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Conformational Propagator

ZB

(g+/t) (transition state) (t/g+)

life times, transition proabilities/rates?
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Transition Probabilities

Markov chains:

e discrete time sample path {X,, },cn (uniform time steps)
e finite state space £ = {1,..., N}
e stochastic transition probability matrix
. #(i — 7) .
P(i,j)= """~ §,jEE
ZkeE #(i — k)

Properties:
e irreducibility and positive recurrence <
Al WTPZWT,ZW(i)zl
icE

e reversibility
ﬂ—ZP(Zv]):TrJP(]”L)a VZ7JEE
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Transition Frequencies

ZB

Relative transition frequencies
P =DP (symmetric), D = diag(m)

o P(i,j)=21=1 " je E, L= chain length

o YN Pi,j)=1, 0<P(,j)<1 VijeFE

e Pe=r

The transition frequencies can be computed directly from the simulation without knowing
the stationary distribution!
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Crisp Clustering

Reordering of states such that there are n¢ blocks C = {C1,...,Cp.}.
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Grade of membership x(i,7) € [0,1]:

X(Z’]) =

1 if state ¢ belongs to cluster j
0 else
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Soft Clustering
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There are states which cannot be assigned uniquely to one of the clusters.

Grade of membership x(i,5) € (0,1): state ¢ belongs to cluster j with probability x (4, 7)
« X' () =1 VieE
e 0<x(i,j)<1 VieFE,jeC

8 Computational Drug Design



Cluster Algorithm

Robust Perron Cluster Analysis (PCCA+)
(Deuflhard, Weber, 2004)
x=XA

e X: eigenvectors of P
PX=)X, A=l

e A: non-singular transformation matrix

ZB
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Propagation of Densities

e x;(t): probability to be in state ¢ at time ¢

N
doa(t)=1, 0<z(t) <1
p=l

e propagation of densities: ’x(t) = PT(t)x(0) ‘

Chapman-Kolmogorov:  P(nt) = P"(t)

e goal: coarse graining — propagation of densities x(t) € R"*, n, < N

x0)—Y <)

coarse graining
coarse graining

Xc(0) ———— 3 x(0)
Fe(®)
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Crisp Coarse Graining

ZB

Clustering of states:

e frequencies:

?c(kvl) = Z ?(%]) = X(:7 k)T?X(:7 l)
1€C,j€C;

e probabilities:

11 Computational Drug Design



Coarse Graining Operators

ZB

P,=D'x"DPx:=ITPRT
Definition:
e restriction R: RY — R"¢: R=x"
e interpolation I : R — RN: = Dxﬁ_l

Transformation of densities:  z¢ = Rzf, af = Iz°

Main goal — commutative diagram: RPT(t)z(0) = P, (t)Rz(0)
: ( Not satisfied for a hard clustering!
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Soft Coarse Graining

Define

P.:=(RI)"TITPR"

Properties:

e P. is diagonalizable: .
P.=A"'0A

e invariant density: PJ7 =7, @ =Rm n=Ix
e correct row sum: 37 B(i,j)=1 VieC

positivity: ~ {0 < pc(iaj) <1 Vi, jeC}

RPT (t)z(0) = PJ Rz(0)

(change of propagation and restriction)
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e extension to time steps nt, n € N:  z(nt) = P"T (t)z(0)

RP"T®)g(0) = P77 () Rxz(0)

P(t) P (t) ()
x(0) ———m x(t) ———= x(20) o — " e x(nb)

£

3=

s

en

X (0) —— X (O——F—m=x (20) "o ——x ()

P P (1) P2(t)

Idea:

e generalization of the coarse graining process to arbitrary times ¢ > 0

e description of the dynamic behavior in terms of the infinitesimal generator ()

i(t) = Q" x(t)
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Coarse Grained Kinetics

ZB

Master equation:

Define
Qe:= (R TTTQRT
Properties: <@ exp(tQ) <
e Q. is diagonalizable: X %D %D
Qe =AT'AA B B
. . . AT ~ ~ > g g
e invariant density: Q.7 =0, 7=Rnm, 7m=I7 S S
. A : X(0) ———— x(0)
e conservation of mass: 3 °7C Qc(4,j) =0 VieC exp(tQ )

o positivity:  ~ {0 < Q.(i,7) Vi,jeC, i#j} commutativel
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Example

1. Discretization
2. Molecular Simulation

e Merck Molecular Force Field

e generation of 3000 points per cell according to the Boltzmann distribution
by hybrid Monte-Carlo sampling with umbrella strategies and Gelman-Rubin
convergence indicator

e propagation by MD until the trajectories leave their starting cell
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(SET ][

3. Computation of Q

4. Cluster Analysis

61

+60°

weights = {0.0036,0.0032, 0.0640, 0.0680, 0.1248, 0.1232, 0.1140, 0.1567, 0.3426 }
A1 = {10.39,11.38, 361.68, 334.35, 198.91, 227.31, 172.40, 235.74, 283.64} ps
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