality:

Theorem 3. The polynomial p(x) = Z?io pra® is a sum of squares if and only if there exists a matrix
M > 0 such that the sum of the kth antidiagonal is py, for each k =0,...,2d:

sp(M) = > M =pr, Vke{0,...,2d}.
{0<i,j<d: i+j=k}

Proof. Let € R and denote by v(z) = [1,2,2%,...,2% € R¥™! the vector of the first (d + 1) powers of 2. Direct
calculation shows that

2d 2d
v(z)" M v(z) = Z ' Mya? = Z Z M;; 27 = Zsk(M) z*.
k=0

0<i,j<d k=0 {i,j: i+j=k}

Hence, it holds p(z) = v(z)” M v(x) iff the matrix M satisfies s (M) = ps, for all k € {0,...,2d}.

Now, assume that p(z) = v(z)” Mwv(z) for some positive semidefinite matrix M. This means that M = PT P for
some matrix P € R™*@+Y “and p(z) = v(z)T PT Pv(z) = ||Pv(z)|* = S (pfv(x))?, where p] is the ith row of
P. We have thus shown that p is a sum of squares: p(z) = Y7, pi(x)?, where p;(z) := p] v(z) is a polynomial of
degree < d.

Conversely, if p is a sum of squares, then we have p(z) = ||[Pv(x)||* for some matrix P, that is, p(z) =
v(z)T PT Pu(x). So, we obtain the result of the theorem by setting M = PPT > 0. O

[
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By combining the results of Theorems 2 and 3, we see that polynomial minimization problems over R
can be formulated as an SDP.

Example:

We formulate the problem of minimizing the polynomial p(z) = ¢ — 172% + 223 — 22 + 1 over R as an
SDP. By Theorem 2, this problem is equivalent to solving sup {y € R: p —vey € PSOS}, where p =
[1,-2,0,2,—17,0,1]7. Then, we can use Theorem 3 to obtain the following SDP formulation:

maximize 7
Mest

st. Mop=1-—7v
Mio + Mo1 = —2
Moo + My + Moz =0
M30 + Ma21 + Miz + Moz = 2
M3y + Moz + Mz = —17

M3z + Moz =0
Mz =1
M > 0.
2 Multivariate Polynomials
A polynomial p € Ry[x1,...,2,] can be written compactly as
p(z) = Z Pa T,
acA(n,d)

where A(n, d) is the set of nonnegative integer vectors with sum < d: A(n,d) == {a € Z%,: >.1", oy < d},
and % is a compact notation for

(o ZNY e 2 P ) o
x® = atag? oo,
We say that ® is a monomial of total degree |a| := Y7 | ;.

The cone 73:[’ 4 of n—variate nonnegative polynomials of total degree < d can be defined as in the univariate
case, as well as the cone P,SL%S of n—variate sum of squares of degree < d. Note that the dimension of these
cones is s(n,d) := |A(n,d)| = ("gd). As in the univariate case, it is also easy to see that a polynomial can
only be nonnegative if its degree is even, so we will often write 73;; od-

Unlike the univariate case, 73;; a7 PS%S in general. A famous counter-example is the Motzkin polynomial:

Proposition 4. The polynomial p(x,y) = z*y* + 2%y* + 1 — 322y? € Rg[z,y] is nonnegative, but is not
a sum of squares.

Proof. Nonnegativity follows from the arithmetic-geometric mean applied to z2y*, z*y? and 1:

1 .
g( 4y2 +9:2y4 + 1) > (I’Gyﬁ)l/d.
A certificate for p ¢ P59° will be given after Theorem 6. O

In fact, the study of nonnegative polynomials and sum of squares dates back to Hilbert, who characterized
the equality cases:
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Theorem 5 (Hilbert).

(Pra=Pi%) <= ((n=1) or (d=2) or (n,d)=(2,4) ).

However, it is clear that the inclusion ’PS%S - ’PTJLF 4 still holds, so we obtain relaxations of polynomial

S

optimization problems by optimizing over 73"913 instead of ’P:[’ 4- The next theorem shows that it can be

done by semidefinite programming:

Theorem 6. The polynomial p € Roglz1,. .., x,], where p(x) = ZaEA(n,2d) Po T 18 a sum of squares
if and only if there exists a matriz M € S*™® (indeved by multi-indices o, B € A(n,d)) such that M = 0
and

> Mag=py, Vv€An2d). (1)

a,BEA(n,d)
a+B=vy

Proof. The proof is completely similar to that of Theorem 3: Take any @ € R"™ and introduce the vector v(x) =
[ wea(m,a € R*™?, which contains all monomials of degree < d. Direct calculation shows that v(x)” Mv(x) =
p() if and only if the equality conditions (1) are satisfied.

Then, when (1) holds, we have

M>0 < M=P'P < p(x)=v(x)" P"Pv(z) = |Pv(x)|*> <= pis a sum of squares.

Example:
We sketch how to use the above theorem to establish a certificate that the Motzkin polynomial

4.2 2 4 22
(a1, x2) = 2725 + w12y + 1 — 3aia;

of Proposition 4 is not a sum of square. In that case, we have 2d = 6 and n = 2, so the matrix M of
Theorem 6 is of size 5(2,3) = 10; The Motzkin polynomial is a sum of squares iff 3M € S¥° such that

Moo,00 =1 [Poo = 1]
2Mi1,00 + 2M1p,01 = 1 [p11 = 0]
2M31 01 + 2Mog 02 + 2Mi2,10 + Mi1,11 = —3 [p22 = —3]
2Mo1,03 + My2,12 =1 [p24 = 1]
(...) there are s(2,6) = 28 such constraints, one for each pq (...)

This is, in fact, a feasibility SDP problem. Let P, denote the matrix such that the above constraints read
(M, Py)y = p~, for all v € A(2,6). To show that this problem is infeasible, we apply the Farkas lemma for
cones (cf. Chapter 2):

p¢73257%)s — Ely:z:y,\,P7 =0 and (p,y) <0.
v

Such a certificate can be obtained by using an SDP solver. For example, one can check numerically that the
vector y defined by

Yoo =1, Y20 = Yoz = 1.1660, ys0 = yoa = 1.8484, yso = yos = 9.5289,
Yos = Y — 0.8523, yay — 0.9348,

and y, = 0 for all the other multi-indices v € A(2, 6) is a valid certificate of infeasibility. Hence, the Motzkin

polynomial is not a sum of squares.
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In fact, one can show that, while the Motzkin polynomial p(z,y) is not a sum of squares, multiplying
this polynomial by (1 + 22 + y?) yields a sum of squares. Indeed, one can verify that

3 1
(1—|—$2+y2)($4y2+$2y4+1—3$2y2) _ y2(1—.1‘2)2—‘1-7)2(1—y2)2+($2y2—1)24—11‘23/2($2+y2—2)2+13}2y2($2—y2)2.
For the purpose of polynomial optimization over R™, this motivates the study of the following hierarchy
of semidefinite programming problems:

vi=sup {yeR: (1+23+...+22)" (p(x) —~) is a sum of square}.

Proposition 7. We have:
vy <vf <wvi <...< inf p(x).

xcR"

Proof. The inequality v < vy, follows from the fact that the product of two sums of squares is a sum of squares.

So, p € ’P,SL%S = q € PS%iQ, where g(x) = (1 4+ 23 + ... 4+ 22) - p(x). The inequality v} < infsz p(z) follows from

the implication
(142} +...+x2) (p(x) —v) is a sum of squares = p(x) > v, Yo € R".
O

Under some mild conditions, it can be shown that the hierarchy converges. In the next section, we

are going to study the dual cones of 79;: g and 792922, which will lead to another hierarchy —The Lasserre

hierarchy— for the general polynomial problem (P) presented in the introduction.

3 The moment problem

Denote by M™(R™) the set of all nonnegative measures over R". Given a nonnegative measure u € M*(R"),
define its (infinite) sequence of moments (ya)aezz, by

You ::/ z p(dz), VYo €ZY,.

For example, if p is the probability measure corresponding to a random vector Y € R", then the y,’s
correspond to the raw moments of Y: we have yo = [ p(da) =1, and for all i it holds

oo = [ win(de) =EY] e, = [ aF nlde) = EIYZ) = V¥ + BV,
More generally, yo = E[Y\*' -+ Y,2"].
Conversely, given a vector y € R* (™% we may ask ourselves whether y has a representing measure, i.e.,

if there exists a measure u € M™T(R™) whose moments of total degree < d correspond to the coordinates
of y. This is the moment problem. Those vectors y with a representing measure are in the moment cone

miwy={ ([ atua) | o owemr@nf.

As it turns out, we now show that P, , and Mj,(R") are dual from each other.
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Proposition 8.

(Pr—7t2d)* = M;_d(Rn)

Proof. Let p € 73;26“ and y € MJ,(R™). Then, y has a representing measure u € M*(R™), so

PY)= > Pala= /Rn x® p(de) /Rn > pex® p(de) >

acA(n,2d) aEA(n 2d) acA(n,2d)

=p(x)>0

This already proves P;"Qd C (M3, (R™)*. Conversely, assume p ¢ Pj;zd, that is, 3z € R" : p(z) < 0. Let y be the
vector of moments of degree < 2d corresponding to the dirac measure = d. at z. Then, yo = [;, %0, (dx) = 2,
s0 it holds (p,y) = Y. paz™ = p(z) < 0, hence p ¢ (MJ,(R™))*. This shows (M3, (R"))* C PF,,. Finally, the
statement of the proposition follows because the considered cones are proper, so they are equal to their bi-dual. [

As for the case of nonnegative polynomials, there is no simple condition which ensures that y € M;d(R”).
However, there is a simple linear matrix inequality that is satisfied by all y € M7, (R"). Note that the
situation is reversed compared to the case of polynomials. While an LMI allowed to give a sufficient condition
of positivity for a polynomial (if it is an SOS), for the case of moments we obtain a necessary condition
relying on an LMI for y to have a representing measure. Given a (possibly infinite) sequence (y,,) containing
all elements indexed by some « of total degree || := 3", ; < 2, denote by M,(y) € S*™") the matrix
with elements

(Mr(y))aﬁ = Yat8; Vo, 8 € An,r).

It can be seen that M (y) = > -, ca(n2r) Yy, Where Py € S#(™7) is the matrix with a 1 at each coordinate
(e, B) such that a + B = ~, and zeros elbewhere.

Proposition 9. Let y € M3, (R"), and let r € N such that r < d. Then, M,(y) = 0.

Proof. As M3,(R™) and {y : M,(y) = 0} are cones, we can rescale y and assume w.l.o.g. that yo = 1. Let y be a
realizing probability measure for y, and let X be a random variable corresponding to . For an arbitrary sequence
¢ € A(n,r), define the polynomial c(z) = 3_ <, ca®™. Then, we have

0 <E[e(X)’] =E]> caX*Y X1 = cacgEX*™P] =) cac (M (y)) . ,=c" M, (y)e.
IS R o S cees (10,

=Ya+p

The above inequality holds for all vectors ¢, which proves M, (y) = 0. O

Now, let us define
MEPP(R™) = {y e R®™2D . M, (y) = 0,Vr < d} = {y € R*"™2D : My(y) = 0},

where the equality follows from the observation that M, (y) is a principal submatrix of M,.1(y). Then, the
above proposition simply rewrites M, (R") C M3PF(R™).

We also leave the following result as an exercise:

Proposition 10. (P;97)* = M5PP(R™).
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4 Polynomial optimization: The point of view of moments

We return to the polynomial optimization problem given in the introduction of this chapter:

p" = inf  p(x) (P)

st gi(x) >0, (Viem]),

Problem (P) asks to minimize the polynomial p(x) over K := {x € R™ : g;(x) > 0, Vi € [m]}. We say
that K, which is defined by polynomial inequalities, is a semi-algebraic set. It is possible to reformulate (P)
as a moment problem over K:

=t [ @) (2)

HEMT(K)
st p(K)=1.

The decision variable is a probabililty measure p supported by K: we have y € MT(K), where
MH(K) = {p e MT(R") : p(R" \ K) = 0}.

We also define M (K) = { ([gn & p(dx))acama : # € MT(K)}, ie., the set of truncated mo-
ment sequences (up to degree d) for all nonnegative measures over K. Then, denote by y the trun-
cated moment sequence of y € MT(K), and observe that pu(K) = pu(R™) = yo and [, p(x) p(de) =

> «eA(n,d) PaT™ u(dx) = (p,y), so we obtain:

p*= inf (p,y) (3)
yeM(K)

Thus, the problem is now to derive a tractable approximation of Mg(K ). As in the previous section, we
first obtain necessary conditions. Consider a polynomial g = Zlal <g Yo of degree < 2u and an integer
r € N. Then, for a (possibly infinite) sequence (y,,) containing all elements indexed by some a of total
degree |a| < 2(u + 1), define the localizing matriz M, (gy) € S*™") with elements

(Mr(gy))a”g = Z 9y Ya+-B+~> Vo, € A(n,r).

[v[<2u

Proposition 11. Let y be the moment sequence of a measure p € MV(K). Then, for all v € N we have

M.(y) =0 and M. (giy) =0, Vie[m]

Proof. The fact that M,(y) = 0 follows from Proposition 9, because the truncated vector (ya)aj<2- is @ member
of M (K) C M3, (R™). Then, we proceed similarly as in the proof of Proposition 9 to show M, (g;y) = 0: For
an arbitrary sequence ¢ € A(n,r), define the polynomial c(z) = }°, <, ca®®. The polynomial x gi(x)c(x)? is
nonnegative over K, so it holds [} g:(x)c(x ) p(dx) > 0, where u € MT(K) is a representing measure for y. Finally,
it can be seen that [, gi(®)c(z)’pu(dz) = c T M, (giy)c > 0, and since ¢ is arbitrary we obtain the desired result. [J

This proposition can also be rewritten as follows: Define
MEPP(K) = {y e R*™2) . M.(y) =0 and M,_, (g:%) = 0,Vi € [m]},

where u; = [deg(g;)/2]. Then, M3 (K) C M5PP(K).
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In fact, we can also construct more precise outer approximations of M;(K ) by considering the necessary
condition from Proposition 11 for moment sequences truncated at a higher degree, say 2(r + §):

MgBE(K) = {y e R*W2) . 3y e REM2040)) quch that §o = Yo, V|a| < 27
Mr+5(g) = 07
Mr+6 u,(91 ) = O Vi € [ ]}

This definition basically says that y € M3PY(K) if we can extend the sequence (Y, )aj<2r to obtain a
sequence (J,,)|a|<2(r+5) for which the moment matrix and the localizing matrices are positive semidefinite.
Proposition 11 implies that M3, (K) € M5PF (K) holds for all § € N. Moreover, these outer approximations
are nested by construction, hence

Corollary 12.

M3 (K) € - © M3PT(K) € M3PT(K) € M3 (K) = M3PP(K).

Under some technical conditions, it can be shown that the converse of Proposition 11 is valid: This result
is a consequence of Putinar’s Positivstellensatz, which we will mention at the end of Section 5. For the sake
of this lecture, we will simply say that K satisfies the Archimedean condition if

= J|* = Zm

for some R and SOS polynomials o1, ...,0,,. This condition can be interpreted as an algebraic certificate of
compactness for K. Indeed, for € K we have g;(x) > 0,Vi, so ), o;(x)g;(x) > 0 for all SOS polynomials
01,...,0m, and the Archimedean condition implies ||z||? < R2. Note that if we know that K is included
in the ball of center 0 and radius R, we can simply add the constraint g,,.i(x) = R? — ||z||* > 0 into
the problem, so that the Archimedean condition is automatically satisfied (consider the SOS polynomials
oi(x) =0, Vi € [m] and opq1(x) = 1).

Theorem 13. Assume that K satisfies the Archimedean condition. Then, an infinite moment sequence y
has a representing measure p € M™T(K) if and only if for allr € N, M,.(y) = 0 and M,(g;y) = 0,Vi € [m].
In this case, the hierarchy of Corollary 12 is convergent:

SDP
m MZT 5

6eN

As a consequence, we obtain a hierarchy of SDPs which converges to the polynomial optimization prob-
lem (P), Let w = max; w; and r = max ([deg(p)/2],u), and replace the constraint y € M7 (K) in (3) by
y € M5V (K) for some § € N:

. L
[inimizs,  (p.v) (Lass)
M, 5(y) = 0;

Mr+§7ui (gzy) = O,VZ € [m]
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Note that in the above problem, p was implicitely extended to a vector in R*(%-2(r+9)) (so its scalar product
with y is well defined), i.e., we set po, = 0 for all || > deg(p). By construction, the sequence of optimal
values p} of (Lass) is nondecreasing, and Theorem (13) guarantees that p} converges to the optimal value
p* of (P):

* *

po<pi<p3<...<p" and lim pj=p"
d—00
Moreover, under certain conditions (one of them is that the problem contains only equality constraints, we
will prove a special case of this result in Section 6), it can be shown that the convergence occurs after a finite
number of steps, i.e., 30 € N : p5 = p*. The following condition can be used to check whether convergence

took place after § rounds of the hierarchy:

Theorem 14. Let y* be an optimal solution of (Lass), so we have p; = (p,y*). If y* satisfies
rank M, s(y*) = rank M, 5., (y*) (=:7s)

where u = max; u;, then p5 = p*, and y* has a representing measure p* € M (K) that solves Problem (2).
Moreover, u* is rs-atomic, which means that u* can be decomposed as a convex combination of rs dirac

measures: p* = >..°, W;0gr, with w > 0, Yo, wi = 1, and the support points x; of p* are global
minimizers of (P).

We also point out that there is an algorithm that can be used to extract the support points x} of the
optimal measure p*, cf. [3]. This is particularly easy when rs = rank M, 5(y*) = 1, because in this case
we have M, 5(y*) = v(z*)v(z*)T, where v(x*) = (€**)|q|<r+s is the vector of monomials of z*. So an
optimal solution &* to Problem (P) is simply recovered by reading the coordinates of y* corresponding to
monomials of degree 1: zj =y ,Vi € [n].

Example:
Consider the polynomial optimization problem

rgi;l plz,y) = 11a? + 162y + 2 —y* + 2y +1 st. 22 +¢> < 1.

If there is a solution to this problem in the interior of the unit ball (z? + y? < 1), then it must be a
stationary point, i.e., the gradient Vp = [222 + 16y + 1,162 — 2y + 2|7 vanishes. This yields the point
[0, yo] =~ [—0.1133,0.0933] as a good candidate, but the analysis of the eigenvalues of the hessian matrix
shows that this point is in fact a saddle point of p. So the optimum must be attained on the boundary of the
unit ball. Plotting p(cos#,sin ) over § € (—m, 7] reveals that the minimum is attained at 6* ~ —1.15043,
hence [z*, y*] = [0.4080, —0.9129] is the solution to the above polynomial optimization problem.

The polynomial p has n = 2 variables and is of degree 2r = 2, and the constraint is of degree 2u = 2, so
r =u = 1. For a vector (za)|a|<2p, recall that the moment matrix is M,(2)a,s = 2zat+s, (la] < p,[8] < p)
so if we order the monomials of degree < 1 as (1, x,y), corresponding to the multi-indices (00, 10,01), at the
level § = 0 of the hierarchy we have

200 210  Zo1
M, 5(z) =Mi(z) = | z10 220 211
201 211 202

And the localizing matrix M,(gz) has coordinates M,(92)a,p = >, gyZa+p+~y for || < p,|B| < p. Hence,
for g(ﬂf,y) =1- 95‘2 - y27
M, y5-u(92) = Mo(g12) = (1 — 220 — 202)-

In this example, the localizing matrix is scalar. But if we need to go to the next level (6 = 1) of the
hierarchy, we will need to consider the moment matrix My(z) indexed over |a| < 2,|8] < 2 of dimension

s(n,2) = ("1?)=(3)=6, and the localizing matrix M;(gz) of dimension s(n,1) = ("I")=(?)=3.
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Example (continued):
The SDP for the hierarchy at level § = 0 is therefore:

minimize 11299+ 16211 + 210 — 202 + 2201 + 1
z

s.t. 200 = 1
200 <10 <01
z1o 220 211 | =0
201 211 %02

1 — 220 — 202 2 0.
If we solve this SDP, we get the optimal moment matrix

1. 0.40809016  —0.91294164
M(z*) = 0.40809016 0.16653757  —0.37256249
—0.91294164 —0.37256249 0.83346242

This matrix has rank 1, so the certificate of global optimality of Theorem 14 is satisfied, as obviously,
M, 1s—u(2*) = My(z*) = 1 has rank one, too. This is the easy case (rs = 1) where the optimal solution of
the polynomial optimization problem can be read directly from the vector of optimal moments z*:

¥ =27, =0.40809016 and y* =z}, = —0.91294164.

5 Polynomial Optimization and Sum of Squares

Now, we derive the dual optimization problem of (Lass), which will give an alternative interpretation of
the hierarchy. For p > 0, recall that the moment matrix M,(y) can be written as M,(y) = >_\, <a, Yv s,
where P, is a {0, 1}-symmetric matrix of size s(n, p) X s(n, p) with a 1 at all coordinates (e, 3) such that
a + B = ~. Similarly, in can be seen that the localizing matrix of a polynomial g of degree < 2u, which has
elements M,(gY)a.p = ZIT\SM 9rYat+p+r, can be written as M,(gy) = > y,Q9, where QY is the matrix in
S#(mP) such that (Qf)a,p = gr whenever a + B+ 71 =1.

Let us now derive the dual of (Lass):

ps =if (py)+  sup A (L—yo) — (Mrs(y), A) — > (M5, (9:y), )
Xg__]% 1€[m]
Q;-0,Vi€[m]

di = sup inf (py)+A-(1-yo)— < Yo b A> - Z< > Q. Q>
?\ez% |v|<2(r+6) i\ y]<S2(r+6—ui)
Q;=0,¥ie[m]

= sup A+ ir;f Zy'r (p'v — Aeo)y — (Py, A) — Z<Q»gfa Qz>>
i :
Q;>0,Vi€[m)]
= sup A (Soss)
AwAv(Qi)iE[nl]

s.t. (p—Aeo)y = (P M)+ D (QF, ), V| <2(r+0)

K2
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Now, let us try to understand the meaning of this dual formulation. The equality constraint tells us that
the polynomial @ + p(x) — A is the sum of a polynomial o, with coefficients (P,, A) and some polynomials
q1,- -, qm with coefficients (Q9',;), Vi € [m]. We know from Theorem 6 that A = 0 is equivalent to o
being a sum of squares. Similarly, we can observe that

(@) =3 27102, 2 =27 3 (9)y Qap =D (623 2 U)as 2,
Y ol T o,B

a+pB+T=~
=gi(z) =0 ()

and ; = 0 < o0; is a sum of squares, cf. proof of Theorem 6. The dual problem of the hierarchy can also
be interpreted as follows:

dy = sup A (Soss)
/\)‘707(‘”)1‘6[171,]
st p(@) —A=oo(x) + Z g9i(x) - oi(x)
i€[m]
oo is a SOS polynomial of degree < 2(r + §)
o; is a SOS polynomial of degree < 2(r +3d —u;), Vi € [m]

It is easy to see that  p(x) — A = 0o(@) + 3¢ () 9i(®) - 03 () for some SOS polynomials is an algebraic
certificate for p — A to be nonnegative over K, i.e., p(x) > A,V € K. Therefore, the optimal value \* = dj
is an underestimator for the optimal value of the polynomial optimization problem p*, which we already
knew from weak duality: df < p5 < p*.

Putinar’s Positivstellensatz, the result which can be used to prove convergence of the Lasserre / sum-of-
squares hierarchy, has a very similar flavour indeed:

Theorem 15. (Putinar’s Positivstellensatz) Let p be a positive polynomial over a set K = {x € R™ :
9i(x) = 0, Vi € [m]} that has the Archimedean property. Then, p can be written as p = 0o+ 3 ;c(y 9i " Oi
for some SOS polynomials og, ..., 0.

Note that we require p to be positive on K (nonnegative is not enough), and the result does not tell
anything on the degrees of the o;’s. The convergence of the sum-of-squares hierarchy (Soss) —and hence of
the Lasserre hierarchy (Lasgs)— simply follows from this theorem: p — p* + € is positive over K for all € > 0,
sop—p“+e=o0p+ Zie[m] gi - 0; for some SOS polynomials o;’s of degree high enough. This means that
there exists 0 € N such that p* — € is feasible for (Sos;).

6 The Lasserre Hierarchy in Combinatorial Optimization
In this section we will review a few properties of the Lasserre hierarchy applied to the integer program

minimize ¢’z st. Az >b, xc {0,1}" (IP)

The integer constraints can be handled by the equalities z? = z;, forall i € [m]. Instead of considering
the pair of polynomial inequalities 22 — z; > 0 and z? < x;, we observe that we can simplify the Lasserre
hierarchy by carrying out some moment substitutions: for all nonnegative measure p supported on the
feasible set K = {z € {0,1}" : Az > b}, it holds [ z? u(dz) = [ x; u(dx). More generally, for all € 272,

we have
/Ka:"‘ p(dx) = /K (H%) u(dx), where I = {i € [n] : a; > 1}.

iel
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This indicates that the moments y, do not depend on the actual values of the «;, but only on the sparsity
pattern I of a. Therefore, we can simplify the hierarchy and consider a vector of moments y indexed by
some subsets I C [n]: we identify y; with ye,, where ey = ), _; ey is the incidence vector of I. For example,
the moment matrix has coordinates

o), = [ (T (T )i |

i€l jeJ K

< H xz-) p(dx) = yru.

i€lUJ

In the moment formulation of the problem, we are searching a probability measure y over K, correspond-
ing to a random variable X. Since K is finite, the distribution of X is discrete, and it can be interpreted as
a randomized algorithm that outputs & € K with probability P[X = «x]|. Then, we have

ylz/K (Hw) p(de) = E Hxi] :Pl/\(xz:n].

i€l icl icl

In particular, yp = 1 and yg;3 = P[X; = 1]. When * is an optimal solution for the LP relaxation min{cTz :
Ax > b,0 < x < 1}, it is customary to interprete @} as the probability with which x; should be set
to 1. However, rounding all variables indepently from each other will most likely result in a non-feasible
solution & ¢ K. So information on joint events is required, for example we need to know P[X; = X; = 1].
One interpretation of the Lasserre hierarchy is that it gives information on the correlation structure of the
solution, by introducing a set of variables y; giving information on joint events of bounded cardinality |I|.

Let us now have a look at the problem (Lass) applied to (IP). We only consider the linear constraints
gi(x) =>" ;@ijTj—bi >0, Vi€ [m], since we are already handling the equality constraints 22 = x; thanks to
the aforementioned moment substitutions. The objective function and all constraints of (IP) are linear, so
u; =u =71 = 1. The level § > 0 of the hierarchy depends on the variables y; for all subsets I of cardinality
< 2(6 4+ 1) (thanks to our moments substitution, as opposed to all variables y, for e € A(n,2(6 +1))).

Definition 3. A vector y = (yr)|rj<2(5+1) is said to be in the 0-th level of the Lasserre hierarchy, and
we write y € Ls, if the following LMIs hold:

Yo =1
Ms1(y) := (Yrua)i1),)71<541 = 0

Ms(giy) == Z aijyYrogufiy — biyrog =0, Vie[m]
J€n] \11,171<6

Define further the set L’gmj ={ lygy -y’ | y € Ls}, ie., the projection of L5 onto the set of
original coordinates.

Example:

The level § = 0 of the hierarchy corresponds to the general recipe for constructing the SDP relaxation of
problems with binary variables seen in the previous chapter: Denote by z € R™ the vector with elements
zi = ygiy and denote by Z € S" the matrix with coordinates Z;; = yy; j1. Then, if we order the sets I of
cardinality [I| < 1 as {0,{1},...,{n}}, we have

ww=[2 7]-[1 7]

and for all 7 it holds Zi = yy;:y = yqs} = 2, that is, diag (Z) = z. The matrix Mo(g;y) is scalar, its only
element is indexed by (0, 0) and it is equal to >,y aijy(;) — bive = al'z — b;. This shows:

1yT

ye Ly <= Ay>b and EiZ:{y 7 }EO, Diag(Z) = y.
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By construction, the /Jf;mj are nested and they contain K (as in Corollary 12):
{xeR": Az > b}y D LY DLV D DK ={x e {0,1}": Az > b}.

Since the Egmj are convex (they are SDP-representable), we can be a bit more precise and observe that the
L™ contain the integer hull H of Problem (IP), that is, the polytope formed by the integer vertices of K:

LV D H := conv {x € {0,1}" : Az > b}.

In fact, we will now show that the hierarchy converges to H after at most § = n rounds, that is, L7/ = H.

In other words, there exists a § < n such that solving the SDP-relaxation over Egmj is equivalent to solving

the original problem (IP).
Lemma 16. Let y € L5. Then, for all |I| < 2(6+ 1) it holds y; € [0,1].

Proof. The principal submatrix of Ms11(y) corresponding to the coordinates @) and I is:

1 yr
yr oyr |’
It must positive semidefinite, so by the Schur complement lemma we have yr > 0 and y; > y? < 1> y;. O

Lemma 17. Let y € Ls and assume that 0 < yi, < 1 for some k € [n]. Define the vectors 2N and 2
as follows:
(z0), = YO g (@), = YLV g <o,
Yk I —yk

Then, we have 21,23 € L5_4, (z(l)){k} =1, (z(Q)){k} =0, and the vector y = (yr)|rj<2s satisfies

7=z 4+ (1 —y)2@.

Proof, We have (Z(D){k} = zﬁzi =1, (2(2)){k} = % = 0 and for all ‘I| < 24 it holds

Z/kzgl) +(1- yk)zErQ) = Yrugk}y + Y1 — yrogey = y1 = (@)1,

= (2)y = 1. Then, the

so the only thing left to show is 2", 2 € £5_1. The first casy thing to check is that (z(l))@
1Y), , = yros = (vr,v),

matrix Ms1(y) is positive semidefinite, so there exist vectors (vr)|rj<s+1 such that (Msy
V|I|,|J] <6+ 1. Now, for all |I| < §, define the vectors

(1) _ YV1u{k} _(2) _ VI — Uu{k}
v;’=—= and v, = ———-.
! VY ! V91—yk

We have (1‘)&1), 1‘;8”) = ﬁ(vlu{k}, Vyuk}) = ﬁy;uju{k}, which is also the element of coordinates (I, J) of the matrix

Ms(z™). Hence, Ms(z™") = 0.

Similarly, <’l752)7'l7§]2)> = ﬁ(m — Vruk}, VI — Vguik}) = ﬁ(ylw — 2yrusuie} + Yrusu{ey) =
which is the element (I,.J) of Ms(z®). This shows Ms(z?) > 0.

Finally, for all i € [n], Ms_1(g:z™") = 0 and Ms_1(gi2®) = 0 can be proved in a similar manner: Let (wr)11<s

be such that (M(;(giy))l ; = (wr,wy), and for all [I| < — 1 define the vectors

YruJg —YruJgu{k}
1-yg ’

_ (1) Wru{k} _(2) Wi — Wru{k}
w;’' = —— and w; = ————.
I T I T—ur
It can be verified that (M(s,l(giz“)))l ;= (@5,1),{051)) and (M(s,l(giz@)))l ;= (117?), ﬁ)(f)>, which proves the claim
and concludes this proof. O
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Corollary 18. The projection of Ls over the subset of coordinates |I| < 25, Lsi5—1 := {(yr)1j<2s 1Y € L5},
satisfies
Lsj5—1 € conv ({z ELs 1:2z,=0}U{z€Ls_1:2,= 1})

Iterating the above result, we also see that for all subsets S C [n], Lsjs—|s| := {(y1)|1]<2(5-|s]+1) |¥ € Ls}
is the convex hull of all elements of £;_|g with {0,1} elements in S:

Lsis—1s) = { () r1<2(6—|s+1) |y € Ls} C conv{z € Ls_|5 : z; € {0,1}, Vi € S}.

In particular, if we take § = n and S = [n], we obtain Lo € conv {z € Lo : z € {0, 1}"}. Then, by projecting
onto the subset of original coordinates ({1},...,{n}), we obtain £E™%) C H := conv {x € {0,1}" : Az > b}.
Therefore, we have shown:

Proposition 19.

{w e R : Az > b} D L™ D LV D ... D LV = conv {x € {0,1}" : Ax > b}.

We conclude this chapter by mentioning that the study of these hierarchies is an active field of research.
In particular, the SDP relaxation of (IP) over Ef;mj can be solved in polynomial time for a fixed § € N.
Many of the tightest known polytime approximation algorithms for certain NP hard optimization problems
involve solving 6 = O(1/¢) rounds of the Lasserre hierarchy.
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