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Schrodinger equation
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i0(t,q) = (—58q+ V(a))¥(t,q),
¥(0,9) = o(q)

€= \/l/average nuclear mass = 0.001, ..., 0.1

V(q) solves the electron eigenvalue problem
YgeRY: Ha(a)x(g,x) = V(a)x(q.x)

properties of the solution: high-dimensional, highly oscillatory
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Initial data
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Yo € L2(R9, C) mit |||, = 1.
o results from excitation of the ground state

(_§Aq + Vo(CI)) ¢o(q) = Eopo(q)

Example: Gaussian wave function

Yo(q) = go(q) = (7)™ * exp(—3:1q — q0l* + Lpo - |9 — qol)
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Motivation
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[E. Faou, V. Gradinaru, C. Lubich, SIAM J. Sci. Comput., 2009]

Approximation by Hagedorn wave packets
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Expectation values

£
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(Op(a) )iz = | (Op(a)u)(a) H(ada

Op(a) is obtained as Weyl quantization of smooth functions a

a(q. p) (Op(a)¥)(q)
position q qy
momentum p —ieVq
potential energy V(q) Vi)
kinetic energy %|p|2 —%Aqq/}
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Egorov theorem gﬁ
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For the solution of the Schrodinger equation, v (t), and Weyl
quantized operators Op(a):

(Op(a)(t). (1) ;= (Op(ao ®)io. o), + O(203V)

with classical Hamiltonian flow &t : R24 — R2d
q=rp, p=-V4V(q)
Conservation of total energy h(q,p) = 3|p|*> + V(q):

(Op(h)e(t), ¥(2)) > = (Op(h e ®*)do, v0) -
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Wigner function gﬁ

Expectation values for Weyl quantized operators Op(a): Mo ZLJ12
(Op(a)0. )iz = [ W)(a.p)ala.p)dadp
R
W(z) : R?@ — R, continuous, real-valued

- W (¥)(q, p)dgdp = |[¥]72

W()(g,p) = (2me)™? /Rd eV PlEy(q — 3y)d(q + 2y)dy
Example:

W(go)(q, p) = (me) ¢ exp(—2|(g. p) — (g0, Po)|?)
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Particle method Q‘%
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O (B (e = [ (2092 WU5)(z) dz + O
¢ W(¥5)(z)
~ L a t Zi AV

1. initial sampling of the importance sampling function g(z)
2. classical transport of sampling points

g=p, p=-V4V(q)

3. final (weighted) summation over the propagated sampling
points
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Error propagation
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perturbation
(Op(a)vg, o)z —  (Op(a)e, ¥5) 12
but

[{Op.(a)w°(t), ¥*(£)) 12 — (Op=(3 0 ®)G, U5) o] < Cce®+[[Op.(0:)-

where §; is the mean deviation of 3 from a along the classical flow

0:(q,p) = 1 /Ot(é —a) o (g, p)ds.

— asymptotic accuracy not altered by small initial sampling error
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1. Initial sampling
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Initial data Q:?
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A. Single Gaussian wave packet
¥5(q) = 85(q) = (we)/* exp(—5:[a — o),
20 = (qu pO) = (1’ 05 05 O)T
B. Superposition of two Gaussian wave packets

1
V= el +e)  a=10007 z=-z

W((ei +83)/V2)(2) = (W(gi)(2) + W(g5)(2))/2 + C(2)

C. Numerically computed laser excitation on a 1024 x 512 grid,
e =20.01
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Monte Carlo sampling
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» Conventional Monte Carlo

fim P(| % (a0 09)() — (20 @0y

N—oco
1 ‘ 2/2
_ —t
= \/E/Ce dt,

<c a(aocbf))

» Quasi Monte Carlo

N
1
W00~ [ F@WERENE < Varlf) D)
N j:1 R2d
< CN7Y(log N)3?
tranformation of well-known sequences (Halton, Sobol’, ...)

from the unit cube [0,1)%9 to R?
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Convergence
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Superposition of two-dimensional Gaussian wave packets, ¢ = 0.1
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2. Classical transport
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Energy conservation
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g=p, p=-V4V(q), V(q) = 2 — cos(q1) — cos(q2)

Single Gaussian wave packet, N = 10*
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3. Final evaluation
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Phase space summation gﬁ
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B. Superposition of two Gaussian wave packets

Ny N>
200y & 51 ( D (a0 @) (g(a) + D (a0 ) (x(22))

j=1 j=1

N3

+3 (2099 (x(z4)) - Ex(24))
j=1
N3
M = Ni+No+ > E(xi(z4))

C. numerically computed laser excitation
N N

(3005 & 17 > (200 )W), M= W(5)(x)

j=1 j=1
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Results

ICNAAM 2009, Crete 18/25 Susanna Roblitz



Single Gaussian wave packet
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Reference solution

Strang splitting with Fourier differencing Mamamon ZE[J[53

[Jahnke, Lubich, 2000]
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Grid based initial data
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e=0.01, N=103
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Computation of W(45)(q, p): quasi Monte Carlo with n = 500
and bicubic interpolation
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The Henon-Heiles potential Q‘%
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6 5
=> 3+ _oulqiqi — 390) + 1502(a7 + q71)’
=1 =1

€ _ —3/2 _
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e =0.01, N = 102, accuracy of initial sampling: 1073
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Overall computing times Q:?
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MATLAB 7.5 on a 2.2 GHz AMD Opteron Dual Core 875 Processor

A (¢ = 0.001) B (¢=0.1) C (¢=0.01)
N=3-103 16.4 sec 15.9 sec 38.8 sec
N=3-10* 2 min 45 sec 2 min 44 sec 6 min 39 sec
N =3-10° 31 min 16 sec 31 min 64 min

Henon-Heiles potential (N = 10?): 2.5 sec

Strang reference solution (2048 x 1024): 2h 47 min
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Conclusion
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» Summary
» particle method as an efficient tool for computing expectation
values in high dimensions
2nd order accuracy with respect to the semiclassical parameter
computing time scales linearly with the number of sampling
points
» no curse of dimensionality

> open questions
> long time propagation
» adaptive sampling
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Finally gﬁ
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Thank you for your attention!

Further information

C. Lasser, S. Roblitz: Computing expectation values for molecular
quantum dynamics. Submitted.

2 open positions:
» parameter estimation for large complex systems, e. g. reaction
networks
» qualification:

» Bachelor or Master/Diploma/PhD in Mathematics
» knowledge in numerical mathematics (ODEs,Newton methods)
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