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Abstract

This study presents a differential equation model for the feedback mechanisms between
Gonadotropin-releasing Hormone (GnRH), Follicle-Stimulating Hormone (FSH), Luteinizing
Hormone (LH), development of follicles and corpus luteum, and the production of estradiol
(E2), progesterone (P4), inhibin A (IhA), and inhibin B (IhB) during the female menstrual
cycle. In contrast to other models, this model does not involve delay differential equations
and is based on deterministic modelling of the GnRH pulse pattern, which allows for faster
simulation times and efficient parameter identification. These steps were essential to tackle
the task of developing a mathematical model for the administration of GnRH analogues. The
focus of this paper is on model development for GnRH receptor binding and the integration of
a pharmacokinetic/pharmacodynamic model for the GnRH agonist Nafarelin and the GnRH
antagonist Cetrorelix into the menstrual cycle model. The final mathematical model describes
the hormone profiles (LH, FSH, P4, E2) throughout the menstrual cycle in 12 healthy women.
Moreover, it correctly predicts the changes in the cycle following single and multiple dose
administration of Nafarelin or Cetrorelix at different stages in the cycle.
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Keywords: human menstrual cycle, mathematical modelling, GnRH analogues, differential
equations, systems biology

1 Introduction

The gonadotropin-releasing hormone (GnRH) plays an important role in the female reproductive
cycle. GnRH controls the complex process of follicular growth, ovulation, and corpus luteum
development. It is responsible for the synthesis and release of gonadotropins (follicle-stimulating
hormone (FSH) and luteinizing hormone (LH)) from the anterior pituitary to the blood. These
processes are controlled by the size and frequency of GnRH pulses. In males, the GnRH pulse
frequency is constant, but in females, the frequency varies during the menstrual cycle, with a
large surge of GnRH just before ovulation. Low-frequency pulses lead to FSH release, whereas
high frequency pulses stimulate LH release. Thus, pulsatile GnRH secretion is necessary for correct
reproductive function.
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Since GnRH itself is of limited clinical use due to its short half-life, modifications of its struc-
ture have led to GnRH analog medications that either stimulate (GnRH agonists) or suppress
(GnRH antagonists) the gonadotropins. Agonists do not quickly dissociate from the GnRH re-
ceptor, resulting in an initial increase in FSH and LH secretion (”flare effect”). After their initial
stimulating action, agonists are able to exert a prolonged suppression effect , termed “downregu-
lation” or “desensitization”, which can be observed after about 10 days. Generally this induced
and reversible hypogonadism is the therapeutic goal. GnRH agonists are used, for example, for
the treatment of cancer, endometriosis, uterine fibroids, and precocious puberty [10].

GnRH antagonists compete with natural GnRH for binding to GnRH receptors, thus leading
to an acute suppression of the hypothalamic-pituitary-gonadal axis without an initial surge. For
several reasons, such as high dosage requirements, the commercialization of GnRH antagonists
lagged behind their agonist counterparts [11]. Today, GnRH antagonists are mainly used in IVF
treatment to block natural ovulation (Cetrorelix, Ganorelix) and in the treatment of prostate
cancer (Abarelix, Degarelix) [10].

The fundamental understanding of the receptor response is necessary to create safer phar-
maceutical drugs. Therefore, the aim of this paper is to develop a mathematical model that
characterizes the different actions of GnRH agonists and antagonists by their different effects on
the GnRH receptor binding mechanisms. The model should be able to explain measurement values
for the blood concentrations of LH, FSH, estradiol (E2), and progesterone (P4) after single and
multiple dose treatment with a GnRH agonist or antagonist. Such a model should eventually help
in preparing and monitoring clinical trials with new drugs that affect GnRH receptors.

There are only a few publications available that focus on feedback mechanisms in the female
menstrual cycle. In 1999, a differential equation model that contains the regulation of LH and FSH
synthesis, release, and clearance by E2, P4, and inhibin was introduced by Schlosser and Selgrade
[36, 33]. This model was extended by Selgrade [35], Harris [15, 16] and later by Pasteur [30] to
describe the roles of LH and FSH during the development of ovarian follicles and the production
of the ovarian hormones E2, P4, inhibin A (ThA), and inhibin B (IhB). Reinecke and Deuflhard
[32, 31] added, among other things, a stochastic GnRH pulse generator and GnRH receptor binding
mechanisms. This model was insufficient for our purpose and needed modifications.

On the other hand, there exist pharmacokinetic/pharmacodynamic (PK/PD) models for GnRH
analogues [28, 38, 19]. These models describe the influence on LH and/or FSH but do not include
the GnRH receptor binding mechanisms. Our goal is to couple such a PK/PD model with the
model of the female menstrual cycle.

The paper is organized as follows. In Sec. 2 we derive the model equations with special focus
on the GnRH receptor binding model and the coupling of a PK model. The problem of parameter
identification is addressed in Sec. 3. Sec. 4 contains the simulation results for the normal cycle
as well as for the treatment with Nafarelin and Cetrorelix. The conclusion follows in Sec. 5.
Details about initial values and parameter values as well as a list of abbreviations are shifted to
the appendix.

2 Model Equations

The model of the female menstrual cycle includes the physiological compartments hypothalamus,
pituitary gland and ovaries, connected by the bloodstream. The model delivers a qualitative
description of the following regulatory circuit as illustrated in the flowchart in Fig. 1: In the
hypothalamus, the hormone GnRH (gonadotropin-releasing hormone) is formed, which reaches
the pituitary gland through a portal system and stimulates the release of the gonadotropins LH
and FSH into the bloodstream. The gonadotropins regulate the processes in the ovaries, i.e.
the multi-stage maturation process of the follicles, ovulation and the development of the corpus
luteum, which control the synthesis of the steroids P4 and E2 and of the hormones ThA and ThB.
Through the blood, these hormones then reach the hypothalamus and pituitary gland, where they
again influence the formation of GnRH, LH and FSH.

Since exact mechanisms are often unknown or more specific than necessary, Hill functions are
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Figure 1: Flowchart of the model for the female menstrual cycle.

used to model stimulatory (H™) or inhibitory (H ™) effects:
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Here, S(t) > 0 denotes the influencing substance, T > 0 the threshold, and n > 1 the Hill
coefficient, which determines the rate of switching.

The following model equations partially overlap with equations used in the models of Harris
[15], Pasteur [30] and Reinecke [31], but have been extended and adapted for the purpose of
simulating GnRH analogue treatment. We started with the Reinecke model (named “original”
model) and performed model extension and reduction. First, we reduced this model by omitting
components which couple only weakly to the rest of the model. In particular, we left out the
enzyme reactions in the ovaries. According to [30], the number of follicular phases was extended
from 5 to 8 in order to distinguish between ThA and ThB. Moreover, we replaced the stochastic
GnRH pulse generator by a deterministic counterpart, which will be explained in more detail in
Sec. 2.5.

2.1 Luteinizing Hormone

The gonadotropin equations are based on synthesis-release-clearance relationships. This structure
was first introduced in [33]. LH-synthesis in the pituitary is stimulated by E2 and inhibited by P4.
There is a small constant release rate of LH into the blood (brm,,,) [18], but the release is mainly
stimulated by the GnRH-receptor complex and additionally, if present, by the agonist-receptor
complex. Parameter Vj;,,q4 corresponds to the blood volume. From the blood, LH is cleared by



binding to free LH receptors (k%) and by other unspecified mechanisms (clpp) -

Synu(t) = (bLs,, + mlﬁ? -H(E2(t), Ty s ngy)) - H‘(P4( ), Tpi's npy) (1a)
Relun(t) = (buig, +mcls - HY (G-R(t) + Ago-R(¢), T&'r; ncir)) - LHpie (1) (1b)
d
S LHy(8) = Synyg(t) — Relua(t 1)
d
fLHblood(t) = . RelLH(t) — (/{ig,,}} . RLH(t) + ClLH) 'LHblood(t) (2)
dt Viiood

LH receptor binding is described by chemical reaction kinetics:

LH

LHyi00q + Rom 2 LH-R

kS
LH-R — l{LH, des

LH
Tecy

Rin,des — Rim

The corresponding differential equations read:

d

G Reu(t) = Kroey - Rumt,des(t) = ko - LHpiooa (t) - Rum(t) (3)
d
Z LH-R(1) = kgn - LHpio0q(t) - RLn(t) — kiik - LH-R(2) (4)
d
77 Rt des(t) = kies - LH-R(t) — kyar, () - Rup,des (t) (5)

2.2 Follicle Stimulating Hormone

FSH synthesis is stimulated by low GnRH frequencies to account for a suppression of FSH in case
of a constant frequency [14]. Moreover, FSH synthesis is inhibited by ThA and ThB [13, 17, 24, 34].
In [30], these mechanisms were modelled by delay differential equations to account for a delayed
inhibitory effect of both ThA and ThB. Since in our model the timing of FSH synthesis and release is
additionally influenced by GnRH, the delayed effect of IThB could be neglected. The delayed effect
of ThA, however, is still important. To avoid the use of delay differential equations we therefore
introduced a “delay component” ThA,, compare Eq. (28). The equations for release and clearance
of FSH are the same as for LH.

FSH
Synpsy(t) = il - H™ (freq, TFSH; nSH) (6a)
YNrsH 14 (IhA ) NIhA N (IhB )nlhB q’ freq 7 "*freq
Tina Tns

Relpsn(t) = (brstn, +meSg - H(G-R(t) + Ago-R(1), TER; neck)) - FSHpie (1) (6b)
d
21 FSHpie(t) = Synpsu(t) — Relpsn() (6)

1

FSHblood( )= - Relpsp (t) — (KESY - Rpsy + clrsn) - FSHpio0a(t) (7

Vilood
FSH receptor binding is described by chemical reaction kinetics:

FSH
FSHpiooq + Riesi —— FSH-Rpgy
kst
FSH-Rrsg —— RrsH, des
FSH
RrsH,des —— Rrsu



The corresponding differential equations read:

d
aRFSH(t) = kyor) - Res,des(t) — ko' - FSHpiooa (t) - Rrs (t) (8)
%FSH—R(t) = kS FSHyp0a(t) - Resu(t) — k5ol - FSH-R(t) (9)
d
%RFSH,des (t) = kgssH -FSH-R(t) — kEeScI; - RFsH, des (t) (1())

2.3 Development of Follicles and Corpus Luteum

The model for the development of follicles is adapted from [30]. Follicular growth is initiated
by FSH. Then, transition from one follicular stage to the next is stimulated by LH and/or FSH.
Moreover, the growth rate of the secondary follicles SeF'1 and SeF?2 increases with increasing follicle
size. To account for large LH and FSH peaks resulting from GnRH agonist treatment, we added
some new features to the original model.

First, the action of LH and FSH was replaced by the action of their corresponding receptor
complexes. Moreover, the growth of the secondary follicles SeF1 and SeF2 is now bounded by a
maximum capacity (SeF.y). With increasing size, the follicles evolve LH-receptors (RIS} on the
granulosa cells, thus becoming more sensitive to LH, which stimulates their transition to the next
stage [39]. The LH receptors disappear with the sustained development of the corpus luteum,
represented by increasing amounts of P4:

CRIN() = iy T (FSHR(1), TigH: nigi) — miSy - (PA(e), TR nfy) - RIS (1)
All LH dependent transition rates between different follicular stages are multiplied with the amount
of Ri"f{l These changes became necessary to capture different effects of an LH peak (caused by
GnRH agonist treatment) in the early and late follicular phase. The corpus luteum starts to
develop under the condition that there is an LH peak and the follicles are ready for ovulation.
Therefore an ovulatory follicle (OvF) only develops when the preovulatory follicle (PrF) is large
enough. Thus, an LH peak in the early follicular phase cannot cause ovulation. To make the
ovulatory scar (Scl) independent from the size of the ovulatory follicle OvF, its growth only de-
pends on OvF via a Hill function. Thus, a normal luteal function is maintained even if ovulation is
enforced earlier, for example by GnRH agonist treatment in the late follicular phase. Furthermore,
the transitions between different luteal stages are stimulated by the GnRH-receptor complex or
the agonist-receptor complex, respectively. This modification became necessary to account for a
truncated luteal phase after agonist administration in the late luteal phase.

%PrAl(t) = mpgy - HY(FSH-R(t), Tt s npst') — kpiat - FSH-R(f) - PrAl(r)  (12)
%PrAQ(t) = kE'42 . FSH-R(t) - PrA1(t)

eF1

— kSR (LH-R(t)/SFLir)"PA2 - RO ()L - PrA2(t) (13)
%Sem) — KRS - (LH-R(1)/SFrig) a2 - RIGH (1) - PrA2(t)

+ kSE] - FSH-R(t) - SeF1(t) - (1 — SeF1(t)/SeFmax)

— KSSE? - (LH-R(1)/SFLir) S5 - RIH(¢) - SeF1(t) (14)
%Semw = kST - (LH-R(1)/SFyg) "0 - R (1) - SeF1(1)

+ k5E2 . (LH-R(t)/SFLur)" 572 - SeF2(t) - (1 — SeF2(t)/SeFax)

— k§fo - (LH-R()/SFLur) - Ry (t) - SeF2(t) (15)



iPrF(t) = kSE, - (LH-R(t)/SFLur) - R () - SeF2(t)

dt
— clpyp - (LH-R(t)/SFrir)"™™* - RION(¢) - PrF(t) (16)
@OvF() mQF - (LH-R(t)/SFLr) ™ - RIH(E) - BT (PrF(t), TOF @)
— clovr - OVE(1) (17)
L51(1) = mEle - HE(OVE(D), Tk, i) — k52 -Sel (1) (18)
%ScQ(t) = k5% - Scl(t) — k5t . Sc2(t) (19)

d u
%Lutl( )= 15462“ Sc2(t)

— kit - (1+ m@'h - H(G-R(t) + Ago-R(t), T{'s:; neh)) - Lutl(t) (20)
d
ZpLut2(t) = ks - (14+mg'h - HT(G-R(t) + Ago-R(t), TH%; né'k)) - Lut1(t)

— ket - (1+mg'h - HT(G-R(t) + Ago-R(t), T neh)) - Lut2(t) (21)
d
%Lut?)( ) = kpms(1+ma'h - HY(G-R(t) + Ago-R(t), T&%; né’'R)) - Lut2(t)

—kpms - (1+ m@'s - H(G-R(t) + Ago-R(t), T{': neh)) - Lut3(t) (22)
d
—Lutd(t) = ks (1+ma's - HT(G-R(t) + Ago-R(t), T nh)) - Lut3(t)

— clpuea - (1+ mLUt HT(G-R(t) + Ago-R(t), Té“ﬁ,nauﬁ)) - Lut4(t) (23)

2.4 Estradiol, Progesterone and Inhibins

E2, P4, ThA and IhB are produced by the follicles and/or the corpus luteum. The ability of the
follicles to produce E2 is stimulated by the GnRH-receptor complex and additionally, if present,
by the agonist-receptor complex. This feature was introduced in the model to capture the increase
in E2 at agonist administration.

%EZ( £) = bis + KE%, - (G-R(t) + Ago-R(1)) - SeF1(¢)

+ k&2 - SeF2(t) + kE% - (G-R(t) + Ago-R(t)) - PrF

+ kLutl Lutl(t) + kLut4 Lutd(t) — clgs - E2(t) (24)
%M( £) = bpa + kD3, - Lutd(t) — clpa - PA(E) (25)
D INA(M) = bia + ki3S - PE(E) + K, - Luta )

+ kA Lut3(t) + kM2, - Lutd(t) — clma - ThA(t) (26)
%IhB( £) = bus(£) + KB, - PrA2(t) + k2B . Se2(t) — clung - ThB(1) (27)

To account for a delayed effect of ThA on FSH synthesis and to avoid the use of delay differential
equations, we additionally introduce a “delay component”:
d
%IhAT(t) = ClIhA . IhA(t) - ClIhATIhAT (28)

2.5 Gonadotropin Releasing Hormone

The level of GnRH (G) is dependent on the amount (mass) produced in the hypothalamus and the
frequency of pulsatile release into the pituitary. The frequency is inhibited by P4 and stimulated



by E2 [12, 21, 14]. Moreover, we assume that E2 is inhibitory on the released amount of GnRH
at low concentrations and stimulatory at high concentrations [4, 37, 14].

freq(t) = k™UH ™ (P4(t), Toy % npe®) - (1 + mpe® - HT (B2(2), Ts % npsgh)) (29a)
mass(t) = k™ (H+<E2<t>, Tt ety + H™ (B2(t), Ty ng“;*“?)) (29b)

%G(t) = mass(t) - freq(t) — kS, - G(t) - Rg.a(t) + koGﬁ -G-Ra(t) — kG, - G(1) (29)

degr

This modelling is purely deterministic, in contrast to the stochastic GnRH pulse generator that
was used by Reinecke [32]. That stochastic modelling, when correctly implemented, had required
extremely small time steps which are impractical for the simulation of several cycles including
parameter identification. Moreover, in that model a constant GnRH pulse frequency had had no
effect on the course of the menstrual cycle, which contradicts scientific findings. Since we are not
interested in the stochastic pulse pattern but in the mean frequency and the amount of GnRH in
the pituitary, the deterministic modelling is fully sufficient. If wanted, the pulse pattern of GnRH
could be computed from the frequency but this is not in the scope of our present model.

The model for the GnRH receptor binding is similar to the model of the epidermal growth
factor receptor presented in [22] and is described via the following scheme:

T k((;egr

> GnRH pituitary (G )

G
koff

active GnRH-receptor %
< complex (G-Ry) < 5
kon
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Figure 2: GnRH receptor binding model as it is integrated into the large model, see upper left
part of Fig. 1.

In the pituitary, the GnRH receptors available for binding (Rq ») are assumed to be on the cell
surface. We also assume a pool of inactive GnRH receptors (Rg,i) inside the cell, not available
for binding. The GnRH that is released from the hypothalamus binds via a reversible reaction to
its free receptors on the cell surface, forming an active GnRH-receptor complex (G-R,), that is
also located on the cell surface. This complex gets internalized (or inactivated) and recycled to
the membrane (re-activated) in a reversible way. The inactive complex (G-R;) is degraded and,
at the same time, it dissociates inside the cell, forming new inactive GnRH receptors in the pool.
From the pool, a certain amount of receptors are permanently recycled and becoming active with

rate constant ki‘egy At the same time active receptors on the cell surface are internalised and

become inactive with rate constant kgﬁer. We assume that there is a permanent synthesis and

degradation of free inactive receptors inside the cell. The differential equations corresponding to



the above described reaction scheme are described below:

%Rg,a(t) = kS - G-Ra(t) — kS, - G(t) - Raa(t) — kS, - Raa(t) + kg, Ra (30%)
%Rg,ios) = kG G-Ry(t) + kpG,, - Raa(t) = BiS,Ras(t) + ki — kol - Rai(t)  (31%)
%G-Ram = kG, - G(t) - Raa(t) — kS - G-Ra(t) — kfiat, - G-Ra(t) + kG G-Ri(1) (32)
%G—Rm = kgraty - G-Ra(t) — Ko G-Ry(t) — k'« G-Ry(t) — kgt - G-Ry(t) (33)

The star in the equation number labels preliminary equations which are changed when GnRH
analogues are included into the model system.

2.6 Administration of GnRH Analogues
2.6.1 The pharmacokinetic model

Administration of GnRH agonists and antagonists is modelled via a classical two-compartment-
PK model [3]. The drug is administered directly into the dosing compartment, from where it
is transported into the central compartment. A certain amount of drug reaches the peripheral
compartment, from where it is transported back into the central compartment. We chose this
approach to account for a two-phase decrease in the drug data (Cetrorelix). Regarding the data
of Nafarelin, the agonist model could as well be modelled with a one-compartment-PK model, but
the current approach is more general and only insignificantly more costly. In the following, we use
the agonist as example to describe the reaction scheme between the compartments:

kﬁg” kf;‘?” clago
C
Agoy —— Ago, ngo Ago, Ago, — %

pc

Agoy is the amount of agonist in the dosing compartment, Ago, the amount in the central, and
Ago,, the amount in the peripheral compartment. Here and in the following, the  represents a
component without feedback to the rest of the system, which is therefore neglected during the
simulation.

The agonist concentration in the dosing compartment is determined by first order absorption:

4

Zr Ao (t) = —k4?" - Agoy(t) (34)

At the time points of dosing, {tp;}i~, the dose D44, is added to Agoy(t).

Since only the free drug in the central compartment is available for binding to the GnRH
receptor, we multiply the amount of agonist that reaches the central compartment from the dosing
compartment with the fraction unbound in plasma, ffgo. This value was obtained from the
literature [25, 28]. Moreover, the agonist concentration is diluted with respect to the volume of
the central compartment (V).

The differential equations for the components of the PK model are:

d o o
T Ag0.(1) = k4% - Agoa(t) - f19°/ Ve — clago, - Agoc(t)
— kéjg" - Ago.(t) + k:;‘cgo . Agop(t) (35%)

d o o
%Agop(t) = kéng - Ago,(t) — k:;?cg - Ago, (1) (36)

The equations for the antagonist PK model look exactly the same, except that in the parameter
and component names “Ago” is replaced by “Ant”.
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Figure 3: Coupling of the 2-compartment PK model to the GnRH receptor binding model, see
also upper part of Fig. 1.

2.6.2 Agonist receptor binding

The coupling of the PK equations to the rest of the model occurs via reaction-rate equations
(Fig. 3). The agonist binds via a reversible reaction to free GnRH receptors on the cell surface
(Rg,a) and forms an active complex (Ago-R,), which is acting in the same way as the GnRH-
receptor complex. That means, the complex gets internalized and recycled in a reversible way.
The inactive complex is degraded or dissociated into a pool of inactive receptors inside the cell.
The reaction scheme is:

koil® K™ ™
SF pago - Ago. +Rga +=—— AgoR, Ago-R, =—— Ago-R,
Ago Ago-R
kOJ; mlict
k?go—R kAgo-R
aegr diss
Ago-R, —— «x Ago-R, ——— Rg.

The scaling factor SFag, accounts for the conversion of units from the agonist in the central
compartment (usually ng/mL) to the amount of agonist-receptor complex (nmol/mL). The amount
of active and inactive agonist-receptor complex is calculated as:

%Ago—Ra (t) = k2% SF ago - Realt) - Ago,(t) — k5" - Ago-R,(t)

+ s Ago-R (1) — kst - Raa(t) - Ago-R, (t) (37)
%Ago—Ri (t) = k5570 Raa(t) - Ago-R, (1) — ko™ - Ago-R, (1)

— BTN AgoR, (1) — kGST - Ago-R, (1) (38)

The effect of the agonist-receptor-complex is added to the effect of the GnRH-receptor complex
wherever it appears (cf. Relpy, Relpsy, CL development, E2).

Since the binding is reversible, it also effects the equation for the agonist in the central com-
partment:

d 0 o
T A80.(1) = k3% Agoa(t) - f19°/Ve = clago, - Agoc(?)
Ago Ago
- kcpg : Agoc (t) + kpcg : AgOp (t)
— k9 Realt) - Ago(t) + k5% /SF ago - Ago-R, (1) (35)



2.6.3 Antagonist receptor binding

There are differences in the impact of the agonist and antagonist, which are due to a different
behavior of the agonist and antagonist receptor complexes. In contrast to the agonist, the GnRH
receptor is not activated by binding to the antagonist. Therefore, we consider only the following
reactions:

i

SFAnt : Antc + RG,a N Ant-R Ant-R N *
kAnt
off

The equation for the antagonist-receptor complex is

%Ant—R(t) = EAT . SFan - Rga(t) - Ant(t)

— kog' - Ant-R(t) — k4™ - Ant-R(t). (39)
The modified equation for the central compartment becomes
d
—Ante(t) = k4™ Antq(t) - f2" Ve — clang, - Ante(t)
— kO Anto(t) + k- Ant, (t)
— k) Raal(t) - Ante(t) + k)" / SF ane - Ant-R(t). (40)

Finally, the equations for both the active and the inactive GnRH receptors have to be modified:

d
aRg,a(t) = kSy - G-R(t) — kS, - G(t) - Rg.a(t)

- kgct;er ! RG7a(t> + kigyRG,i

- kfgo ! SFAgo . AgOC(t) . RG,a(t) + kf;}o . AgO-R(t)

— KO0+ SF ang - Ante(t) - Ra,a(t) + kJF" - Ant-R(¢), (30)
d _
T Rai(t) =kl GRi(t) + ke - Raa(t) — kiig, Rai(1)

+kGs — kLS Rai(t) + k22 - Ago-R, (1) (31)

3 Applied numerical algorithms

The main difficulty is not to simulate the system, i.e. to solve the differential equations, but to
identify the unknown parameters. We will briefly describe the mathematical techniques that we
use for parameter identification.

Formally, the system of differential equations can be written as

y'(t,p) = f(y(t,p), P),

where y(¢t,p) = (y1(¢,p),.--,yn(t, p)) denotes the solution vector for a given parameter vector
p = (p1,.-.,Pq). Assume there are m experimental data points varying in the selected component
at different time points,

Zk:@jk(tk;), kzl)"'ama jk€{17"'7n}7

associated with corresponding measurement tolerances 6zj. Here g, (tx) denotes the measurement
of component y;, at time ¢;. The m to n mapping ji assigns to every measurement time point ¢,
one of the n components of y.

10



Parameter identification is equivalent to solving the least squares minimization problem

I(p) =F(p)"F(p) — min,

where F(p) = (F1(p), ..., Fin(p)) is a vector of length m with entries

_ Ui (tky P) — 2

Fi.(p) S

That means we want to minimize the relative deviation of model and data at the measurement
time points t;. The above problem, which is highly nonlinear in p, can be solved by affine covariant
Gauss-Newton iteration, see [5], where each iteration step ¢ requires the solution of a linear least
squares problem,

J(p")Ap' = F(p’).
The kth row of the Jacobian (m X ¢)-matrix J(p) has the form

J(p)(ka :) = vpyjk (tka p)a

thus representing the sensitivity of the solution y with respect to the parameters p at the time
points of measurements. An analysis of the matrix J(p) gives some hints whether the current
combination of model and data will permit an actual identification of the parameters. Parameters
with very small sensitivity have nearly no influence on the solution and can therefore not be
estimated. In this case the entries of the corresponding column in J(p) (and thus the weighted Iy
column norm) are almost zero. Furthermore, some of the parameters might be linearly dependent,
which leads to nearly identical columns in J(p). In both cases the matrix J(p) will be singular
or, from a numerical point of view, nearly singular.

Linearly independent parameters can be identified by analyzing their subcondition. Let us
consider the QR-decomposition of J(p). By a suitable permutation of the matrix columns of
J(p), the diagonal elements of the upper triangular matrix R can be ordered in the form r1; >
792 > ... > 14q. The subcondition of parameter p; is given by

5C; = 7"11/T‘jj.

Thus, the permutation of matrix columns corresponds to a new ordering of parameters according
to increasing subcondition. The subcondition indicates whether a parameter can be estimated
from the given data or not. Only those parameters can be estimated for which

sc; < 1/e,

where € is the relative precision of the Jacobian J(p) [6]. The above described techniques for
solving a nonlinear least squares problem were first implemented in the software packages PARKIN
[29, 7] and NLSCON [1, 5]. A renewed version of this software, named BioPARKIN [8], which is
especially adapted to parameter identification in ordinary differential equation models, has been
used throughout the study.

4 Simulation Results

4.1 Normal Cycles

The simulation results in Fig. 4 show that the current set of model parameters generates curves
consistent with the data for 12 healthy women with a normal menstrual cycle. The women were
synchronized at the beginning of the study. Parameters have been estimated such that the cycle
length in the simulation is about 28 days throughout. Initial values have been chosen in such a
way that the simulation starts on a limit cycle.

11



LH FSH
150 20

100

mlU/mL

50

Figure 4: Simulation results (solid lines) with parameters fitted to the data from 12 healthy women

(LH, FSH, E2, P4). Individual patient level hormonal data were pulled from Pfizer database. The
time units are days.
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4.2 GnRH Agonist Nafarelin

The parameters for the PK model of single dose Nafarelin administration were obtained as pop-
ulation estimates from NONMEM analysis of a 2-compartment model with 1st order absorption
(Tab. 1). The values ko, = 2.5nM~' - min~! and kog = 5min~' are reported in [2]. To ob-
tain a reasonable dynamic behavior, however, we had to use values that are ten times smaller
(kon = 0.25nM ™! - min~!, ko = 0.5min_1), but the ratio kon/kog = 0.5nM ™! has been kept.
The remaining parameters are listed in Tab. 2. These values were used as starting values for
parameter identification with single and multiple dose Nafarelin data. However, the parameters

Ago-R 1 Ago-R 1A A . . )
K fgorR, KAER kA% and k22 are difficult to estimate, see for example Fig. 5. Moreover, the val-

ues for k28 and kﬁ‘éo changed only slightly during optimization with data from different women.
Therefore, we kept the initial parameter values because they give reasonable results. A similar
argument applies to k42t kARt and deer;t;R during parameter identification with data for Cetrorelix
administration. On the other hand, clago ant, is the most sensitive and best identifiable parameter.

Its value for different data sets is listed in Tab. 3.

The simulation results for single administration of 100ug Nafarelin are illustrated in Tab. 5.
Administration of Nafarelin in the early follicular phase postpones ovulation, whereas ovulation is
triggered when Nafarelin is administered in the late follicular phase. The luteal phase is truncated
by Nafarelin administration. Tab. 4 contains a comparison between experimental observations
reported in the literature [27] and our simulation results, which are in good agreement. Similar
results were obtained in a simulation with a lower dose of 5ug (figures not shown).

parameter Ave kA cla, kS, k.
unit 1/L 1/d 1/d 1/d 1/d
Nafarelin (sd) 0.0562 108 5.976 68.88 157.68
Cetrorelix (sd) 0.03  65.2 - 3.216  4.76
Cetrorelix (md)  0.023  73.84 - 2.704  0.936

Table 1: Pharmacokinetic parameters for single dose Nafarelin administration (NONMEM pop-
ulation estimates) and for the administration of single and multiple dose Cetrorelix (reported in
[28]). The parameters occur in Eq. (35) and Eq. (40). The superscript letter “A” in the parameter
names stands for Ant or Ago, respectively.

parameter ko, kyg ki K Kiaer Ko
unit L/(dnmol) 1/d 1/d 1/d 1/d 1/d
Nafarelin 360 720 0.1 360 0.36 3.6
Cetrorelix 360 720 0.01 - - -

Table 2: Receptor binding parameters for Nafarelin and Cetrorelix. The parameters occur in
Eq. (37), Eq. (38), and Eq. (39). The superscript letter “A” in the parameter names stands for
Ant or Ago, respectively.

The simulation results for multiple administration of 250ug Nafarelin are presented in Fig. 6.
After the initial stimulatory phase, LH and FSH levels are suppressed but acute responses to
Nafarelin are maintained. In all cases, ovulation is inhibited (absence of luteal phase). The acute
E2 response is still evident, but the higher the dose, the more profound the suppression of E2
(figures not shown). This agrees very well with the observation in [26].
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4.3 GnRH Antagonist Cetrorelix

The parameters for the PK model of single and multiple dose Cetrorelix administration were
reported in [28], see Tab. 1. Furthermore, the data for single as well as multiple dosing can be
captured equally well by the same receptor binding parameter values, see Tab. 2.

The simulations for single dose administration of Cetrorelix were performed by varying the
time of dosing, the dose (Dant), and the clearance rate constant (clant,), see Tab. 3. All other
parameter values were kept fixed. The simulation results are illustrated in Tab. 6 and Tab. 7.
High doses (> 3 mg) postpone ovulation, whereas lower doses (< 1mg) do not result in a delay.
This agrees with published data [23, 9]. In our model, the length of the suppressive effect depends
on the individual clearance rate of Cetrorelix from the central compartment.

The simulation results for multiple dose administration are presented in Tab. 8. Note that the
data are group averages [9]. The time point of ovulation after the final dose is hardly visible in
the data because the LH peak, for example, has disappeared by data averaging. Nevertheless, the
simulation results agree with the reported delays of ovulation. An acute response to Cetrorelix is
visible for all doses in all components (LH, FSH and E2), but the suppression of E2 in strongest
in the highest dose group (1000ug). Moreover, E2 values after ovulation hint to a normal luteal
function, and the next cycle after treatment has normal length of 28 days.

5 Conclusion

The mathematical model developed in this paper describes the hormone profiles throughout the
female menstrual cycle in correspondence with measurement values of LH, FSH, P4 and E2 for 12
individual healthy women. Unlike previous models [15, 32, 30|, the new model correctly predicts
the changes in the cycle following single and multiple dose administration of a GnRH agonist
or antagonist at different stages in the cycle. To the best of our knowledge, this is the first
mathematical model that describes such feedback mechanisms in consideration of cyclicity of the
female hormonal balance.

The model applied herein for the normal cycle without GnRH analogues comprises 33 dif-
ferential equations and 114 unknown parameters. Thereof 21 could be identified from the data
of 12 individual women. The number of identifiable parameters increased to 52 when Nafarelin
and Cetrorelix data were included. Thus we have learned more about the system by studying
its reaction to external manipulations. The number of identifiable parameters might be further

14
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Figure 6: Simulation results for the daily administration of 250 ug Nafarelin on cycle days 1 to
90 (individual data from [20], also published and discussed in [26]). After an initial stimulatory
phase, LH, FSH and E2 levels are suppressed but acute responses to Nafarelin are maintained,
whereas P4 is suppressed constantly.
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sd/md 1D to ty Da cla,
d a4 pg  1/d

Nafarelin sd 105 5 5 100 5.48
Nafarelin sd 208 12 12 100 9.62
Nafarelin sd 306 22 22 100 6.00

Nafarelin md 311 1 90 250 30

Cetrorelix sd Leroyl 14 14 5000 1.0
Cetrorelix sd Leroy2 14 14 5000 0.6
Cetrorelix sd Leroy3d 14 14 5000 5.0
Cetrorelix sd Leroy4 14 14 3000 1.8

Cetrorelix sd Duijl 3 3 250 6.0
Cetrorelix sd Duij2 3 3 500 5.0
Cetrorelix sd Duijd 3 3 1000 5.0
Cetrorelix md Duijl 3 16 250 3.0
Cetrorelix md Duij2 3 16 500 3.0
Cetrorelix md Duij3 3 16 1000 3.0

Table 3: Parameters for the administration of single dose (sd) and multiple dose (md) Nafarelin or
Cetrorelix. The parameter cl4 turned out to be the most sensitive and best identifiable parameter
and was therefore varied between the different data sets.

reference [27] simulation results

ovulation 15 days after Nafarelin administra- ovulation 17 days (100ug) or 14 days (5ug)
tion, prolongation of cycle by 4.6 + 1.7 days after Nafarelin administration

shortened cycle by 2.3 & 1 days, statistically shortened cycle by 2 days (100ug) or 3 days
not significant (5ug)

truncated luteal phase by 4 days truncation of luteal phase by several days, de-
pending on the day of dosing

Table 4: A comparison between experimental observations reported in [27] (reference) and our
simulation results.

increased by including more data, for example data for the administration of LH or FSH agonists
or antagonists.

A key step in developing a mathematical model for the administration of GnRH analogues was
the elimination of time delays and the integration of a deterministic model for the GnRH pulse
pattern. The deterministic modelling turned out to be fully sufficient. In particular, in our model
a nearly constant GnRH frequency, as it results for example during the multiple dose treatment
with a GnRH antagonist, reduces the FSH concentration in the blood. This agrees with published
observations.

The new model emphasizes the importance of time of dosing within the cycle, and it gives
insight into the recovery of the cycle after the final dose. The model is robust in the sense that,
after the final dose, the solution returns to the initial steady state. Beyond the results given
here, a different parametrization would lead to a destabilization of the cycle, which might be an
interesting topic for further investigations.

Simulation results for single and multiple dosing of Nafarelin and Cetrorelix are in good qual-
itative agreement with the data, but the quantitative agreement could be improved with “better”
data. Ideally, the data for the dosing event would come along with measurements that were taken

16
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Table 5: Simulation results for the administration of 100ug Nafarelin (single dose) at different

times in the cycle (data from [27]).

17



Leroyl (5mg) Leroy2 (5mg) Leroy3 (5 mg) Leroy4 (3mg)
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Table 6: Simulation results and data (from [23]) after the administration of 5mg (top three lines) or
3mg (bottom line) single s.c. dose of Cetroreliz to four representative women in the late follicular
phase. The LH peak occurs 9, 14, 3 or 5 days after antagonist administration, depending on the
individual degradation rate of Cetrorelix.

during the non-treatment cycle. This kind of data would allow for an individual parametrization
of the non-treatment cycle, including individual cycle length and basal hormone levels. In this
case, a better fit to individual dosing data could be obtained. However, this was not the case for
the available data.

Parameter identification also gets difficult or even impossible with averaged data when aver-
aging takes place for women with different cycle lengths and/or at different phases of the cycle
as for example in [9]. The reason for this is that such data can simply not be explained by a
single parametrization. Ideally, one would have individual data available, but such data are usu-
ally deleted in industry when a study is finalized and results have been published. Therefore, we
hope that more companies and departments will save and provide their data in the framework of
standardized data management systems.

The model could be used as starting point for further investigations. For example, in drug
development one could study the influence of certain diseases on the menstrual cycle. Moreover,
further testing would be required with the model to check that the parameter estimates determined
from the GnRH antagonist and agonists and healthy women are viable for other therapeutic agents
acting on other targets, e.g. LH and FSH. The results can then be used to explore novel targets.
In order to simulate therapeutic options, our objective for the future is to not just model the
idealized cycle of an “idealized woman”, but to describe individual “virtual” patients by reliable
models.
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Table 7: Simulation results and data (median for n = 12 per group, from [9]) following single s.c.
administration of Cetroreliz in the early follicular phase (cycle day 3). In all figures the time units
are days. The administration did not result in an apparent delay of ovulation.
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Table 8: Simulation results and data (median for n = 12 per group, from [9]) following daily
administration of Cetrorelix between cycle days 3 and 16. Ovulation is delayed by 5 days (0.25mg),
10 days (5mg), or 13 days (1lmg).
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A Abbreviations

abbreviation explanation

LH luteinizing hormone

FSH follicle stimulating hormone

E2 estradiol

P4 progesterone

ThA, ThB inhibin A/B

IhA inhibin A delayed by diffusion

GnRH, G gonadotropin releasing hormone

PrAl, PrA2 early and late primary follicle

SeF1, SeF2 early and late secondary follicle

PrF preovulatory follicle

OvF ovulatory follicle

Scl, Sc2 early and late ovulatory scar
Lutl/2/3/4 development stages of corpus luteum
Rru rsu free LH/FSH receptor

LH-R, FSH-R LH/FSH receptor complex

Raayi free active/inactive GnRH receptor
G-Rg/; active/inactive GnRH receptor complex
Rﬁ}l{l LH receptors on follicular granulosa cells
Antg/e/p GnRH antagonist in dosing/central/peripheral compartment
Ag0og/e/p GnRH agonist in dosing/central /peripheral compartment
Ago-R, /i active/inactive agonist receptor complex
Ant-R antagonist receptor complex

B Parameter Values

Table 9: Parameter values (d=days)

No. Symbol value unit explanation eqs.
1 bLus,, 7309.92 1U/d basal LH synthesis rate constant (1la)
2 mEH 7309.92  IU/d E2 promoted LH synthesis rate con- (la)
stant
8 192.2 pg/mL threshold of E2 (1a)
4 ngs 10 - Hill exponent (1a)
5 TEHE 2.371 ng/mL threshold of P4 (1a)
6 nkl! 1 - Hill exponent (1a)
7 bLH 0.00476 1/d basal LH release rate constant (1b)
8 mely 0.1904 1/d influence of GnRH receptor complex on  (1b)
LH release
9 1IE% 0.0003 nmol/L threshold of GnRH on LH release rate  (1b)
10 nih 5 - Hill exponent (1b)
11 Viiood 6.589 L blood volume (2),(7)

Continued on next page...
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Table 9 — continued from previous page

No. Symbol value unit explanation eqs

12 kLH 2.143 L/(d-1U) binding rate of LH to its receptor (2)-(4)

13 o™ 74.851 1/d clearance rate of LH from the blood (2)

14 kL, 68.949 1/d formation rate of free LH receptors (3),(5)

15 ki 183.36 1/d desensitization rate of LH receptor (4),(5)
complex

16 Tflfesf 0.8 1/d threshold of GnRH frequency (6a)

17 anrggI 5 = Hill exponent (6a)

18 mbSH 2.213e+4 1U/d basal FSH synthesis rate constant (6a)

19 TinaA 95.81 IU/mL threshold of Inhibin A in FSH synthesis  (6a)

20 TinB 70 pg/mL threshold of Inhibin B in FSH synthesis  (6a)

21  Na 5 - Hill exponent (6a)

22 nmB 2 - Hill exponent (6a)

23 bpsup, 0.05699 1/d basal FSH release rate constant (6b)

24 mESH 0.272 1/d stimulation of FSH release by GnRH re-  (6b)
ceptor complex

M T 0.0003 nmol/L threshold of GnRH on FSH release rate  (6b)

26 nESH 2 - Hill exponent for FSH release (6b)

27  kESH 3.529 L/(d-IU) binding rate of FSH to its receptor (7)—(9)

28 ™8 144.25 1/d clearance rate of FSH from the blood  (7)

29 kfesglg 61.029 1/d formation rate of free FSH receptors (8),(10)

30  KkESH 138.3 1/d desensitization rate of FSH receptor (9),(10)
complex

BN 0.5 [RioH] threshold of FSH-R to stimulate LH re-  (11)
ceptors on granulosa cells

32 ni%ﬁ 5 - Hill exponent (11)

o mi 1.235 ng/mL threshold of P4 for clearance of LH re- (11)
ceptors on granulosa cells

34 nppim 5 - Hill exponent (11)

35 mi%ﬁ 0.219 [RiSM]/d synthesis rate constant of LH receptors (11)
on granulosa cells

36 mpit 1.343 1/d R clearance rate constant (11)

37 mk 1.208 1/d growth rate of Scl stimulated by OvF  (18)

38 mdyF  7.984 1/d growth rate of OvF (17)

39 kSRl 0.122 1/(d-nmol) self growth rate of SeF1 (14)

22
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Table 9 — continued from previous page

No. Symbol value unit explanation eqs.

40  kgeE2 122.06 1/d transition rate constant from SeF1 to (14),(15)
SekF2

41 kSeEZ 12.206 1/d self growth rate of SeF2 (15)

42 KEE, 332.75 1/d transition rate constant from SeF2 to (16)
PrF

43 clpr 122.06 1/d elimination rate constant of PrF (16)

44 clovr 12.206 1/d elimination rate constant of OvF (17)

S 1.221 1/d transition rate constant from Scl to Sc2  (18),(19)

46 kiut 0.959 1/d transition rate constant from Sc2 to (19),(20)
Lutl

47 krus2 0.925 1/d transition rate constant from Lutl to (20),(21)
Lut2

48 kbuts 0.7567 1/d transition rate constant from Lut2 to (21),(22)
Lut3

49  kpuis 0.61 1/d transition rate constant from Lut3 to (22),(23)
Lut4

50  clputa 0.543 1/d clearance rate constant of Lut4 (23)

51  ngek? 5 - Hill exponent (14),(15)

52 NSeF2 2 - Hill exponent (15)

53 9% 6.308 - Hill exponent (16),(17)

54 nPRL  3.689 - Hill exponent (13),(14)

55 nbial 5 - Hill exponent (12)

56 TreAl 0.608 IU/L threshold of FSH receptor complex for (12)
stimulation of PrA1l

57 mi  3.662 [PrAl]/d growth rate of PrAl (12)

58 kbra? 1.221 L/(d-1U) transition rate constant from PrAl to (12),(13)
PrA2

59 kPRl 4.882 1/d transition rate constant from PrA2 to (13),(14)
SeF'1

60 SFrur 2.726 IU/L scaling of LH receptor complex (13)-(17)

61  TOWF 3 [PrF] threshold of PrF for OvF formation (17)

62 nQF 10 - Hill exponent (17)

63  SeFax 10 [SeF1] maximum size of SeF1 and SeF2 (14),(15)

64  T5h 0.02 [OVF] threshold of OvF to form Scl (18)

65  noh 10 = Hill exponent (18)

Continued on next page...
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Table 9 — continued from previous page

No. Symbol value unit explanation eqs.

66  miuh 20 [Lut1] effect of G-R to stimulate luteal devel- (20)—(23)
opment

67  TE% 0.0008 [G-R] threshold of G-R to stimulate luteal de-  (20)—(23)
velopment

68  notk 5.395 [G-R] Hill exponent (20)-(23)

69  bpo 51.558 pg/(mL-d) basal E2 production (24)

70 kB%,, 2.0945 pg/(mL-[PrA2]-d)  production of E2 by PrA2 (24)

7 R 309343.1  pg/(mL:[SeF1]-d)  production of E2 by SeF1 (24)

72 kEZ, 6960.53  pg/(mL:[SeF2]-d)  production of E2 by SeF2 (24)

73 kEL 161848.9  pg/(mL-[PrF]-d production of E2 by PrF (24)

4 kP2 1713.71  pg/(mL-[Lutl]-d)  production of E2 by Lutl (24)

T 8675.14  pg/(mL-[Lutd4]-d)  production of E2 by Lut4 (24)

76 clpe 5.235 1/d E2 clearance rate constant (24)

77 bpa 0.943 ng/(mL-d) basal P4 production (25)

78 kP4, 761.64 ng/(mL-[Lut4]-d)  production of P4 by Lut4 (25)

79 clpy 5.13 1/d P4 clearance rate constant (25)

80  bma 1.445 IU/mL/d basal ThA production (26)

81 kha 2.285 IU/mL/([PrF]-d)  production of IhA by PrF (26)

82 kipp 60 pg/mL/([Sc1]-d) production of ThA by Scl (26)

83 KkhA 180 pg/mL/([Lut1]-d)  production of ThA by Lutl (26)

84 kA, 28.211 IU/mL/([Lut2]-d)  production of ThA by Lut2 (26)

85 kA, 216.85 IU/mL/([Lut3]-d)  production of ThA by Lut3 (26)

86  kiha 114.25 IU/mL/([Lut4]-d)  production of ThA by Lut4 (26)

87  clina 4.287 1/d Inh A clearance rate constant (26),(28)

88 clma, 0.199 1/d clearance of Inhibin A in delayed com- (28)
partment

89  bmp 89.493 pg/mL/d basal ThB production (27)

90 kBB, 44747 pg/mL/([PrA2]-d) production of ThB by PrA2 (27)

91 kLB 134240.2  pg/mL/([SeF1]-d)  production of ThB by Sc2 (27)

92 clmp 172.45 1/d Inh B clearance rate constant (27)

93 ffrea 1 1/d mean GnRH pulse frequency (29a)

94 Tirea 1.2 ng/mL threshold of P4 for inhibition of GnRH  (29a)
frequency

95 ngzq 2 = Hill exponent (29a)
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Table 9 — continued from previous page

Symbol  value unit explanation eqs.
96 frea 1 — stimulation of frequency by E2 (29a)
97 Tiea 220 pg/mL threshold of E2 for stimulation of (29a)
GnRH frequency
98  nired 10 - Hill exponent (29a)
99  fmass 0.0895 nmol amount of GnRH released by one pulse (29b)
at high E2 concentration
100 TEes»t 220 pg/mL threshold of E2 for stimulation of (29b)
GnRH mass
101 np2st 2 - Hill exponent (29Db)
102 T]fjr;aSS’Z 9.6 pg/mL threshold of E2 for inhibition of GaRH  (29b)
mass
103 ngy S | - Hill exponent (29b)
104 kS, 0.447 1/d degradation rate of GnRH (29)
105 kS, 322.18 L/(d-nmol) binding rate of GnRH to its receptor (29),
(30),(32)
106 kOGﬁ 644.35 1/d breakup rate of GnRH-receptor com- (29),
plex (30),(32)
107 k?gﬁ’i 0.00895 1/d degradation rate of inactive receptor (33)
complex
108 kR 32.218 1/d dissociation rate of inactive receptor (31),(33)
complex
109 kRS 3.222 1/d rate of receptor inactivation (30),(31)
110 kR, 32.218 1/d rate of receptor activation (30),(31)
111 kg‘;r 0.0895 1/d degradation rate of inactive receptors  (31)
112 kSR 32.218 1/d rate of receptor complex inactivation (32),(33)
113 kKGR 3.222 1/d rate of receptor complex activation (32),(33)
114 k3 8.949¢-5  nmol/(L-d) synthesis rate of inactive receptors (31)
C Initial Values
Table 10: Initial values
No. component value unit
1 LHps¢ 3.572e4+05 IU
2 LHpoa 6.619 IU/L
3 Rriu 7.304 IU/L
4 LHR 0.565 U/L
5 RiH,des 1.5032 1U/L

Continued on next page...
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Table 10 — continued from previous page

No. component value unit

6 FSHpig 3.737e+4 IU

7 FSHpi004 5.762 1IU/L

8 Rrsu 5.741 IU/L

9  FSHR 0.844 TU/L

10 RrsH, des 1.915 1U/L

11 R 1.597 -

12 PrAl 2.943 [Foll]

13 PrA2 38.995 [Fol]

14 SeF1 3.652 [Foll]

15 SeF2 2.478e-3 [Foll]

16 PrF 0.8755 [Foll]

17 OvF 1.822¢-10  [Foll]

18  Scl 1.087e-13  [Foll]

19 Sc2 2.572¢-10  [Foll]

20 Lutl 7.055e-9  [Foll

21  Lut2 4.066e-7 [Foll]

22 Lut3 1.557e-5 [Foll]

23 Lutd 1.852e-4  [Foll]

24 E2 60.454 pg/mL

25 P4 0.2142 ng/mL

26 IhA 0 IU/mL

27 IhB 0 pg/mL

28 ThA 30.42 IU/mL

29 G 3.1806e-2  nmol/L

30 Raga 8.9738e-3  nmol/L

31 Rai 1.0214e-3  nmol/L

32 G-R, 1.3650e-4  nmol/L

33 G-R; 1.2408e-4  nmol/L

34 Agoy 0 Ug

35  Ago, 0 pg/L=ng/mL
36 Ago, 0 pg/L=ng/mL
37  Ago-R, 0 nmol /L

38  Ago-R; 0 nmol/L

39  Ant-R 0 nmol/L

40  Ant, 0 pg/L=ng/mL
41  Antqg 0 Hg

42 Ant, 0 pg/L=ng/mL

The presented model equations are consistent with respect to physical units. Since we wanted
the units of the output curves for measured quantities to agree with the (inconsistent) units of
the corresponding measurement values, we introduced correction factors SFag, and SFay in the
model equations to account for the conversion of units. These factors were computed from the
molar weights,

Mnas = 1322.49g/mol, Mcey = 1431.06g/mol.

Since Nafarelin is measured in ng/mL (1 ng/mL = 107 %g/L = % = 0.7561 nmol/L),
we decided for nmol/L as unit for the unknown quantities (receptors, receptor complexes). The

conversion of units for Cetrorelix conforms to 1 ng/mL= #ﬁfmol = 0.6988 nmol/L. Thus,
SF Ago = 0.7561 ng/pmol,  SF ans = 0.6988 ng/pmol.

The physical units of all system components are listed in Tab. 10.
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