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Interior Point Methods
for Optimal Control with PDEs



Optimal Control Problem %j_f

: 2
min _”y yd”L ”””L2

ueL”,yeH,NL" 2

subjectto Ly+u=0

—1<u<l

KKT conditions
AA€eH,NL",n,REL”:
y—y,+LA=0
xu+A—n+n=0
Ly+u=0
n(1+u)=0
n(1—u)=0
A, 1+u,1—u=0

-

Ly=div(AV y)+ay

A : Q—R*?uniformly spd
a:{2—IRnonnegative
L, —regular

nondifferentiable




Function Space Interior Point Methods

Primal-Dual Interior Point Method

y—y,+LA=0
xu+A—n+n=0
Ly+u=0

=1
a(1+u)= AN —:
n(l—u)=p"

n,n,l1+u,l—u=0 differentiable
for u>0

v=(y,u,A,n,n)

Homotopy in u—0 defines the central path v(u)

F(v(u);u)=0 lv(u)—v(0)|l, <constv'u




Hyperthermia Treatment Planning

Medicine

* cancer therapy

* tumor heating by microwaves

* temperature constraints for
healthy tissue

Mathematical Modelling

* time harmonic Maxwell equations
* nonlinear Bio-Heat-Transfer-Equation
* control and state constraints

min f (T—T,)dE
tumor

Optimization

* optimization of antenna subject to
parameters | —div(kVT)+cW(T)(T—T,)=SAR (u)
* identification of perfusion
T<T, (€)

a<u<b




Simple Numerical Example @

min fg (T—-T,)+au’dE

subject to

—div(kVT)+cW(T)(T—T,)=SAR (u)

a<u<b
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Numerical Experiment
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Active Set Control Reduction

2
L,

: 1
min  —{[y—y,

»
L2+_||u
ueL”,yeH,NL" 2

subjectto Ly+u=0

—1<u<l

Optimality condtions:

y=y,+Ly=0
. A
M:PI'O][_M]—O—(

Ly+u=0



Active Set Control Reduction %
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standard discretization semi-discretization
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Hinze: semismooth system
RoOsch: postprocessing



Interior Point Control Reduction

Primal-Dual IP

y—y,+LA=0

Xxu+A—n+n=0

Primal IP

y—y,+LA=0

Ly+u=0

n(1+u)=u
n(l—u)=pu

XU+A—

U

+——=0

i

l—u

1+u

n,n,l+u,l—u=0

Ly+u=0

I1+u,l—u=0

+1

u(A;p):

Control Reduced
Primal IP

y—y,+LA=0
Ly+u(A;u)=0

unigue solution of
cubic equation
can be evaluated
pointwise



Advantage |: Discretization Error

triangulation of Q: T 0 02 smooth
piecewise polynomial functions: P, ,={¢€L’: |, €P, VTET)|
ansatz space: VI=P ,NH, p=1.2
weak formulation: <yh_yd+LAh’ ¢>:O

<Lyh_Phu<Ah)’d)>:O VeV

T exact integration

numerical integration: linear projector P,

|P, u—u LQSchp\/HHu .
Result: (v, A),= (v, Ml p=ch” (v, 2),=(y, A)(0)]], <ch”
u,—u(p)|| -<ch”" e, —u(0)|| .<ch”




Artificial Example

1 X, 0
min - ly=y, I+l
—Ay=u Q

0,y=0 00

ul<6 Q=[01]

I, x,+x,<lI
Ya— .
¢ 2, otherwise

x=5-10""

state at u=2""



lllustrative Example




lllustrative Example

Zoom of control
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lllustrative Example

Estimated discretization error
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Advantage Il: Superlinear Convergence

Short step pathfollowing  u,,,=o(u, )y,

_ 1
corrector convergence: (1—o)ud,v<—

w

Generic:

Slope of central path  8,v=0(u"'")
Lipschitz constant w=<0(u "’

o(p)=c<l1
With strong strict complementarity:

HxEQ:‘A(x)i(xKe]kFe

Slope of central path  6,v=0(—Inp)
Lipschitz constant w=<O0(1)

o(u)=0(—p’lnp)

VA
(1-=o)ud,v
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Numerical Example %

~Slope of the central path Llpschltz constant
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