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Introduction

Starting point:

e highly developed and very accurate discretization methods, but uncertainties ii

data
Goal:
e determination of size and distribution of uncertainties
What can be computed?

e moments of the solution (expected value, variance)

e probability of events (failure of material, expected flow rate across an interface
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Approaches

e Monte Carlo methods: sampling of coefficients, then approximation of
corresponding realizations high computational cost

e Wick product and Wiener chaos expansidfia x u| = Ela|FE|u] regardless of the
correlation (Holden, @ksendal, Ubge)

e Ghanem and Spanos: expansion of stochastic coefficients in terms of Hermite
polynomials— deterministic parametric problem with higher dimension

e Babuska: close relation to the classical FEM approach (piecewise or global
polynomials), theorems about existence and stability of the solution
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/Deterministic Problem \
Transport of a substance in an incompressible fluid through a porous medium
ou
EnLV-(Vu—DVu) =f, xe€D, te]0,T]

+ initial and boundary conditions
e u(x,t): concentration
e f:source orsink term
e V(x,t): velocity field
e D(x, V): diffusion-dispersions-tensdiD| < | V|
e [D: convex bounded polygonal domaing¥

e [0,71]: time interval

K. in the followingD = D x [0, T} J
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Stochastic Model Problem

Stochastic initial boundary value problent Find a stochastic function
u: D x Q — R, such thatP-almost everywhere i (almost surely):

aU(ma,tt’w) + V- (V(CC,t,W)U<CE,t,W) o DV’LL($,t,W)) — f’ onD
u(x,t =0,w) = g(x)onD
’LL(',t,CU) = O7 on 8D X [O,T]

for simplicity: f = f(x,t), D = D(x)
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Notation and Function Spaces

Define
Y = L*([0,7], Hy (D))

and
1@ = {€: 0Bl [ @10)dP@) <o}, 124 <

Let £ be aR™ -valued random variable iff2, 7, P). If £ € LL(Q) has a density
functionpe : RM — [0, 00), its expected value is denoted by

Bl = [ €w)aPw) = | eneled
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Whenevek; € L% (Q2) fori =1,..., M, the covariance matrixov[¢] € RM*M of ¢
IS defined by

cov(&i, &) = El(& — El&])(& — Bl 6.0 =1,..., M.

V., u:D x Q) — R are stochastic functions. They are defined to be elements of the
space
V=V®L%(Q).
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Weak Formulation

Define the bilinear fornB: V x ¥V — R

Bv,w)=F

T
/ / (npw — (Vo — DVv) - Vw) de dt]
0 D
and the linear functional

Lw)=FE

T
//fwdazdt] Yw e V.
0 D

Then the weak formulation can be written as: Find ), such that

B(u,w) = L(w), Yw e V.
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Finite Dimensional Approximation of Stochastic
Coefficients

e {&}M: real random variables with mean value zero and bounded variance,

mutually independent
iImagesl’; = &;(2) are intervals iR

assume: eacty has a density functiop; : I'; — R™

joint probability density o€ = (¢1,...,&x):  p(&) =[], pi(&) VEeT

support of the density function: ' =T'; x I'y...Tyy C RM
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e V can be approximated using just a small number of random varigbje¥’

e V depends (besides) either only onz or only ont
V(:B,u)) — V(wa fl(w)a R 7€M(w))

e Example: representation of a scalar random functity a truncated
Karhunen-L&ve expansion

vy (w, ) = El)(z) + Z Vb (2)& (w)

where{(\;, b;(x))}:2 is the sequence of eigenpairs associated with the
covariance operator

/D COV[’U](iBl, :Bg)b(wl)da:l = )\b(%g)
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Deterministic Parametric Problem

Findu € V ® L(T) such that

/Fp(«S) ATL(utw+(Vu—DVu)-Vw)(m,t,g)dmdtdﬁ
:/Fp(g) /OT/Df(m,t)w(w,t,g)da;dtdg, Vwe Ve LT

with

Lf)(r):{w r—>IR<|/ d£<oo}
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Corresponding strong formulation: partial differential equation witd&dimensional
parametee, i.e.

ML) LV (V(&u(-6) - DVu(.€) = F(). V(.1 eDxT
u(x,t=0,&) = g(x), V(x, &) €D xT
u(-,t,§) = 0, V(=x,t,&) €0D x[0,T] xT.

— finite element techniques to approximate the solution of the deterministic probler
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Finite Element Spaces

Finite dimensional subspaces:

e )V, CV
o ZP C L(I),
M M
zv =) zr, dimZz? =[](1+p)
1=1 =1

with

7 =A{v: I = Rlve 2, (&)}, i=1,...,M.

For simplicity:p = {p,...,p},i.e.dimZ? = (p+1)M .= P
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Discrete Formulation

Findu, €V, ® Z?, such that

/ / / (%w+ Vil — Dvuh)Vw(xtg)) dz dt dg

:/p(g)/ /f(%t)w(w,t,&)dwdtd{, YweV,®ZP.
r 0 D

Let {¢;(&)} be a basis oZ? and{y;(x,t)} a basis ol,. The approximating solution
can be written as

UZ(w, t,§) = Z Z ui;i(§)pi(x, ).
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With test functionsu(x, t, &) = ¥ (&) (x, t) one obtains

>, [ [ oern©we)

(l} i (+)
(&)

5 o1() + (V8 pi(-) — DV () - Vou () dee dt) d€]
:/Fp(é)wk(é)/o /Df(w,t)gol(m,t)dwdtdg, vk, 1.

D
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Now insert the KL-decomposition oV

M

Ve, &)=V + > b(z).

s=1

This results in

[K(&)];, =KD+ ) &IK®)

s=1

T
[K(O)]M ::/ pil2 )gol(m,t)Jr(Vng-(a:,t)—DVgpi(m,t))-Vgol(m,t) dx dt,
0 JD

ot

(K], ::/O /Dbs(a:)goi(m,t)-Vgpl(w,t) dx dt.
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Furthermore, we introduce the notations

Gy = (W) = E[Ye(©)w;(8)],  ki=1,....,P=]]0+ps)
G, = (Eniy) = ElEn(€)v;(8)).

Then the global matrix in the linear system of equatidns = f can be written as

A=GO g KO M q6) g K6,
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/Numerical Examples

Advection Equation

ou ou
— + V(x,t w)ax

ot
u(t =0,2) = g(z) =sin(n(x + 1))
u(—1,t) =u(l,t) vVt € [0,T]

0, Y(t,z) € [0,T] x D = [~1,1]

Analytic Solution

e assumd’ = V(t,w) > 0 — change of variablesir = V (t)dt, 7(t=

Oou  Ou

K. solution: u(x,t) = g(x — 7)

0) =0
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/0 V:V+0€,

t
7(t) = | V(s)ds :=Vt+ okt
0

e mean value of the solutiom(x,t) = g(x — 7(1)):
Blute,0) = [ p(@a(e - (0. €))de

Case 1:

o £~ N(0,1), p(€) = = exp(~€2/2)

o Elu(z,t)] =sin(r(z+1—Vt))e ™" /2
Case 2:

o {~U[-V3,V3], p(6) = 515

o Elu(z,t)] = sin(n(z + 1 — Vi))2rotvs

K 7T0't\/§
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/Numerical results \

SGFEM-solution, uniform distr., M=1, g=15, N=100, dt=1/50, T=1,2,3, sigma=0.5 SGFEM-solution, normal distr., M=1, q=15, N=100, dt=1/50, T=1,2,3, sigma=0.5
0.2 T T T T T T T T T 0.3 T T T T T T T T T
— E[uf] — E[ul]
E[u] E[u]
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X X
Figure 1. SGFEM solution witle = 0.5 for a uniformly distributeds (left) and a
normally distributed (right)
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1 T T
uniform sigma=0.5
—— gauss sigma=0.5
— - gauss sigma=0.1
08l —— uniform sigma=0.1 ||
0.6
g
0.4 =
o C
>
3,
w
0.2 g‘_
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1

degree p of polynomials in the stochastic basis

Figure 2: Damping factor for uniform andrigure 3:max; || Eu] — E[u}]||2(p) for
Gaussian distribution £~ N(0,1),0 =0.5
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(A

dvection-Diffusion Equation

uy + Vuy, — Dugy, =0,
x € (a,b), te]0,T]

1, ifzelx,x]|C(a,b)

uo () =
0, otherwise

u(lxr =a,t,§) =u(x=0,t,§) =0
e T =08,z =02 2, =0.7

e analytic deterministic solution

o

1 —Vt—
u(x,t) = 5 [erf(x Vt_ il

\_

4Dt

X1 Xr

)

r—Vt—ax,

4Dt

)]

/

TU Bergakademie Freiberg, InstitiirfNumerische Mathematik und Optimierung

21.09.2004



23

~

0.1

N

SGFEM-solution, M=1, g=10, N=100, dt=1/50, t=0.8, D=10’2, sigma=0.1
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SGFEM solution: M=1, g=10, N=100, dt=1/100, T=0.8, sigma=0.057735, D=10"" SGFEM solution: M=1, g=10, N=100, dt=1/100, T=0.8, sigma=0.057735, D=10"
0.7 T T T T T T T T 0.035 T T T T T T T T
v U
de
J— E[UE]
— - u
06} me 0.03} .
0.5F 4 0.0251 B
0.4 B 0.02| B
0.3F 4 0.0151 g
0.2 B 0.01f B
0.1F -4 0.005F B
0 ! 0 ! ! ! ! ! !
-1 3 3.5 -1 -0.5 0 0.5 1 15 2 25 3 3.5

Figure 5: Mean value and variance fbr= D + ¢, ¢ ~ U[—v/30,V/30], D = 1071,
o= E/\/g
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Summary

e SFEM as a flexible tool not only for elliptic SPDEs

e the stochastic solution strongly depends on the distribution functions of the
random variables

e exponential convergence with respect to the polynomial degoé¢he stochastic
discretization

e a stochastic velocity acts like additional diffusion while a stochastic diffusion leas
to less damping
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