
A coarse graining method

for the identification of transition rates

between molecular conformations

Susanna Kube

Zuse Institute Berlin Free University Berlin DFG Research Center
“Matheon”



Overview

molecular geometry, q ∈ R3n
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Conformational Propagator

(g+/t) (transition state) (t/g+)

0 500 1000 1500 2000 2500 3000 3500 4000
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

life times, transition proabilities/rates?

4 Computational Drug Design



Transition Probabilities

Markov chains:

• discrete time sample path {Xn}n∈N (uniform time steps)

• finite state space E = {1, . . . , N}

• stochastic transition probability matrix

P (i, j) =
#(i → j)∑

k∈E #(i → k)
i, j ∈ E

Properties:

• irreducibility and positive recurrence ↔

∃! π : π>P = π>,
∑
i∈E

π(i) = 1

• reversibility
πiP (i, j) = πjP (j, i), ∀ i, j ∈ E
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Transition Frequencies

Relative transition frequencies

P = DP (symmetric), D = diag(π)

• P (i, j) = #(i→j)
L−1 , i, j ∈ E, L = chain length

•
∑N

i,j=1 P (i, j) = 1, 0 ≤ P (i, j) ≤ 1 ∀ i, j ∈ E

• Pe = π

The transition frequencies can be computed directly from the simulation without knowing
the stationary distribution!
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Crisp Clustering

Reordering of states such that there are nC blocks C = {C1, . . . , CnC
}.
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Grade of membership χ(i, j) ∈ [0, 1]:

χ(i, j) =

{
1 if state i belongs to cluster j

0 else
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Soft Clustering
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There are states which cannot be assigned uniquely to one of the clusters.

Grade of membership χ(i, j) ∈ (0, 1): state i belongs to cluster j with probability χ(i, j)

•
∑nC

j=1 χ(i, j) = 1 ∀ i ∈ E

• 0 ≤ χ(i, j) ≤ 1 ∀ i ∈ E, j ∈ C
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Cluster Algorithm

Robust Perron Cluster Analysis (PCCA+)
(Deuflhard, Weber, 2004)

χ = XA

• X: eigenvectors of P
P X = λ X, λ ≈ 1

• A: non-singular transformation matrix
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Propagation of Densities

• xi(t): probability to be in state i at time t

N∑
i=1

xi(t) = 1, 0 ≤ xi(t) ≤ 1

• propagation of densities: x(t) = P>(t)x(0)

• Chapman-Kolmogorov: P (nt) = Pn(t)

• goal: coarse graining – propagation of densities x(t) ∈ Rnc , nc � N
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Crisp Coarse Graining

Clustering of states:

• frequencies:

P c(k, l) =
∑

i∈Ck,j∈Cl

P (i, j) = χ(:, k)>Pχ(:, l)

• probabilities:
Pc = D̃−1P c = D̃−1χ>DPχ
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Coarse Graining Operators

Pc = D̃−1χ>DPχ := I>PR>

Definition:

• restriction R : RN 7→ RnC : R = χ>

• interpolation I : RnC 7→ RN : I = DχD̃−1

Transformation of densities: xc = Rxf , xf = Ixc
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Main goal – commutative diagram: RP>(t)x(0) = P>c (t)Rx(0)
: ( Not satisfied for a hard clustering!
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Soft Coarse Graining

Define

P̂c := (RI)−>I>PR>

Properties:

• P̂c is diagonalizable:
P̂c = A−1ΘA

• invariant density: P̂>c π̃ = π̃, π̃ = Rπ, π = Iπ̃

• correct row sum:
∑nC

j=1 P̂c(i, j) = 1 ∀ i ∈ C

• positivity: ∼ {0 ≤ P̂c(i, j) ≤ 1 ∀ i, j ∈ C}

• RP>(t)x(0) = P̂>c Rx(0)

(change of propagation and restriction)
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• extension to time steps nt, n ∈ N: x(nt) = Pn>(t)x(0)

RPn>(t)x(0) = P̂n>
c (t)Rx(0)
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Idea:

• generalization of the coarse graining process to arbitrary times t > 0

• description of the dynamic behavior in terms of the infinitesimal generator Q

ẋ(t) = Q>x(t)
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Coarse Grained Kinetics

Q = lim
t7→0+

P (t)− id

t

Master equation:
ẋ(t) = Q>x(t) → x(t) = exp(tQ>)x(0)

Define

Q̂c := (RI)−>I>QR>

Properties:

• Q̂c is diagonalizable:
Q̂c = A−1ΛA

• invariant density: Q̂>c π̃ = 0, π̃ = Rπ, π = Iπ̃

• conservation of mass:
∑nC

j=1 Q̂c(i, j) = 0 ∀ i ∈ C

• positivity: ∼ {0 ≤ Q̂c(i, j) ∀ i, j ∈ C, i 6= j}

x(t)

co
ar

se
 g

ra
in

in
g

co
ar

se
 g

ra
in

in
g

x (t)x (0)

x(0)
exp(tQ)

c c
exp(tQ c)

^

commutative!

15 Computational Drug Design



Example

1. Discretization

2. Molecular Simulation

• Merck Molecular Force Field

• generation of 3000 points per cell according to the Boltzmann distribution
by hybrid Monte-Carlo sampling with umbrella strategies and Gelman-Rubin
convergence indicator

• propagation by MD until the trajectories leave their starting cell
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Example

3. Computation of Q

4. Cluster Analysis
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